

DEFINITIONS. 

15 A crrdo ia a plane figOTe 
bounded by one line which is oaUod 
the circumference, and la Eucb tnac 
aUBtrmghthnes drawn from a <»r- 
tam pomfc within the figure to the 
circumference are equal to one ra- 
other . this pomt is called the centre 
of the drole, 

A radius of a circle is a straight 
bneiawn from the centre to the raronmference. 

A diameter of a circle is a straight line drawn ttongh 
thetcntro and terminated both ways by the circumference. 

An arc of a cirele is any part of the drcumference 

A chord of a cirde is the straight line which joins the 
ends of an ara 

A Begmeni of a circle is the 
jggore bounded by a chord and the 
arc it cuts oft 


A sector of a circle is 
bounded by two radu and the arc 
between them. 



The angle formed by the two radu is cahed the angle 

of the sector. 

A zone of a circle is the portion 
of the circle contained between two 
parcel chords. 
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PREFACE 


Tee applications of Mensuration are nnmerons and im- 
portant, extending from practical questions of every day 
life to the highest investigations of science Mensuration 
has therefore justly obtained a prominent position in 
teachmg and in examinations The value of Mensuration 
is increased by its close and necessary connection with 
Arithmetic and Geometiy. The operations of Arithmetic 
are here illustrated by a new class of examples , and some of 
these operations, such as the extraction of the square root 
and of the cube root, thus gain their true sigmficance and 
interest. Many of the principal facts of Geometry are in- 
troduced and applied, so as to furnish a good introduction 
to the study of Euclid’s Elements, or some substitute for 
i^ to those who have not the opportunity for that study. 

The subjects mcluded in the present work are those 
which have usually found a place in Elementary Treatises 
on Mensuration The mode of treatment has been deter- 
mined by the &ct that the work is intended for the use of 
beginners Accordingly it is divided mto short mdepen- 
dent chapters, which are followed by appropriate examples. 
A knowledge of the elements of Anthmetic is all that is 
assumed; and m connection with most of the Buies of 
Mensuration it has been found practicable to give such 
explanations and illustrations as will supply the place of 
formal mathematical demonstrations, winch would have been 
unsuitable to the character of the work. 

The Examples amount on the whole to nearly twelve 
hundred in number, some of them axe taken from pnnted 
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cxatmnntion papers, but roost of them aro original, and 
have boon expressly constructed xvith rofcrcnco to tho 
roost important points, and to tho nsnal difficulties of 
beginners. Tho misccllanoons (Ejection of Examples at tho 
end of tho book is arranged in sets of ten in each set 
Although groat caro has been taken to onsnro accuracy, 
it can hardly bo hoped that a book involnng so largo an 
amount of numerical calculation will bo free from error. 
Any corrections or remarks relating to tho book will bo 
most thankfully recoired. 

L TODHUETER 

Ci.iianiS3E, 

April, 1SG9 
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MENSURATION. 


INTRODUCTION. 


Meksubation gives rules for estunatmg lengths, areas, 
and volumes 

We sluill asBvime that the beginner in Mensuration is 
famihar vnth the elements of .Arithmetic, including the 
process for the extraction of the square root of a nunmer. 

We shall also assume that he is familiar \nth the use of 
certam convement symbols, namely that -l- denotes addi- 
tion, — denotes subtraction, x denotes multiphcatiou, 
-r denotes division, and J denotes the square root 

Some knowledge of Geometry is also necessary; and 
accordmgly the first three Chapters of the book treat 
of that subject The beginner should at once read care- 
fully the first Ghapt^, in which vanous terms are defined, 
which we shaU have to employ hereafter, he will how- 
ever probably find that he is already famihar with the 
mcanmg of many of these terms from the common use of 
them. He can then proceed to the fourth and the follow- 
mg Chapters, refemng to the second and the third as 
occasion may require. 

T M. fQ 
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DEFINITIONS 


FIRST SrCTIOF. GEOMETRY. 


I. DEFIXITIOXS 


1. TliO words point and lino arc too well kno'ivn to 
require any definition ; but a caution must bo Riven with 
respect to tlio strict sense m which theso words aro used 
in Ucometry. 

A point 13 represented in a printed book by a spot of 
ink, which may bo very small, but still has some stze; wo 
must not howcicr suppose that a point in Geometry has 
any size 

Lines may bo straight or curved A lino is represented 
in a printed book by a band of ink, which may bo very 
narron, but still has some bread th; wo must not however 
suppose that a lino in Geometry has any brcadtlu 

2 The word surface is also in common use Surfaces 
may bo flat or curvetL A flat surfaco is usually called a 
jddnf surf ICO in Geometry. IVo must not suppose that a 
surf ICO in Geometry Iim any thickness. 


a. Thus wo may say that a point has neither length, 
breadth nor Giickness, a lino has only length, a surfaco 
has length and breadth A solid bodv has length, breadth, 
and thickness. tVo shall not consider solarbodics until 
we arrive at the Fourth Section of the book, in the first 
Three Sections wo shall consider only hues and figures 
on a phono surface. 


4. An angle is the inclination of two straight lines to 
one another which meet together, but aro not in the same 
straight hue. 
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Thus the t\ro strmght hues 
AO, BO, which meet at 0, fonn 
an angle there The angle is 
not altered by altering the 
lengths of the straight lines 
•which form it thus GO and DO 
form the same angle as aO 
and J50 



6 If there is only one angle formed at a point, the 
angle may be denoted by a smgle letter placea at the 
angular point thus, for example, the angle in the pre. 
cedmg Article may be called the angle 0. 


If several angles are formed 
at the same point each angle is H 

denoted by three letters, the / 

middle letter bemg at the angu- / 

lar pomt, and the other two y 

letters being on the straight lines y 

which form the angle, namely / 

one letter on each straight* hne / 

Thus FEG denotes the angle 

formed hj FE and GE, GEH p 

denotes tbeaivfle formed by GE 

and HE, FEU denotes the angle formed by FE and HE 


6 If one angle can be so placed on another that th^ 
straight lines which form the one angle fall exactly on the 
straight hnes which form the other angle, the two angles 
are said to be equal. 

Thus, if we place BG on EF so that JS is on and 
then find that BA falls on ED, the angle ABG is said to 



be equal to the angle DEF It is necessary to have this 
distmct notion of what is meant by the equality of angles i 
and the beginner may actually try whether two assigned 

1—2 
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DEFINITIONS,. 


angles are equal by cutting them out in paper and placing 
one on the otner. £at in the theory of Geometry methods 
are devised by which angles can be shewn to be equal 
without actually placing one on the other. 

7. Suppose in the diagram to Art 6 that the angle 
FEGii equal to the angle GEH", then the whole angle 
FEH\& tvuce the angle FEG. Similarly it is easy to im- 
dorstand what is meant by the statement that a certain 
angle is three times another angles or four times another 
angle, and so on. 

8. When a straight line standmg on another straight 
line makes the adjacent angles equal to one another, each 
of the angles is called a right angle, and the straight hue 
which stands on the other is called a perpendicular to it. 

A 

Tlius, in the figure, if the angle 
ABO IS equal to the angle ABD each 
of them is a right angle, and AB is 
perpendicular to DO. 



An obtuse angle is an angle which 
is greater than a nght angle. 



An acute angle is an angle which 
is less than a right angle 



9. Parallel strmght lines are such 
as are in the same plane, and which 
being produced over so far botti ways 
do not meet. 


10 A rectilineal figure is a figure which is bounded 
by straight hues; the boundanes of tiie figure arc called 
sides. 

A triangle is a roctilmcal figure with three sides, 

A quadnlatcral is a rcctilmcal figure with four sides. 
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Any rectilineal figure with more than four sides is 
called a jiolygon, if it has five sides it is called a pen- 
tagon, if It has SIX sides it is called a hexagon, and so on. 

A regular polygon is one which has all its sides equal, 
and all its angles equal 

11. The following names are used for various kinds of 
triangles . 


An equilateral triangle is one 
which has all its sides equal. 



An isosceles tnangle is one which 
has two of its sides equal 



A right-angled triangle is one 
which has a nght angle. 


In a right-angled tnangle it is found convenient to use 
the word sides only for the two straight lines which include 
the nght angle the straight hne which is opposite the 
nght angle is called the hypotenuse. 



An ohtuse-angled triangle is one 
which has an obtuse angle. 



An acute-angled tnangle is one 
which has three acute angles 




6 DEFINITIONS. 

12 The following names are used for rarious kmds of 
qna<]Materals ; 


A parallelogram has its opposite 
sides parallel and equal 



A rectangle is a parallelogram 
with all its angles right angles 


A square is a rectangle with all 
its sides equal 


A rhombus is a parallelogram 
which has all its sides equal, but its 
angles are not right angles. 



A trapezoid has two sides par- 
allel 


13 Any side of a triangle may bo called the base; 
then the height of the tnangic is the perpendicular draim 
from the opposite angular point on the base 

Any side of a parallelogram may be called the base, 
then the height of the par^clogram is the perpendicular 
drawn from any jioint m the opposite side on the base 

14. A diagonal of a quadrilateral is a straight line 
joining two opposite angles. A straight Ime joining two 
angles of a jiolygon which are not adjacent is also cafled a 
diagonal of the polygon. 
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THEOREMS. 


IL THEOBEMa 

16. We shall now state some important gcomotncal 
facts which it will be adrantageous to romembor Theso 
facts, with many others, are demonstratedin Euchd’s Ele> 
nicnm of Gcoinctiy, that is they are shewn by strict reason* 
ing to bo necessarily tme * and all who hare the opportnmty 
should study Edclid’s demonstrations. Ent the present 
work may bo used by those who have not yet apphed them* 
selrcs to demonstrative Geometry; and so they may for 
some time be satisfied with understanding the meamng of 
the statements which we shall make and committmg them 
to mcmoiy. 

When tiie demonstration is of a very simple character 
we shall however give the substance of it, and an attempt 
to master this, cron if at first not entirely successful, will 
prove very beneficial Some of the statements for which 
we £dve no demonstration will appear almost self-endent; 
others may be verified by repeated practical measurement ; 
so that at last a confidence in the tmth of all may be 
gamed, approaching to absolute conviction 

17. We have selected only a few of the most important 
geometrical facts out of the large collection which has been 
formed by the investigations of mathematicians; but these 
specimens will be sufficient to suggest some idea of the 
extent and variety of the results which follow by stnet 
connexion horn a few clcmcntaiy iinnciples, and may 
tempt the student to increase his knowledge of tho subject 
hereafter. 

It will bo found that Arts 18 .21 relate to angles, 
Arts. 22.. 27 relate to triangles. Arts 28...30 relate to the 
equivalence of areas. Arts 31 . 33 relate to properties of 
the circle, and Arta 34...3S to similar tnanglcs 

18 Let the straight line AB make icith the straight 
line CD on one side of it the angles ABO and ABD : 
these angles icill be together equal to tico right angles 

For let BE bo at nglit angles to DO. Then tho angle 
ABD IS the suai of the angles and EBD', so that tho 
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sum of the two angles AEG 
and ABD is equal to the sum 
of the three angles ABC, 

ABE,vxAEBI> 

But the angle EBB is a 
right angle, and the sum of 
the angles ABG and ABE 
IS EBG, which is also a right q 
angle 

Therefore the angles ABG and ABB are together 
equal to two nght angles 

19. Lit two straight lines AB and CD cut one another 

E , the angle AEG will be equal to the angle BED, and 
the angle AED will be equal to the angle BEG 

For the angles AEG and 
GEB are together equal to 
two right angles, by Art 18 , 
and so also are the angles 
GEB and BEB Thus the 
angles .dj&C and GEB are 
together equal to the angles 
GEB and BEB Tfaerefoietho angle AEG must bo cqu.d 
to the angle BEB 

In a similai manner we can shew that the angle AEB 
IS equal to the angle BEG. 

The angles AEG and BEB are called vertically <rppo- 
sile angles, and so also are the angles AEB and BEG. 

' 20 Let the straight line 
EP cut the parallel straight 
finesAB,GD theangle^E^H 
will be equal to the angle 
GHD, and the two angles 
B6H and GHD wiU be to- 
gether equal to two nght 
angles 

21 Since the angle EGB is equal to the angle AGH 
by Art 19, it follows from the first part of the preceding 
Article that the angle AGH is equal to the angle GHB 
these angles are called alternate angles 

So also the angle BGH is eqiml to the alternate angle 
GHG. 
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22 Let BO a side of the triangle ABC ie produced 
to D , the exterior angle AOD will be equal to the two in- 
terior and opposite angles. 

For suppose CE to be 
parallel to BA. Then the 
angle EGD is equal to the 
angle ABO by Art 20, 
and the angle ACE is 

equal to the angle BAG = ^ 

by Art 21 Thus the whole “ ^ 

angle AGB is equal to the sum of the two angles ABGaxid. 
BAG. 

23 The three angles qf any triangle are together 
equal to two right angles 

For by Art 22 the sum of the angles ABG and BAG is 
equal to the angle A GD Thus the sum of the three angles 
ABG, BAG, and AGB is equal to the sum of the Wo 
angles A(H> aud AGB, that is to two nght angles, 
by Art. 18 

24, If two sides of a triangle are equal the angles 
opposite to them will also be equal 

25 If two angles of a triangle are equal the sides 
opposite to them will also be eqtial 

26 If two sides of one triangle are equal to two sides 
of another triangle, each to each, and the angle contained 
by the two sides ^ the one equal to the angle contained by 
the two sides qf the other, the ti langles will be equal in all 
respects. 

27 If two angles of one triangle are equal to two 
angles of another triangle, each to each, and the side ad- 
jacent to the two angles of the one equal to the side ad- 
jacent to the two angles qf the other, the triangles will be 
equal in all respects 

28 A parallelogram is equivalent to a rectangle on 
the same base and between the same parallels 

Let ABCD bo a parallelogram, and ABEF a rect- 
angle, on the same base AB, and between the same paral- 
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lels AB and FG ; the paral- 
lelogram IS eqmvalent to the p j) T! (i 

rec&Dgl^ that is the two ' ' ~7' ^ ~7 

figures are of the same size / / 

It IS in fact easy to / / 

admit that the triangle / / 

is equal to the tnangle / V 

AFH, and hence it fol- A B 

lows that ABGD is equiva- 
lent to ABEF. 

Instead of saying that the parallelogram and the rect- 
angle are between the same parallels, we may say that they 
have the same height see Art 13 

29 A triangle is eguizalent to half a rectangle having 
the same hose and height 
Let ABG be a tnangle, and 
ABBE a rectangle, on the same 
base AB, and having the same 
height the tnangle is equiva- 
lent to half the rectangle. 

Let GFbe the perpendicular 
from G on AB It is easy to ad- 
mit that the tnangle BFQ is equal to the tnangle GDB, and 
that the tnangle AFG is equm to the tnangle CEA , and 
hence it follows that ABG is equivalent to half ABBE 
Hence two tnanglcs which have the same base and 
equal heights arc equivalent 

30. In any right-angled triangle the sqitare described 
on the hypotenuse is equal to the sum qf the squares 
described on, the sides 
The figure represents a 
nght-angled tnangle having 
squares descnbed on its hy- 
potenuse and its sides the 
largest square is equal in 
size to the sum of the other 
two. This statement is one 
of the most important m 
Geometry, and we will shew 
how its truth may be illus- 
trated. 
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Let ECDEFQ- be a fi- 
gure composed of two squaics 
placed side by side take GJ[ 
equal to BG, and draw the 
straight hues CH and FH 
Cut the whole figure out m 
paper or caidboard, and ihen 
divide it into the three pieces 
marked 1, 2, and 3 Pit the 
pieces together in the man- 
ner indicated by the figure 
BCAF It will be found 
that a single square is thus 
obtained, each side bemg 
equal to FH 

Ilcnco we see that the 
square described on FH is 
equal to the sum of tho 
squares described on FG 
and GH. 



A 



If a straight line 
touch a circle the radius 
di awn to the point qf con- 
tact will he perpendictdar 
to the straight line. 



32. Let BAD and BED 
he angles in the same seg- 
ment BAED of a circle: 
these angles mil he equal. 
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33 Let AB he a dia~ 
meter of a ca demand 0 any 
point on the circumference; 
di avo the straight lines AO 
and'&Q then the angle KQH 
mill he a right angle 



\r 34. Let ABC and DEF he ftco triangles such that 
the angle A is equal to the angle D, the angle B to the 



angle E, and the angle 0 to the angle F then the sides 
opposite the equal angles vcM he proportionals 

That is, if EFhe double of BG, then FD is double of 
CA, and DE is double of AB , if EF be three times BC, 
Oien FD is three times GA, and DE is three times AB , 
and so on. The two tnangles are said to be similar 


35 Let ABO and DEP he similar triangles, the an- 
gles 0 and P being corresponding angles, let C'G and FII 



he perpendiculars from 0 and P on the opposite sides ; 
then CG will he to AB as FH is to DU 
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36. LSi ABC he a tri- 
angle, and Be a straight 
line parallel to the side BC, 
and meeting the other sides 
AB and AO . then the tri- 
angles ABO and ADE will 
he similar 

See Art. 20 



37. Let ABC he a right- 
angled triangle, and let AB 
he the perpendicular from 
the right angle on the hypo- 
tenuse: then the triangles 
DBA and DAO will he si- 
milar to the triangle ABC 



38. Let AB and OD he two chords of a circle; let 
them meet, pi oduced if necessary, at E ; join BO and 




AD then the triangles AED and BEC will he similar, 
the angles EAD and EOB heing equal, and the angles 
EDA and EBO hevng equal. 

See Art 32. 
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III. PROBLEMS 


39. shall now give the solations of a few problems 
which occur in practice when it is necessary to drar/ figures 
accurately. TVe suppose that a ruler and compasses are 
employed, these instruments will be sufficient for ourpnr< 
pose. Other instruments are often useful, sudi as a square 
and parallel rulers , but they are not absolutely necessary 

The solutions which we shall give of the problems de- 
pend mamly on the principles stated m Chapter II , there 
will not be much difficulty in venfymg practically the cor- 
rectness of the results, and those who make themselres 
acquamted with the elements of demonstratire Geometiy 
will perceive the ngorous exactness of the processes. 

40 To divide a given straight line into two equal 
parts. 

Let AB be the given straight 
line Prom the centres A and B 
with a radius greater than half 
AB descnbe arcs cuttmg each 
other at 2) andB^ Jom DE, 
cuttmg AB at G Then AC will 
be equal to CB. The straight 
line JDE will be at nght angles to 
AB, BO that we see how to draw 
a straight Ime which shall be at 
right angles to a given straight 
line and shall also divide it into 
two equal parts. 


t 


1 
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41. To divide a given angle into two equal parts. 


Lefe ABO be the given angle 
From the centre wita any racSns 
describe an arc, cutting BA at D, 
and BO at E From 2) and E as 
centres xnth any sufficient radius 
descnbe arcs cutting each other 
at F. Join BF. Then the angle 
ABF mil be equal to the angle 
OBF 



42 To draw a straight hneparalld to a given st 7 aight 
line, and at a given distance from it 


Let AB be the given straight line, and let O be equal 
to the gii en distance From any two points D and E m 



6r 


O 


A. H J3 


AB as centres, with a radius equal to O, describe arcs 
Draw a straight hue FQ touching these arcs Then FO 
will be parallel to AB, and at a distance from it equal 
to G. 
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43 To malx a triangle having its sides egval to three 
given straight lines 

Let A, B, and C be tbe given straight bnea 


d 

B 

X 


Draw a straight lino BE equal to one of the given 
straight lines, A From the centre B, with a radius equal 
to B, describe an arc, and from the centre E, with a radios 
equal to C, describe another arc. Let these arcs cut each 
othei at P. Join BE and EE. Then BEE will be the 
triangle required 


44 Through a given point to di aw a straight line 
paralld to a given stt aight line 

Let A be the given 
pomt,and^(7the given 
straight line Take any 
point B in BG From 
the centre B, with the 
mdiusD^d, describe an 
arc, cutting BG at E, 
and draw the chord 
AE From the centre 
A, with the radius AB, descnbe an arc, and draw the chord 
equal to the chord Join AE. Then ,4,5' will bo 
parallel to BG. 

T JT. 




2 
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a. eC J 

rs 


45. To draw a straight line at right angles to a given 
straight line from a given point in it 

Let AB be tbe given straight bn^ and C the given 
point in it. 

From any point D vnthout 
the straight Ime as centre, vnth F 

radins BO, desenbe a circle, 
catting the given straight Ime 
at E Join EB, and prodnee 
it to meet the circnmference 
again at F Jom OF. Then OF 

be at nght angles to AB 

46 To draw a perpendicular to a given straight line 
from a given point without it 

Let .^.8 be the given straight Ime, and 0 the given 
point withont it. 

Take any two 0 

points B and E m 
AB Fiom the cen- 
tre B, with the ra- 
dius BO, describe 
an arc , and firom 
the centre E, with 
the radins EO, de- 
scribe another arc 
Let these arcs cat each other again at F. 

OF will be perpendicnlar to AB. 

47. To divide a given straight line into any number 
of equal parts 

Let AB bo the given 
straight hne. Suppose it 
is to be divided into five 
cq^nal parts. 

From A draw any 
straight hne AO, and from 
B draw the straight hne 
BB parallel to AO Set off 
along AO four lengths, all 
equal, and mark the pomts 
ot division 1, 2, 3, 4. Set off 





A E 

E 



Join OF. Then 
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along BD fonr lengths all equal to the former lengths, and 
mark the points of dmsion 1, 2, 3, 4. Draw straight lines 
joinmg 1 to 4, 2 to 3, 3 to 2, and 4 to 1. These straight 
Imes inll divide AB into five eqnal parts. 

We should proceed in a similar ivay whatever he the 
number of equm parts into which AB is to be divided. 

48 To find, the centre qf a given cvrde 

Draw any chord AB, and 
'divide it into two equal parts 
by the straight Ime DE at 
right angles to it. Then the 
centre of the circle is m DE 

Draw any other chord BG, 
and divide it mto two equal 
parts by the straight bne FG 
at right angles to it Then 
the centre of the circle is in 
FG 

Thus the centre of the cirde is at 0, the pomt of 
intersection of DE and FG. 

This process also shews how to describe a drde which 
shall pass through three given pomts A, B, O. 

49 Any polygon being given it is required to con- 
sti uct an equivodmt polygon vsiih one side fewer. 

Let ABGDEF bo a poly- 
gon. Join BD Through G 
draw a straight hne parallel 
to.Si)meetmg.d!;5 produced 
at jBT Join Dff ' 

Then the tnangle BGD 
IS equivalent to the tnangle 
BHD^-gAit 29, and there- 
fore the polygon 
IS rauivafent to the polygon 
AJElDEF, that is to a poly- 
gon with one side fewer 

By repeated operations of this kind we can construct a 
tnangle eqmvalent to any given polygon. 
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PROBLEMS. 

60 To construct and use a decimal diagonal scale. 
Take a straight lino AB of any conrenient length ; 
produce it until the whole straight line is ten times AB, 
and take BG, CD, .. all equal to AB. Draw any straight 
line parallel to this, and in it set off ten distances Ic, 
cd, all equal to Bra.m Aa,Eb,Cc, Dd,,.. Divide 
Aa into ten equal parts, and through the points of division 
draw straight hues parallel to AB. Divide BA into ten 
equal parti, and mark the points of division by the numbers 
1, 2, 3, 4, 5, 6, 7, 8, 9. Divide ha into ten equal parts. 

Join the pomts of ditision of BA and m by diagonal 
straight hnes ; that is jom B with the point adjacent to h, 
join 1 with the next point m ha ; jom 2 with the next 
pomt ; and so on. 

Thus the scale is constructed. 

It will be seen that our figure does not represent all 
the scale, the part beyond Da bemg omitted for want of 
space It IS usual, but not absolute^ necessary, to make 
.ia perpendicular to AB. 

The scale is used for finding straight hnes of gjven 
lengths, and for finding the lengths of given straight hnes. 

Simpose, for example, that represents one mch,and 
let it be required to find the straight Ime which represents 
2 67 inches. Place one foot of a pair of compasses at D, and 
open the compasses untd the other foot comes to 6 ; thus we 
have the length 2 5, wMch is nearly what is required. I^ow 
move one foot of the compasses along Pd, and the other foot 
along the diagonal straight hne which begins at 6, the com- 
passes being at the same time spread to the necessary extent: 
when both feec are on the seventh straight hne parallel to 
AP the disfnnce between the feet will represent 2 67 mches. 

If instead of representing one inch, AB represents 10 
inches, then the distance just found will represent 25 7 
inches , and if AB represents 100 indies, then the distance 
just found will represent 257 mches 

17ext suppose we have to find the length of a given 
straight hne Open the compasses so that the feet may 
fall on the ends of the given straight hne. Move one foot 
of the compasses along one of the direct straight hnes Eh, 
Cc, Dd, .., and the other foot along one of the diagonal 
straight hnes, untd by tnal it is found that the two feet 
fail on two points of division on one of the straight hnes 
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parallel to AD . then the length mil be knomi For ex- 
ample ; simpoBe one foot of the compaases on Gc, and the 
other on tho diagonal straight line which begms at 9, and 
both feet on the fifth straight line parallel to AB ; then 
the required length is 1 95 tunes the length of AB. 
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51. In a similar manner wo can constrnct a 
diagonal scale ; vre shall only have to diange the number 
ien, vrhicli occurs in the process already given, to the num- 
ber twdve Then by the same me&od as ire found a 
straight line of length 2 57 we should, with the aid of the 
duodecimal diagonid scale, find a straight Ime of length 
5 7 

2+^+=^; so that if ulS represents one foot we should 

Similarly ^e length^ of a distance d^OTmined ^ m the 
second example of Art 50 mil now be to the length of 

o 6 

AB asl+r^r + TT7i3tol:so that if AB represents one 

12 144 

foot, the distance represents 1 foot inches 
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IV. TABLES OF LINEAL MEASURE. 


62 The student is probahlj already acquainted mth 
the Table of Measures of Length, but for conrenicuce vre 
mU give it here 

12 inches make 1 foot. 

3 feet make 1 yard 
6 feet make 1 fathom 
16^ feet or 5^ yards make 1 rod or pole. 

40 poles make 1 fuilong 
8 furlongs make 1 mile. 


Hence tvo obtam the fcllowmg results ; 


Indiea. 

Feet. 

YaiOs. 

Polea 

rurlongs 

snie. 

12 

1 




36 

3 

1 




198 

16^ 


1 



7920 

660 

220 

40 

1 


633G0 

5280 

1760 

320 

8 

1 

S3 In 

measuring land a cham is used, called Gunter's 


Chain, which is 22 yards long, and consists of 100 equal 
hnks; each link is therefore 22 of a yard long, that is 
7 92 inches. Thus 25 hnks make a pole, 10 chams or 1000 
links make a furlong, and 80 chams or 8000 links make a 
mile 
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RIGHT-ANGLED TRIANGLE 


V. EIGHT-^^GLED TRIANGLE 

54, When we know the lengths of two of the three 
straight hnes which form a nght-anglcd tnangle, we can 
calculate the length of the third straight Ime We shall 
now gire the rules for this purpose, which depend on the 
theorem of Art 30, as will oe more clearly seen hereafter 
See Art. 138 

65 The sides of a right-angled triangle being given, 
to find the hypotenuse 

Rule Add the squares of the sides and extract the 
square root of the sum. 

66 Examples 

(1) One side is 8 feet, and the other side is 6 feet. 

The square of 8 is 64, and the square of 6 is 36 , the 
sum of 64 and 36 is 100, the square root of 100 is 10 
Thus the hypotenuse is 10 feet 

(2) One side is 2 feet, and the other side is 10 inches 

2 feet are 24 inches, the square of 24 is 676, and the 
square of 10 is 100 , the sum of 676 and 100 is 676 * the 
square root of 676 is 26. Thus the hypotenuse is 26 
inches 


67. In the Example just solved one side was given 
expressed in feel, and the other side expressed in inches; 
before we applied the rule for finding the hypotenuse we 
turned the feet into inches, so that both the sides might 
be expressed in the same denomination. In like manner 
before using any rule in mensuration, it is necessary to 
express aU the given lengths in the same denomination 
We may work with all the lengths expressed m mches, or 
with all expressed in feet, or with all expressed in yards, 
or with all expressed in any other denommation; but we 
must not work with some of the lengths expressed in one 
denomination, and some expressed in another. 
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68. In the two Examples solved in Art 56, the square 
root could be found exactly, and so the length of the 
hypotenuse was determined accurately But it may happen 
that the square root cannot be found exactly, m such a 
case we can contmue the process for extractmg the square 
root to as many decimal places as we think necessary 

59 Examples ' 

(1) One side is 3 feet 4 mches, and the other side is 
2 feet 8 mches 

3 feet 4 inches =40 mches, 2 feet 8 inches =32 inches 

32 40 2621 0606(^5122 

J2 40 26 

64 1600 lOl/Hr 

96 1024 101 

lOS 2624 1022/2300 

2044 

10242y) 25600 
20484 
5116 

Thus if we proceed to two decimal places wo find that 
the hypotenuse is approximately 51 22 mches 

(2) One side is 2*4 feet, and the other side is 1 2 yards 

12yards=36 feet 

24 3 6 i67S06(,432 

24 36 16 

9 6 216 83/272 

4 8 10 8 249 

6 7 6 1 2 9 6 862/ 2300 

5 7 6 1724 

18 7 2 676 

Thus if we proceed to two decimal places we find that 
the hypotenuse is approximately 432 feet, or, taking the 
nearest figure, we may say that it is 433 feet 
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RIGHT-ANGLED TRIANGLE 

^ 60 Tba hypotenuse and one side qf a nght-angled 
triangle being given, to find the other side 

RmB From the square of the hypotenuse siibtraet 
the square of the given side, and extract the square root of 
the remainder. 

Or, Multiply the sum of the hypotenuse and the side 
by their difference, and extract the square root of the 
product. 


61. Examples 

(1) The hypotenuse is 10 feet, and one side is 8 feet. 

The square of 10 is 100, and the square of 8 is 64 ; take 
64 from 100, and the remainder is 36 ; the square root of 
36 is 6 Thus the other side is 6 feeh 

Or thus * the sum of the hypotenuse and the given side 
is 18 ; their difference is 2 ; the product of 18 and 2 is 36 : 
the square root of 36 is 6 

(2) The hypotenuse is 26 inches, and one side is 10 
inches 

The square of 26 is 676, and the square of 10 is 100 , 
take 100 from 676, and the remamder is 576 , the squaic 
root of 576 is 24. Thus the other side is 24 inches 

Or thus : the sum of the hypotenuse and the given side 
is 36 ; their difference is 16, the product of 36 and 16 is 
676 the square root of 576 is 24. 

62 We have given two forms of the Rule in Art 60 , 
the first form is more obviously connected with the Rule 
in Art. 65 ; the second form is gcuuntlly more comcuicnt 
in practice, as requirmg less work. 

63. In the two Examples solved in Ark 61 the square 
root could be found exactly, and so the length of the side 
was determined accurately. But it may happen that the 
square root cannot be found exactly; in such a case we cau 
continue the process for extracting the square root to as 
many decimal places as we think nccessaiy 
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64 Examples . • 

(1) The hypotenuse is 1 foot 9 inches, and one side is 
14 inches. 


1 foot 9 inches=21 inches, 546 o6o6(l5 65 

21 + 14=35, 1 

21-14=7, 25^145 

35x7=245. 125 

306y) 2000 
1836 

3125/) 16400 
15623 
775 

Thus if wo proceed to two decimal places, we find that 
the reqmred side is approximately 15 65 inches. 

(2) The hypotenuse is 2 7 yards, and one side is 34 
feet 


27 yards=8 1 feet 
81 + 34=116, 
81-34=47 
116 
47 
806 
460 
6405 


6i0S06(,735 

49 

143/605 

429 

1465/7600 

7325 

275 


Thus if we proceed to two decimal places, we find that 
the required side is approximately 7 35 feot 


65 IVe will now solve some exercises which depend on 
the Sriiles already given 

(1) One Bide of a right-angled triangle is 408 feet, the 
sum of the hypotenuse and the other side is 578 feet 
reqmred the hypotenuse and the other side 

By Art 60 the square of 408 is equal to the product of 
the sum of the hypotenuse and tlie other side into their 
difierence , therefore if the square of 408 be divided by 
678, the quotient will be the difference of the hypotenuse 
and the other side In this way we find that the differ- 
ence of the hypotenuse and the other side is 288 
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Thns tLe snm of the bypotenase and the other side is 
578, and their difference "is 2S8. Add and divide by 2; 
thns ive obtain 433, which is the hypotenuse. Subtract 433 
from 578 and we obtain 145, which is the other side. 


(2) Each side of an equilateral triangle is 1 foot: 
required the height of the triangle. 

Let AEG be the triangle; 

CD the height. CD will di- 
vide AB into two equal parts; 


thns AD=-^. 


IVe shall find 



CD by the second form of the 
rule in Art 60, 


D B 




i-i- 


«>» 


3 13 
2^2 4* 


3 1 

The square root of 7=- of the square root of 3 The 

square root of 3 cannot be found exactly; if we proceed 
to three decimal places we obtain 1 732, and half of this 
is *866. Thus the height is 866 feet approximately 


(3) The base of a triangle is 56 feet, the height is 15 
feet, and one side is 25 feet • required the other sida 

Let .45=56, GO=15, 5(7=25 C 

TTe first find55 by Art 60 
25 + 15 = 40, 25 - 15 = 10, \ 

40 X 10 = 400* the square root \ 

of400is20 Thus 55=20 ^ 

Therefore^=66-20=36 ^ 

Then we find .4 (7 by Art 55 The square of 36 is 1296, 
and the square of 15 is 225 ; the sum of 1296 and 225 is 
1521 : the square root of 1521 is 39. Thus AG= 39 feet. 
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EXA3IPLES. V 

Determine the hypotcmise &om the girpn sides m the 
folloivmg nght-angled triangles 

I 532 feet, 165 feet 2. 7684 feet, 3937 feet 

3 278 feet 8 mches, 262 feet 6 inches. 

4. Half a mile, 345 yards 1 foot. 

Determine in feet, as far as two demmal places, the 
hypotennso from the given sides m the following nght- 
angled tnangles . 

5 437 feet, 342 feet 6 4395 feei« 3874 feet 

7. 314 feet 3 mches, 228 feet 9 mches 

8 A quarter of a mile, 427 yards 2 feet 

Determme the other side from the given hypotenuse 
and side m the followmg nght-angled tnangles 

9 725 feet, 644 feet 

10. 16417 feet, 14208 feet 

II 269 feet 6 inches, 250 feet 8 mches 

12 340 yards 1 foot 1 furlong 

Determme in feet ^ ^ decimal places, the 

other side from the given hypotenuse and side, m the 
followmg nght-angled tnangles ; 

13 647 feet 431 feet 4987 feet 3765 feet 

15 424 feet 3 inches, 276 feet 6 inches. 

16. 5 furlongs, 916 yards 2 feet 

17 The sides of a triangle are 22620 feet and 12815 
feet, and the height is 11484 feet* find the base. 

18 One side of a nght-angled tnangle is 3925 feet , 
the difference between the hypotenuse and the other side is 
625 feet find the hypotenuse and the other side. 

19 A ladder 25 feet long stands upnght against a 
wall find how far the bottom of the ladder must be pulled 
out from the wall so as to lower the top one foot 
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20 A ladder 40 feet long Is placed so as to reach a 
ovindoTT 24 feet high on one side of a street, and on taming 
the ladder over to the other side of the street it reaches a 
vrindow 32 feet high • find the breadth of the sfrect 

21. The bottom of a ladder is placed at a point 14 feet 
from a house, and the top of the ladder rests against the 
house at 48 feet from the ground ; and on turning the 
ladder over to the other side of the street its top rests at 
40 feet from the ground . find the breadth of the street 

22. Find to ten decimal places the diagonal of a square 
of which the side is one inch 

23. A side of a square is 110 feet * find the diagonal 

24. Tlie radius of a ciide is 82 66 feet; the pcipendi- 
cular drawn from the centre on the chord is 71 1 feet : find 
the chord. 

25 A footjrath goes along two adjacent sides of a 
rectangle; one side is 196 jai^, end the other is 147 
yards: find the saving in distance made by proceeding 
along the diagonal instead of along the two sides 

26 The span of a roof is 28 feet, each of its slopes 
measures 17 feet from the ridge to the eaves: find the 
height of the ridge above the eaves 

27. The side of a square is 8 feet : find the radius of 
the circle desenbed round the square. 

28 The radius of a circle is 6 feet . find the side of a 
square insenbed in the circle. 

29 The radius of a circle is 7 feet find the perpen- 
dicular from the centre on a chord 8 feet long 

30. The radius of a circle is 17 inches ; the perpendicu- 
lar firom the centre on a chord is 13 inches: find the chord 

31. The radius of a drcle is divided into six equal 
parts, and at the five points of division straight bnos aro 
drawn at right angles to the radius to meet the circam- 
fcrcnce. find the lengths of these straight lines, in inches to 
three dedmal places, that of the radius being one foot. 

32 The radius of a circle is 7 feet; from a point at the 
distance of 12 feet from tlie centre a straight hne is drawn 
to touch the circle : find the length of this straight hne. 
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VI SIMILAR FIGURES. 

66 Let .45C? and be two similar tnangles Then 

AB IB to BG as DE is to EF, see Art 34 



Thus if two sides of one tnangle be giren, and one of 
the corresponding sides of a similar tnangle, the ether 
corresponding side of the second tnangle can be found. 
The process will be that which is known in Anthmetic as 
Proportion or the Rule of Three 


67 Examples 

(1) Suppose ul5=6, 5(7=6, 2)J?=7, 

6.6 7 EF. 

Thns5P=^=^=8t 
0 0 

(2) Suppose AB=5, AC=4, DE=7, 

5 i 7 DF 

4 x 7 28 
Thus DF=—^ 

68 Similar tnangles frequentij present themselres m 
the theory and practice of mathematics 

For example, we found in Art. 65 that if the side of an 
equilateral tnangle be 1 foot the height is 866 feet. 
Now this proportion wiH always hold between the side 
and the height of an eqnilatersd triangle , so that if the 
side of an equilateral tnangle be 7 feet the height will be 
7 X 866 . feet 
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Again, we have said that the tnanglcs ALD and BEG 
in the diagram of Art 3S are similar , so thatI7A is to ED 
as EC IS to EB Hence it follows by the usual thcor} of 
Proportion that the product of EA into EB is equal to the 
product of EG into ED , this is a very remarkable and very 
important property of the cirdc. 

G9 By the aid of similar triangles we can determine 
the height of an object when we hare measured the length 
of its shadow. 

Por example, suppose that a stick is fixed upright m 
the ground, and that the height of tho portion above the 
ground is 3 feet and tho length of the shadow 4 feet Also 
suppose wo find at the same time tliat tho length of the 
shadow of a certam tree is 52 feet. Then we determine 
tho height of the tree by the proportion 

4.3 52 : the height 

5^ X 3 

Thus tho height is — feet, that is 39 feet 

70 Piom similar tnanglcs wo pass naturally to tho 
consideration of similar icctuineal figures 

Similar rectihncal figures arc those which have their 
several angles equal, each to eadi, and tho sides about tho 
equal angles proportionals. 

71 Take for example two five-sided figures ABCDE 
and abode , these are smular if the angles at A^ B, C, D, E 


U 



arc equal to the angles at a, ^,Cjd,6 respectively, and tho 
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sides about tho equal angles proportional, tbat is, AB to 
BG as ab to he, and BG to GD as be to cd, and so on. 

72 Thus to ensure the simdanty of rectilineal figures 
we must have two properties, namely, equality of angles 
and proportionality of sides Theory demonstrates that if 
two tnangles hare one of theso properties they will neces- 
sarily have the other, and it is easy to test this practically. 
For example, let two triangles be drawn on paper, sueh 
that the sides of one are twice or three times as long as tho 
sides of the other, cut the tnangles out, and apply one 
tnangle on the other, it will he found that the corre- 
spondmg angles are equal But in the ease of reetilineal 
figures hanng more than three sides, either of the proper- 
ties may exist smgly without the other For example, 
take a square and any rectangle which is not a square; 
here the angles of ono figure are respectively equal to the 
angles of the other, hut the sides are not proportional 
Again, take a square and a rhombus, here the sides of one 
figure are all in the same proportion to the sides of the 
.other fimre, but the angles of one figni-e are not equal to 
tho angles of the other figure 

73 Similar rectilineal figuies can always he divided 
into the same number of similar tnangles Thus, for 
example, by drawmg the straight hnes GA, DA, ca, da, 


TJ 



wo can divide the five-sided figures of Art 71 into three 
paire of similar tnangles 

T M, 


3 
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74. Tlio Btatement made in Art 66 with respect to 
similar tnangles holds for any two similar rectilmeal 
figures; that is, if two straight lines situated in one fi^re 
be given, and a straight Ime conesponding to one of them 
in a similar figure, the straight line corresponding to the 
other can be iound by Proportion. 

75 Similar figures may occur which are bounded by 
curved lines as well as those which are bounded by straight 
lines. Thus, two maps of different sizes may represent the 
same country ; the two maps will then be similar Por 
example, one map may be on the scale of an inch to a mile, 
and the other map on the scale of half an inch to a mile 
then any hne drawn on the first map will be twice as long 
as the correspondmg hne drawn on the second map, 

76 A good notion of similar figures may be conveyed, 
by saying that they are exactly alike in form although they 
may differ in size 

All circles are similar figures. 

77 We will now solve some exercises which depend on 
the similanty of figures 

(1) In the diagram of Art. 73 suppose AE=2 inches, 
AG=^ mches, ae=l\ inches • find ac. 

2 . 4j . Ij ; oc, 

4^x1^ ._45 
2 16 

Thus ac=2l^ inches 

(2) In the pieceding exercise find the proportion of 
AD to ad 

Since AE=2 and ae=lj, any straight Ime as AD 
bears to the correqionding straight hne ad the proportion 
of 2 to 1 j, that is of 2 to f, that is of f to that is of 
8to6 
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(3) In the diagram of Art 37 if ^C7=15, and £^=12, 
findJSD. 

The tnanglcs ABC and DBA are aimilar thus 
BO • BA .BA' BD, 
that is, 15 . 12 . 12 . BD. 


Thus 




15 


(4) ABGD IS a trapezoid The distance of the paral- 
lel sides AB and CD is 3 feet, .d^=10 feet, DC=6 feet. 
Let AD and BC produced meet at O. It is required to 
find the perpendicular distance of 0 from DC. 



Draw DQ peipendicular to AB, and DH parallel to 
BC ’SheaBH^DC thus ^fl’=10-6=4. AfsoZ>e=3 
Now the tnangles ADH and DOC are similar. Therefore 
by Art 35, 

AH . GD DC required distance 
3x6 9 

Thus the reqmred distance 
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36 EXAMPLES. VI. 

EXAMPLES. YI. 

1. In the diagram of Art. 36 inches, DE=4k, 

and ^=7, find .Sa 

2. The Bide of an equilateral tnangle is 2 feet 6 inches : 
find the height. 

3 The shadow of a man 6 feet high standing upright 
was measured and found to be 8 feet 6 inches : the shadow 
of a fiag-sta£^ measured at the same time, was found to ho 
66 feet 8 inches . determme the height of the fiag-staff 

4 A stick 3 feet long is placed upright on the ground, 
and its shadow is found to be 4 feet 6 mches long . find 
the length of the shadow of a pole which is 45 feet high. 

5 A country is 600 miles long* find the length of a 
map which represents the country on the scale of onc-eighth 
of an mch to a mile. 

6. The distance between two towns is 31 miles, and 
the distance between their places on a map is 7i mchcs , 
find the sc^le on which the map is drawn 

7 The distance between two towns is 54 miles, and 
the distance between their places on a map is 6|^ inches . 
find the distance between two other towns u the distance 
between their places on the map is 8^ mches 

8 In the diagram of Art 36 if.BC^=20 inches, 16, 
andjB2)=6, find EA. 

9. In the diagram of Art 36 if AI>=8 inches, DE=7, 
and BD-=9, 8ni.EG. 

10 In the diagram of Art 36 ADE=7 inches, BO— 19, 
and BD=2, find BA, 

11. The parallel sides of a trapezoid are respectively 
16 and 20 feet, and the perpendicular distance between 
them IS 6 feet, the other two sides are jiroduced to meet 
find the perpendicular distance of the point of intersection 
from the longer of the two parallel sides. 

)12. The parallel sides of a trapezoid are respectively 
8 feet and 14 feet, two straight hnes are drawn across the 
figure parallel to these so that the four are eqmdistant 
find the lengths of the straight hnes. 
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YII CHORDS OF A CIRCLE. 

78. Let AB be any chord of a circle, O the centre of 
the cirde, suppose CD dra^ 
perpendicular to AB, and pro- 
duced to meet the circumfer- 
ence at B. 

Then D is the middle pomt 
of the chord ADB, and E is 
the middle pomt of the arc 
AEB AB IS the chord of 
the arc^ and AE, or EB, is 
the chord of half the ara 
DE IS the height of the ara 

79 Produce EC to meet the circumference at F Tlie 
angle EAF is a nght angle, ^ Art. 33 Hence, by 
Art 37, the tnangles EAF and EDA are similar, so that 
ED IS to EA as EA is to EF Therefore, 

ED X EF=EA X EA. 

Also, by Art 68, 

ED X DF= AD X DB 

The present Chapter consists of applications of these 
two important results. We ^all put the applications in 
the form of Rules for the sake of conrenient reference, but 
any person who masters these two results will find it un- 
necessary to commit the Rules to memory. 

80 Having given the height qf an arc and th£ chard 

of half to diameter qf the circle. 

Runa Divide the sguare of the chord qf half Cue arc 
hg the height qf the are, and the quotient vnU he the <fia> 
meter qf the circle 
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81. Examples. 

(1) The height of an arc is 4 inches^ and the chord of 
half the arc is 12 inches 

12x12 

— -z — =36 . thns the diameter is 36 inches 


(2) The height of an arc is 1 foot 4 inches, and the 
chord of half the arc is 4 feet 

4x4 

-rrj— =4x4x}=12* thns the diameter is 12 feet 


82 Having given the chord of half an arc and the 
diameter of the circle, to find the height of the are 

RtTLB. Divide the square of the chord of half the are 
hy the diameter of the circle, and the quotient will be the 
height qf the are 

83. Examples. 

(1) The chord of half an arc is 12 inches, and the dia- 
meter of the circle is 36 inches 

12 X 12 

— ^ — =4 : thns the height of the arc is 4 inches 


(2) The chord of half an arc is 4 feet, and the diameter 
of the circle is 12 feet. 

“ I = height of the arc is 1 J feet. 

84 Having given the height of an are and the dia- 
meter qf the circle, to find the chord of haff the are 

Bnim Multiply the diameter qf the circle by the 
height of the are; the square root of the product will 
be the chord qf half the 
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85 Examples. 

(1) The height of an arc is 4 inches, and the diameter 
of the circle IS 36 mches 

36 x 4=144, the square root of 144 is 12 thus the 
chord of half the arc is 12 inches 

(2) The height of an arc is 1^ feet, and the diameter 
of the circle is 12 feet 

4 

g X 12= 16 , the sqnaro root of 16 is 4 thus the chord 
of half the arc is 4 feet. 

86 Having given the chord of an ate and the height 
of the arc, to find the diameter cf the circle. 

Rule Divide the square qf half the chord by the 
height, and the quotient mil be the remaining part of 
the diameter; so that the sum cf the quotient and the 
given height mU be the diameter 

87 Examples 

(1) The chord of an arc is 6 fee^ and the height of the 
arc IS 2 feet 

-;r- =8 , thus the remaining part of the diameter is 

.o 

8 feet therefore the diameter is 10 feet 

(2) The chord of an arc is 21 feet, and the height of 
the arc is 4 feet. 

1^5 X 10 _ 5 _ 1 1 02 5 _ 2 ^ .g 25 ^ thus the remaining part 
4 4 

of the diameter is 27 5625 feet therefore the diameter is 
31 5625 feet 

88 By the aid of the Rules given m the present 
Chapter, and in Chapter V, we can solve various other 
exercises which may he proposed with respect to the dia- 
gram of Art 78, as we will now shew. 



40 CHORDS OF A CIRCLE. 

89. Having given the height qf an are and the dia- 
meter of the circle, to find the 
chotd of the arc 

Here we know ED and 
EFi therefore we know DFi 
and then we can find AD by 
Art 79 

90. Examples. 

(1) The height of an arc is 
9 feet, and the diameter of the 
circle IS 25 feet 

Here ED = 9, DF = 16 ; therefore the square of 
A2>=9x 16=144: thus .di>= 12 feet Therefore .<4j?=24 
feet 

(2) The height of an arc is 2 feet, and the diameter of 
the circle is 10 feet 

Hero ED = 2, DF = 8 ; therefore the square of 
AD = 2 X 8 = 16 . thus ADs:i feet Therefore AB — 8 
feet 


P 



91. Having given the chord qf an are and the dior 
meier of the cirde, to find the height tfthe are. 

Here we know AO, which is half the £ven diameter, 
and AD which is half the given chord. Wo first obtain 
CD by Art 60, and subtracting this from CE we have 
DE 

92 Examples. 

(1) The chord of an arc is 24 feet, and the diameter of 
the cirde is 25 feet 

Here AO =12^ feet, and AD =12 feet. 

12j+12=24jj 12j— 12=i, 24ix| = ^; the square 
49 . 7 

root of — is -, that is Sj, and 12i— 3j=9: therefore 
DE = 9 feet 
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(2J The chord of an arc is 8 feet, and the diameter of 
the circle is 10 feet. 

Here AC=5 feet, and AD=4, feet 

6+4=9, 6—4=1; the square root of 9 is 3 : and 
6—3=2 therefore 2) jB=2 feet. 

93. Given the chard an arc and the diameter qf 
the circle, to find the chord qf half *^8 

Here we know AC and AD We first obtain DE, as in 
Art. 91 , and then we find AE either by Art. 55 or by 
Art 84. 

94. Examples 

(1) Tlie chord of an arc is 14 inches, and the diameter 
of the circle is 60 inches. 

Here A(7=25, A2)=7; thus by Art 60 we shall ob- 
tiun <72)=24 Therefore DE=1 Then by Art 65, or by 
Art 84, we find that AE is the square root of 60 Fro* 
ceedina to four decimal places we obtain AE^'l 0710 
Tlius the chord of half the arc is about 7 071 inches If we 
proceed to seven decimal places we obtain 7 0710678 

(2) The chord of an arc is 68 inches, and the diameter 
of the circle is 200 inches 

Hero AG= 100, AD=i9 thus by Art 60 we shall find 
that CD IS the square root of 9159 proceeding to four 
decimd daces we obtain CD=95'102,7 nearly. Therefore 
we take DE=i 2973 We may now calculate AE by the 
rule of Art 65 or by that of Art 84 , if AC, AD, and 
DE were all known exactly, the two rules would give 
precisely the same result , but m the present case DE is 
not known exactly, and we shall find that the two rules 
give results which differ shghtly. The rule of Art 84 is 
the simplest, and by this we find that AE is the square 
root of 859 46 , hence we obtam AE—9S 32 very nearly 
Thus the chord of half the arc is about 29 32 inches 

95. Given the chord qf half an arc and Oie diameter 
qf the cirde, to find the chord of the are 

Here wo know AE and EF. Wo first obtain ED by 
&rt 82, and then AD by Art 60. 
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96. Examples 

(1) The chord of half an arc is 12 inches, and the di 
meter of the circle is 36 mches. 

As in Art. 83 we find that ED=A. Then, by Art ( 
we find that AD is the square root of 128 . hence we o 
tain A2>= 11*314 nearly, and therefore AS =22 628 near 
Thus the chord of the arc is nearly 22 628 inches. 

(2) The chord of half an arc is 4 feet, and the diamet 
of the circle is 12 feet 

As in Art 83 we find that ED=Y^ Then by Art 

16 

we see that AD is the square root of 16— that 
128 1 

of therefore AD is ^ of the square root of 12i 

V 3 

hence proceeding to thiee decimal places we obta 
AD =9111, and therefore AB =154:2. Thus the cho 
of the arc is about 7 542 feet 

97. Ghvm the chord qf an arc and the chord of hi 
the arc, to find the diameter qf the cirde. 

Here we know AD and AE "We first obtain ED 1 
Art 60, and then EFhY Art. SO 

98 Examples 

(1) The chord of an arc is 48 inches, and the chord 
half the arc is 26 inches. 

Hero AD=24, AE=26 , thus, by Art. 60, we obta 

96 V 26 

ED=\9. Then, by Art 80, we have ^^’=-^^=67 
Thus the diameter of the cucle is 67 6 inches 

(2) The chord of an arc is 20 inches, and the chord 
half the arc is 10 5 inches. 

Here AD=\6, AE=105; thus, by Art 60, we fii 
that ED IS the square root of 10 25 proceeding to fo: 
decimal places wo obtam jEZ)= 32015 Then, by Art 6 

we have which wo find = 34437 ve 

nearly. Thus the ^ameter of the circle is very near 
34437 inches. 
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99 As an exercise vre \nll calcnlate the length of the 
side of an equilateral tnangle inscnbed m a circle, and also 
the length of the side of a regular polygon of twelve sides 

Describe a circle. If we 
draw in succession chords 
eqnal to the radius AS, 

BO, CD, we shall find 
that esac^l^ six of them can 
be placed in the entire cir- 
cnmferenea In other words, 
if a legular hexagon be in- 
scribed in a circle, a side of 
the hexagon is exactly equal 
to the radius of the circle. 

Draw the straight lines FB, BD, DF , thus we form 
an equilateral tnangle 

Suppose the radius of the circle 1 inch required FB 
This 18 an example of Art 95 Let 0 be tlie centre of the 
circle , draw OA cutting BF s.t K 

1 3 

"We find that AK—^ , thusjB.^ is the square root of - , 

that 13^ of the square root of 3 Tlierefore BF is tlie 

A 

square root of 3 proceeding to seren places of decimals 
we obtain BF = 1 7320508. 

Thus the side of the equilateral tnangle inscnbed in 
the circle is 1 7320508 inchea 

Again, let OL be perpendicular to AF, and produce it 
to meet the circumference £^in at Af JoinAJI Then 
AM IS one of the sides of a regular polygon of twelve 
sides inscnbed m the circle. We can calculate AM by 
Art 93 

AL = g, OA=l; thus OD=| of the square root of 3 

= 8660254 therefore ZM= 1339746 Then AM is the 
square root of 2679492, which wo shall find to be '51764 
very nearly 

Thus the side of a regular polygon of twelve sides 
inscnbed in the circle is '61764 inches very nearly 
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EXAMPLES VIL 

1. Tlie height of an arc is 15 inches, and the chord of 
half the arc is 4 feet 6 inches find the diameter of the 
circle 

2 The height of an arc is 2*28 feet, and the chord of 
half the arc is 7 15 feet find the diameter of the cirde 

3. The chord of half an arc is 3 feet 4 inches, and the 
diameter of tbo drde is 25 feet: find the height of the arc. 

4 The chord of half an arc is 6 43 feet, and the diameter 
of the Clide is 23‘65 feet . find the height of the arc. 

5. The height of an arc is 1 foot 3 inches, and the 
diameter of thfi circle is 11 feet 3 inches find the chord of 
half the arc. 

6. The height of an arc is 3 24 feet, and the diameter 
of the circle is 28 76 feet find the chord of half the arc. 

7. The chord of an arc is 20 feet, and the height of the 
arc IS 4 feet . find the diameter of the circle. 

8 The chord of an arc is 15 78 feet, and the height of 
the arc is 2 8 feet . find the diameter of the curcle. 

9 The chord of an arc is 15 inches, and the diameter 
of the cirde is 20 mclies : find the chord of half the arc 

10. The chord of an arc is 80 inches, and the diameter 
of the cucle is 100 mches find the chord of half the arc 

11 The chord of half an arc is 2 feet 6 inches, and the 
diameter of the circle IS 4 feet 2 mches . find the chord of 
the arc. 

12. The chord of half an arc is 2 4 feet, and the diame- 
ter of the circle is 16 feet . find the chord of the arc. 

13. The chord of an arc is 12 prds, and the chord of 

half the arc is 19 feet 6 mches : mid the diameter of the 
circle / 

14. The chord of an arc is 49 feet, and the chord of 
half the arc is 25 feet find the diameter of the circle. 



CIRCUMFERENCE OF A CIRCLE 


VIII CIRCUMFERENCE OF A CIRCLE, 

100 Tfe often require to know the proportion 
10 length of the circumference of a drcle bears t 
sngth of the diameter the proportion cannot mdc 
;ated exactlj, bnt it can be stated with sufficient acc 
tr any pracb^ purpose 

101. The diameter of a circle hetng given, tofii 
rcurnference 

2 

RntB. MvUvply the diameter hy 3}, that is by-, 

'her icords, multiply the diameter by 22, and divit 
roduct by 7. 

102 Examples 

(1) The diameter of a circle is 4 feet 8 inches 

4 feet 8 mches=66 inches, 

52 

66 Xy=8 x 22=176. 

Thus the circumference is about 176 inches, tl 
bout 14 feet 8 mchea 

(2) The diameter of a circle is 4*256 feet 

4256 
22 
8512 
8512 
7 193632 
13376 
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103 The Rule of Art 101 makes the circumference a 
little greater than it ought to be The circumference of a 
circle is in fact less rean 3J§ times the diameter, hut 
greater than 3}^ times. The rule of multipljmg tiie dia- 
meter bj 3^ IS generally found sufficiently accurate in 
practice. 

104i "We may if wo please put the Rule of Art 101 m 
the form of a proportion, and say as 'J is to 22 so is the 
diameter qf any circle to the circumference 

105 The following proportion is still more accurate: 
as 113 IS to 355 so is the diameter of any circle to the 
c» cumference ^is rule also makes the circumference a 
little greater than it ought to be; but the error is exces- 
sively smdl, being at the rate of rather less than a foot m 
mneteen hundred miles. 

106 "We may also put the proportion in the following 
form the diameter of any circle is to the circumference as 
1 IS to 3141592653589793 the calculation of this pro- 
portion has been carried to more than 600 places of deci- 
mals TTe may use as many as we please of the figures 
nhich have been obtained it is very common to take 3 1416 
as a suffident approximation. 

In modem mathematical books the Greek letter n- is 
generally used to denote the number 3 14159265 . 

107 Accordingly the Rule for finding the circumfer- 
ence of a drcle when the diameter is given, may be stated 
thus multiply the diameter "by 3} , or, ir greater accu- 
racy IS required, multiply the diameter by 3 1416. 

The latter form of the Rule also makes the dreumfer- 
ence a httle greater than it ought to be, but the error 

will not be so much as part of the circumference . 

80 that the error will be at the rate of less than a foot m 
seventy-five miles. 

108. 'iVhen we are told to multiply the diameter by 
3*1416, wo may, if we please, multiply 3 1416 by the diame- 
ter. A similnr remark applies to all rules relating to the 
multiplication of numbers. 
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109 Examples 

(1) The diameter of a circle is 42 7 inches 

31416 

427 

219912 

62S32 

125664 

13414632 

Thus the circumferenee is nearly 134 14632 inches 

(2) The diameter of a circle is 8000 miles 

31416 

8000 

251328000 

Thus the circumference is nearly 25132 8 miles 

110 The beginner should exercise himself m actually 
measuring the diameter and circumference of some circle, 
as for example, a vrheeL Although he may not be able to 
obtain very aecurate results, yet he may convince himself 
that the cireumference is about 3} times the diameter 

111 The circumference qf a circle hcing given, to find 
the diameter. 

22 

Etob Divide the circumference bg 3^-, that is by y j 

in other words, multiply the circumference by 7, and 
divide the product by 22 Or, if greater accuracy is 
required, divide the cii cumference by 3 1416 

112 Examples 

(1) The circumference of a circle is 50 feet. 

50 

7 

2 fTso 
11 I 175 
159 

Thus the diameter is about 15 9 feet 


48 CIRCUMFERENCE OF A CIRCLE 

(2) The circumference of a circle is 360 feet. 

31416J36000C11459 

31416 

’ 45840 

31416 ^ 

144240 

125664 

185760 

157080 

286800 

282744 

4056 

Thus the diameter is about 11459 feet. 

113 T7e inll now solro some cscrciscs which depend 
on the Buies already given. 

(1) Fmd the diameter of a carriage wheel which is 
turned round 1000 times in travelhng a mile. 

Hero 1000 times the circumference of the wheel is 
equal to 1760 yards , thus the drcumference is 1 76 yards 

•7 

Then, by Art. Ill, the diameter is 55 x 1 76 yards, that is, 
7 X 08 yards, that is, *56 of a yard. 

(2) Suppose that the distance of the earth from the 
sun IS about 95000000 miles, and that the earth desenbes 
a circle round the sun in 365} days . find the number of 
miles desenbed by the earth in one mmute. 

The drcumference of the circle desenbed by the earth 
isabout2 X 95000000 x 3 1416 miles, that is, about 596904000 
miles. In 365} days there are 625960 minutes. Divide 
. the number of miles by the number of minutes ; thus we 
obt^ veiy nearly 1135 mQes, 


EXAMPLES VIII 


49 


EXAMPLES VIII 

Assuming that the orcumfercnee of a circle is 3?^ times 
the diameter, find the circumferences of the circles with 
the following diameters . 

I. 14 feet 2 86 yards 1 foot. 

3 213 yards 2 feet 8 mches 

4. 1 furlong 60 yards 

Assuming that the circumference of a circle is 3 1416 
times the diameter, find the circumferences of the cirdes 
with the followmg diameters 

6 27 feet. 6 61 yards 2 feet 

7 655 yards 1 foot 6 mches. 

8. 1 furlong 80 yards. 

Assummg that the circumference of a drcle is 3 } times 
the diameter, find the diameters of the circles with the fol- 
lowmg circumferences 

9 66 yards 10 10 chains 

II. 3 furlongs 4 chams. 12 1 mile. 

Assuming that the circumference of a circle is 3 1416 
times the diameter, find the diameters of the circles with 
the followmg circumferences 

13 1 foot 14. 25 feet 

15 108 yards 1 foot 16 1 furlong 

17. Suppose that the planet Mercury descnbes in 
88 days a circle round the Sun, of which the radius is 
37000000 miles, find the number of miles descnbed by the 
planet m one second. 

18 The diameter of a carnage wheel is 28 mches 
find how many turns the wheel makes m trarellmg half 
a mila 

19 A road runs round a circular shrubbery , the outer 
circumference is 600 feet, and the mner circumference is 
480 feet find the breadth of the rimd. 

20 The difference between the diameter and the cir- 
cumforonce of a circle is 10 feet, find the diameter 


T. M 
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IX ARC OF A CIRCLE. 

114. Let Cho the centre of a drcle, AB any arc of the 
circle. AD a quarter of the 
circumference The length of 
AB is to the length of AD in 
the same proportion as the 
angle ACB is to the angle 
A CD, that iSj as the anglo 
ACB is to a tight an^c 
Therefore the length of AB 
is to the drcnmference of the 
drde in the same proportion 
as the angle ACB is to four 
nght angles. 

116. Angles^ are usually expressed in degrees, 90 of 
which make a right angle , and consequently m four right 
angles there are 360 degrees. A degree is siihcllvided into 
60 minutes, and a minute into 60 seconds. 

116. Symbols are used as abbreviations of the words 
degrees, minvies, and seconds Thus 6® 23' 47" is used to 
denote 6 degrees, 23 ndnutes, 47 seconds. 

117. Tlie number qf degrees in the angle stibtended 
"by an arc of a circle at the centre ieing given, to find the 
length of the arc. 

Rti£e As 360 is to {he number qf degrees in the 
angle, so is the drcurrference qf the cirde to die length qf 
the are. 

118. Examples. 

(1) The circumference of a drcle is 43 inches, and the 
angle subtended by the arc at the centre is 64 de^ees. 

360 : 64 :: 48 : the required length, 

64 x 48 _64x4 18x4 „„ 

360 30 10 ‘ ^ 

Thus the length of the arc is ?'2 inches 
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(2) The circumference of a circle is 25000 miles, and 
the angle subtended by the arc at the centre is one degree, 

360 : 1 , 25000 * the required length, 

36yi2600(.694 

216 

340 

324 

160 

144 

16 

Thus the length of the arc is about 69 4 miles. 

119 The length of an are of a eirde heing given, io 
find the number <f degrees tn the angle stditended hg the 
are at the centre fthe eirde 

Rule, As the dreumferenee of the eirde is to the 
length of the arc, so is 360 to the number of degrees tn the 
angle. 

120. Examples. 

(1) The circumference of a circle is 50 feet, and the arc 
IS 8 feet 

50 : 8 . 360 the required number of degrees, ^ 

8 x 360 288 A 

__=_=57f / 

Thus the angle is 57§ degrees 

(2) The circumference of a drcle is 25000 miles, and 
the arc is 750 miles 

25000 : 750 . 360 . the required number of degrees, 

760x360_ 76 x 36 _3x36_-.o 
26000' 260 10 

Thus the angle is 10 8 degrees. 



4—2 



52 


ARC OF A CIRCLE 


- 121. The chord qf an at c being known, and also the 
chord of half to find the length qf the arc. 

Bulb From eight times the chord of half the arc sub- 
tract the chord of the whole arc, and divide the remainder 
by three. 

This Bnie is not exact ; it gives the length of the arc 
smaller than it ought to h& If tiie arc subtend at the 
centre of the circle an angle of 45 degrees, the error is 

about 20 ^^ of the length of the arc : the error increases 

rapidly as the angle increases, and diminishes rapidly as 
the angle dimimshes. 


122. Examples. 

(1) The chord of an arc is 14 inches, and the radios 
of the cucle is 25 inches 

By Art. 94 the chord of half the arc is about 7 0710678 
inches 

70710678 

8 

565685424 

14 

3 |425685424 

141895141 

Thus ire obtain for the length of the arc 14 1895141 inches. 

(2) The chord of an arc is 58 inches, and the radios of 
the emde is 100 inches. 


By Art 94 the chord of half the are is about 29 32 
mches 

2932 

8 

23456 

58 

3|17656 

5885 


Thus we obtain for the length of the arc 58 85 inches. 
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123. The error 'which anses from the use of the Rule 
in Art 121 is, as -we have said, much less for a small arc 
than for a large arc It ma^ therefore be expedient m 
some cases to calculate by the Rule the length of half the 
arc, and to double this result instead of calculatmg the 
length of the -whole arc immediately 'We should proceed 
thus from eight times the chord qf one fourth qf the arc 
subtract the chord of half the are; multiply the remain- 
der by two, and divide the product by three 

124. The following Rule for finding the length of an 
arc IS much more accurate than that in Art 121, and may 
be used when a very close approximation is required : to 
256 times the chord of onefourOi cf the arc add the chord 
<f the arc; subtract 40 times the chord cf half the arc, 
and divide the remainder by 45. 

This Rule gives the length of the arc a little larger 
than it ought to be. If the arc subtend at the centre of 
the circle an angle of 45 degrees the error is less than 

8 000^0 0 mcreases rapidly as the 

angle increases, and dunmishes rapidly as the angle di- 
minishes. 

125 Wo will now solve some exercises. 

(1) The radius of a circle is 1 foot find the penmeter, 
that IS the length of the whole boundary, of a sector of 60 
degrees 

Since the radius is 1 the circumference of the circle is 
2x3 1416, that is, 6 2832 , then 

360 60 6 2832 the length of the arc. 

Thus the length of the arc is 1 0472: Add the length of 
the two radn, tlmt is 2 , thus the whole penmeter is 3 0472 
feet. 

(2) The penmeter of a sector of 60 degrees is 20 feet . 
find the radius 

Use the result of the precedmg exercise Thus we have 
the proportion 

3 0472 20 ' 1 . the required radius. 

20 

Hence the required radius=^Qj^ feet=65634 feet 
very nearly 
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EXAMPLES IX. 

1. The radius of a drcle is 10 inches, and the angle 
subtended by an arc at the centre is 72": find the length of 
the arc, 

2, The radius of a drcle is 19 feet 7 inches, and the 
angle subtended by an arc at the centre is 10" 24' : find the 
length of the arc. 

3 The radius of a drcle is 2 feet, and the leng^ of an 
arc is 15 inches : find the angle subtended at the centre by 
the arc. 

4. The radius of a drcle is 1 fooi^ and the length of an 
arc is equal to the radius . find the angle subtended at the 
centre by the arc. 

5 The chord of an arc is 36 inches, and the chord of 
half the arc is 19 inches . find the ara 

6 The chord of an arc is 56 inches, and the radius of 
the cirde is 197 inches : find the ara 

7. The chord of an arc is 6 inches, and the radius of 
the circle is 9 inches : find the ara 

8 The radius of a drcle is 5 inches find the perime- 
ter of a sector, the angle of irhich is 90". 

9 The radius of a circle is 16 inches * find the perime- 
ter of a segment^ the arc of irhich subtends an angle of 90" 
at the centre of the circla 

10 The radius of a drcle is 1 inch : find the perimeter 
of a semidTCla 

11. The perimeter of a semicircle is 100 feet * find the 
radius 

'12 Tlie radius of a circlo is 25 inches, and the angle 
subtended by an arc at the centre is 32" 31' 12" 4 : find the 
length of the ara 
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X. TABLE OF SQUARE MEASURE. 

126. It will be oonrement to place here the Table of 
Measnres of Area, which is usually called the Table of 
Square Measure. 

141 square inches make 1 square foot. 

9 square feet make 1 square yar^ 

36 square feet make 1 square fathom. 

272^ square feet or 30^ square yards make I square 
rod or polo 

1600 square poles make 1 square furlong 
64 square furlongs make 1 square mile. 


Hence we obtam the following 

results . 



Sqnsra 

Inches 

Bgnare 

Feet 

Bqnnte 

yards 

Banare 

Bods. 

Eqnare 

Fniloogs 

Sunare 

144 

1 




1296 

9 

1 




39204 

272i 

30i 

I 



62726400 

435600 

48400 

1600 

1 


4014489600 

27878400 

3097600 

1024U0 

64 

1 


127 The following terms are also used in espressing 
areas . a square link, a square chain, a rood, and an acre 

A square chain contains 22x22, that is, 4S4 square 
yards A rood is 40 poles, that is, 1210 square yards An 
acre is 4 roods, that is, 4840 square yards thus an acre is 
equal to 10 square chams. 

A square cham contains 100 x 100, that is, 10000 square 
links; so that an acre is equal to 100000 square links. 
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XL EECTAUGLE. 

128. Suppose 'we hare a rectangle which is 4 inches 
long and 3 inches broad. 

Draw straight hnes, an inch 
apail^ parcel to the sides 
The rectwgle is thus divided 
into 12 equal figures, each of 
which is a square being an 
inch long and an inch broad: 
such a square is called a 
square inch. The rectangle 
then contains 12 square 
inches; this fact is also expressed thus: the area of the 
rectangle is 12 square inches 

The number 12 is the product of the numbers 4 and 3, 
which denote respectively the length and the breadth of 
the rectamgla 

129. If a rectangle be 8 inches long and 5 inches broad, 
we can shew m the same manner lhat its area is 8 times 
5 square inches, that is 40 square inches Similarly, if a 
rectangle be 9 inches long and 7 inches broad, its area 
IS 9 times 7 square inches, that is, 63 square mches. And 
so on. 

130 In the same manner, if a rectangle be 4 feet long 
and 3 feet broad, its area is 12 square feet} that is, the 
rectangle might be divided mto 12 equal figures, each 
being a foot long and a foot broad. If a rectangle be 
4 yards long and 3 yards broad, its area is 12 square yards 
And so on. ' > 

131. The beginner should observe very carefully the 
way in wliich areas are measured ; it is a case of the 
general principle which applies to all measurable things 
For example, when we measure lengths we fix on some 
length for a standard, as an inch or a foot, and we compare 
other lengths with the standard; thus when we say that a 
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certain hne is 17 inches long, we mean that the Ime is 
17 lames as long as onr standard, which is one mch. In 
like manner when we measure areas we fix on some area 
for a standard, and we compare other areas with the stand- 
ard. The most convenient standard is found to he the area 
of a square; it may be a square mch, or a square foot, or 
any other sqnare 

132 In order then to find the area of a rectangle we 
mnst express the length and the breadth in terms of the 
same denomination, and then theprodnct of the numbers 
which denote the length and the breadth will denote the 
area. If the length and the breadth are both expressed m 
inches, the area will be expressed m square inches; if the 
length and the breadth are both expressed in feet, the 
area will be expressed m square feet; and so on 

133. The student will now be able to understand the 
way in which we estimate the areas of fignres, and to use 
correctly the rules which will be given , the rules will be 
stated with brevity, but this will present no difficulty to 
those who have read the foregoing explanations. 

134 To find the area qf a redangle 

Kuli! Multiply the length try the hreadth, and the 
product will he the area 

Sometimes the words hose and Jmght are used respect- 
ively for the length and breadth of a rectangle 

135 Examples. 

a The length of a rectangle is 3 feet 4 mebes, and its 
th IS 2 feet 6 inches 

3 feet 4 inches=40 mches, 2 feet 6 mcbes=30 inches, 
40x30=1200. 

Thus the area is 1200 square mches. 

Or thus 3 feet 4 inches = 3 J fee^ 2 feet 6 mches = 2| ft., 
35x2j = fx| = f=8i 

Thus the area is 6^ square feet. 
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The length of a rectangle is half a mile, and its 
breadth is 220 y^s. 

Half aniile=880 yards ; 880 x 220 =193600. 

Thus the area is 193600 sqnare yards. 

Or thns ; 220 yards =5 of a mile, i x 5 =~. 

O O lo 

Thns the area is ^ of a sqnare mile. 

136. If ire know the area of a rectangle, and also its 
length, we can find the breadth by dividing the nnmber 
which expresses the area bj the nnmber which expresses 
the length, and mmilarly if we know the area and the 
breadth we can find the len^. Of course we mnst take 
care to use corresponding denominations for the area and 
the known length or breadth, see Art. 132. 

137. Examples. 

(1) The area of a rectangle is 96 square inches, and its 
length is 1 foot 4 inches 

96 

1 foot 4 inches=16 inches ; ^=6. 

Thus the breadth is 6 inches. 

(iO The area of a rectangle is 10 square feet, and its 
breadth is 1 yard. 

1 yard=3feotj ^=3J 

O 

Thus the length is 31 feet, that is 3 feet 4 inches. 

138. A square is a rectangle having its length and 
breadth equal , hence to find the area of a square we mid- 
tiply th« number which denotes the length qf a side qf the 
square by itseif For example, if the length of the side of 
a square be 7 inches, the area of the square is 7 times 
7 square inches, that is, 49 square inches Thus we see 
the reason for using the term the square of a number to 
denote the product of the number into itself; and we un- 
derstand the connexion of the Buies m Chapter Y. with 
the theorem of Art 30. 
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139. The statements made in the Table given in Ch^ 
ter Z. vnll be easily nnderstood and remembered by the 
aid of the explanations in the present Chapter. Take, for 
example, the first statement that 144 square inches make 

SiRP^^iiKS^BnjS^Ta^^iBreio^n^^S^metno^oP 
Art 128, we see that a square foot conh^ 12 x 12 square 
inches, that is 144 square inches. 


140. If we know the area of a square we can find the 
length of a side of the square by extracting the tqitare 
root gf the number which demotes the area. For example, 
suppose the area of a square to be 121 square inches; the 
square root of 121 is 11 . thus the length of a side o/[ the 
square is 11 inchea Again, suppose the area of a square 
to be IfiO square mdies Here the square root cannot bo 
exactly found, and so the length of the side cannot be 
determined accurately if we proceed to three dedmid 
places we obtain 12 247 inches for the required length. 


141. The student must distmgmsh carefully between 
square feet and f^ square For example; hr three 
square feet we mean an area which can be divided into 
three others each of which is a square foot, by three feet 
square is meant a square the side of wim^ is three feet 
long, so that the figure contains nme square feet Simi- 
larly by four feet square is meant a square the side of 
which IS four feet long, so that the figure contains sixteen 
square feet 


142. M7e will now solve some exercises which depend 
on the Buies of the present Chapter. 

(1) A room is 18 feet 6 mches long and 11 feet 3 inches 
broad find the expense of carpeting the room, supposing 
the carpet to be 30 mches wide, and to cost 6 shilhngs per 
yard. 

We first find the length of carpet required. The 
length of the room is 18J feet, and the breadth is llj feet , 

hence the area of the room “ ^ T “ 

square feet The breadth of the carpet is 2j foot, 
o 
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Hence, by Art 136, the required length of carpet is ob- 
tained by diidding by 2j; so that it is x | feet, 
o o o 

333 

that is feet "Wo have now a simple example in 

■B 

Arithmetic if one yard costs 6 shillings, find the cost 
of feet The result is ^ ^ ^ 6 shilhngs, that is 

shilhngs, that is jES 6s 6<f. 

It is scarcely necessary to remark that in actual ex- 
penence rather more carpet nrould be required than our 
solution indicates, in order to allow for the waste which 
anses from arranpng the pieces with due regard to the 
correspondence of the pattern. 

(2) A room is 18 feet 6 inches long, 11 feet 3 inches 
broa^ and 10 feet high . find the entire area of the four 
walls. 

37 

There are itco walls each containmg 10 square 

45 

feet, and two others each containmg k 10 square feet . 
therefore the entire area is equivalent to that of a rect- 
angle the height of which is 10 feet, and the base 37+-^ 

119 

feet; thus the entire area is — x 10 square feet, that is 
595 square feet. 

(3) A rectangular grass plot is 160 feet long and 100 
feet broad; a gravel walk 4 feet wide surrounds the grass 
plot . find tho area of the walk. 

The extreme length of the rectangle including the walk 
is 168 feet, and the extreme breadth is 108 feet; therefore 
the area of this rectangle is 168 x 108 square feet, that is 
18144 square feet The area of tho grass plot is 160 x 100 
square lect, that is 16000 square feet Tho area of the 
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walk IS therefore 18144:- 16000 square feet, that is 2144 
square feet 


(4) A rectangle is divided into four rectangles hj two 
straight lines drawn parallel to the sides at given distances 
from them find the areas of the four rectangles 
Let ABDO be the 


rectangle, suppose, for 
example, that AB is 
16 inches, and AG is 
9 inches ; and that AE 
IS 10 mches and^i^ is 
7mches Through^let 
AfAiffbedrawnparallel 
UiAC, and through F 
let J!Orbe drawn pa- 
rallel to AB 



Then EB=6 inches, and FG='^ inches 
The area of AEKF— 10 x 7, that is 70, square inches 
The area of EBHK==6 x 7, that is 42, square inches. 
The area of FKGO—\Q x 2 , that is 20, square inches 
The area of KRQD=^ x 2, that is 12, square mches 
/ The sum of these four areas is 144 square inches, and 
is equal, as it should be, to 16 x 9 square inches 

This exercise is very simple, but very mstructive, it 
affoids a visible representation of an important arithmeti- 
cal proposition, which in the present case stands thus the 
product of the sum of 10 and 6 mto the sum of 7 and 2 is 
equal to the sum of 10x7, 6x7, 10x2, and 6x2 
5 3 

(6) A rectangle is g of an inch long, and ^ of an mch 
wide . find the area. 

By the Buie of Art 134 the area is gx|of a square 
inch, that is ^ of a square mch. But m the demonstration 

Ou 

of the Buie m Art 128, we supposed that the length and 
the breadth were expressed in wAofe numbers, so that it is 
expedient to shew explicitly that the Buie will also hold 
when fraclaons occur, this we shall now do. 
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Reduce the fractions to a common denominator, thus 

35 24 1 

they become and of an inch. Now let ns take of 
OD do 56 

an inch as the unit of Icn^h ; then the length of the rect- 
angle is 35, and the breadth is 24 of these units: and there- 
fore the area of the rectangle is 35 x 24 square units. And 
a square inch contains 56 x 56 of these square umts. Thus 


35x24 

the area of the rectangle is — — — of a square inch ; that 

55 X 56 

5x3 15 

is t of a square mch : that is — of a square inch. 

56 


8x7 


EXAMPLES. XI. 

Find the area in square yards of squares having the 
folloiring lengths of sides : 

1. 14 yards. 2 24 yards 3 27^ yards. 

4 30j yards 

Find the area in square yards and square feet of squares 
havmg the foUovring Icngtlm of sides : 

5. 10 yards 2 feet 6 12 yards 1 foot 

7. IS yards 2 feet 8 20 yards 1 foot 

Find the area in square yards, feet indies of 
squares having the followmg lengths of sides: 

9 3 yards 2 feet 4 inches. 10 5 yards 2 feet 8 inches. 

11. 8 yards 1 foot 9 inches. 12. 14yardsl foot 10 inches. 

Find the area in acres, roods, and poles of squares 
having the folloiving lengths of sides: 

13 4 chains 50 Imks 14, 7 chains 25 links. 

15. 12 chains 45 links. 16 26 chains 56 Imks. 

Find the areas of squares having the following dia- 
gonals: 

17. 255 feet 18. 88 yards 2 feet 3 inches 

19. 12 chiuns 25 links 20. IS chains 36 bnks. 
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Find the ^des of squares having the folloiring areas* 


21. 

1764 square yards. 

22. 

7225 square yards. 

23 

74529 square yards 

24. 

^ square mile 

25 

160 acres. 

26. 

2 ^ acres. 

27 

64 064016 square feet. 



28. 

3 acres 1 rood 13 poles 6j sq yards. 


Find in feet to throe decimal places the sides of squares 
having the following areas . 

29 120 square feet 30 287 square feet 

31. 478 square yards 1 square foot 

32. 526 square yards 2 square feet 90 square mchcs 

33 160 acres. 34. 2f acres. 

35. Fmd the diagonal ofa square whose area is 7 square 
mches. 

38. The area of a chess hoard having 8 squares along 
each side is 100 square inches . find the length of the side 
of one of its squares 

Find the area in square feet of rectangles having the 
following dimensions in feet 

37. 14 by 20 38. 24 by IS 39 I5J by 16. 

40. 18iby20i 

Find the area in square yards and feet of rectangles 
baring the following dimensions. 

41. 6 yards 2 feet by 6 yards. 

42 7 yards 1 foot by 8 yards 2 feet, 

43. 10 yards 1 foot by 12 yards 1 foot 

44. 9 yards 2 feet by 18 yards 2 feet 

Fmd the area in square yards, feet, and inches, of rect- 
angles havmg the following dimensions. 

45. 2 yards 1 foot by 3 yards 1 foot 3 mches 

46. 3 yards 1 foot 4 inches by 4 yards 2 feet 

47. 4 yards 2 feet 8 inches by 4 yards 2 feet 10 inches. 

43 6 yards 1 foot 9 mches by S yards 2 feet 11 mchcs 
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Find the area ia acres, roods, and poles of rectangles 
having the following dimensions. 

49. 5 chains 14 hnks by 6 chains 25 links. 

50. 7 chains 4 hnks by 8 chains 12 links. 

51. 9 chains 24 links by 10 chains 36 links 

52. 10 chains SO Hnks by 12 chains 40 links. 

Find the breadth in the following rectangles, haring 
^ren the area and the length: 

53 Area 1056 square feet, length 11 yards. 

54. Area an acre, length 110 yards. 

55 Area a square mile, length 5 miles. 

56. Area 1000 acres, length 2 \ miles 

57. Area 2f acres, length 115j yards 

58. Area 5 ^ acres, length 32 chains 

59. Area 7 acres 1 rood 15 poles, length 453 yards 
2 feet 3 inches 

60 A plank is IS inches broad * find what length must 
be cut off that the area may be a square yard. 

61. A rectangle is 9 inches by 18 inches find what 
decimal it is of a square lard. 

62 Express as a fraction of an acre the rectangle 
which is 121 yards long and 25 yards broad. 

63 A street is a quarter of a mile long find the num- 
ber of square yards m a pavement 4j feet wide doivn one 
side of the street 

64. A rectangular garden is to be cut from a rectan- 
gular field, so as to contain three quarters of an acre , one 
side of the field is taken for one side of the plot, and mea- 
sures 2^ chains find the length of the other side. 

65. The diagonal of a rectangle is 458 feet, and one 
side IS 442 feet find the area. 

66 The sides of four squares being respectively 1, 2, 4, 
and 10 feet, find the side of the sqnaro wmch is equal to 
the sum of the four. 
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67. The sides of three squares being 6, 6, and 7 feet • 
find the side of the square wmch is equal to the sum of the 
three. 

68 The window of a house is 8 feet 2 inches by 6 feet 
3 inches find the number of panes of glass in i^ each mca- 
surmg 14 inches by 9 

69 A lawn measures 150 feet by 120 feet find how 
many pieces of turf are required to cover it, each piece 
being 3 feet 4 mches by 1 foot 3 mches. 

70. Find how many slates me.'tsunng 16 inches by 12 
inches will be required to cover a roof which measures 
24 feet by 18 feet. 

71 Find how many bricks measuring 9 inches by 4i 
inches will be required to cover a space of IS feet by 
12 feet 9 inches. 

72 Fmd how many planlts 12 feet long by 10 inches 
wide will bo required to floor a room which is 24 feet by 
20 feet 

73 Find how many planks 12 feet 6 inches lon^ hv 
9^ inches wide will be required to floor a room w'nui 
is 50 feet by 16 feet 

74. Find how many persons can stand in a room mea- 
Bunng 15 feet by 9 feet , supposing each person to require 
a space of 27 mches by 18 inches 

75 A procession is formed of 504 ranks of men, 14 in 
a rank if the men were arranged in a sohd square, find 
how many there would be m a side 

76 If one stalk of wheat will grow on nine square 
inches of ground, find how many stalks will grow on itu 
acre 

77 Find how many trees there are in a wood half a 
mile long and a quarter of a mile wide, supposing on an 
a\erage four trees grow on each square chain. 

78 A country in the form of a rectangle 600 miles 
long by 200 miles broad supports a population of 20,000,000 . 
find the average number of acres rcqmrcd to support one 
person 

X M. 


5 
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79. A room is 25 feet by 18 feet ; in the central part is 
a Turkey carpet winch measures 21 feet by 15 feet, find 
how many yards of oilcloth 27 mcbes wide will be reqmred 
to cover the rest of the floor. 

80 The Bide of a square is 85 yards, and a path 10 
yards wide goes round the square outside it find how 
many stones 1 foot 4 mches long by 10 inches wide will bo 
reqmred to pave the path. 

81. A rectangular court measures 63 feet by 36 feet; 
a path 4 feet 6 inches wide goes round the court outside it 
find how many bncks measuring 9 inches by 4| mches will 
be required to pave the path. 

82. It is found that 1296 bricks, each measuring 9 
inches by 4i inches have been employed m pavmg a certain 
court yard find how many tiles 6 inches square will be 
reqmred for a pavement one-mnth of the size 

83 If the adjacent sides of one rectangle be 9 and 16, 
and of another 36 and 25, compare the sides of the squares 
respectively equal to these rectangles. 

84. Find what length of wall paper 27 inches wide will 
be reqmred for a room 18 feet long, 12 feet broad, and 
10 feet 6 mches high 

85 Find how many square feet of paper will cover the 
walls of a room which is 24 feet 10 mches long, 16 feet 
broad, and 18 feet 6 mches high. 

86 A rectangle measures 48 feet by 28 feet fiind the 
area of a square which has the same perimeter as the 
rectangle. 

87. A rectangle contains 1323 square feet; and it is 
three times as long as it is broad find its sides. 

88 Seven sheets of note paper together weigh one 
ounce, each sheet measures 9 mches by 6f mches find 
the weight of a sheet of the same kind of paper which mea- 
sures 1S§ inches by 11. 

89 Shew by examples that if a square and a rectangle 
have equal perimeters the area of the square is greater 
than that of the rectansrle. 
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90. Shew bj examples that if a square and a rectangle 
hare equal peruneters, the area of the square exceeds the 
area of the rectan^eby the area of a square the side of 
which IS half the difference of the sides of the rectangla 

91 Fmd the rent at £1 13s per acre of a rectangular 
field of which the len^h is 1 furlong 20 poles, and the 
breadth 10 poles 1 yard. 

92 Find the rent at £4. 10s an acre of a piece of land 
4235 yards long and 280 yards wide 

93 A rectangular court measures 18 feet 6 inches hy 
12 feet 3 mches find the expense of pavmg it at 4 pence 
the square foot. 

94. The diagonal of a square court yard is 30 yards 
find the cost of graveUing the court at the cost of a slulhng 
for mne square yards 

95. Fmd the expense of paving an area which mea- 
sures 32 feet 3 mches by 16 feet 6 mches at 6s 4d per 
square yard. 

96 The length of a street is 1 furlong 92 yards 1 foot 
6 mches, and its breadth is 22 yards 8 mches find the cost 
of pavmg it at Bid per square yard. 

97. In a rectangular court which measures 96 feet by 
84 feet there are four rectangular grass plots measurmg 
each 22^ feet by 18 feet find the cost of paving the 
remammg part of the court at 8^d per square yard. 

98 Fmd the expense of paving a road of a uniform 
breadth of 4 yards round the inside of a rectangular piece 
of ground the length of which is 85 yards and breadth 
56 yards, the cost of pavmg a square yard being la 2d 

99 Fmd the side of a square court yard the ex- 
pense of pavmg which is ;638 10a 5d at 3a 9d per square 
yard. 

100 Determine the side of a square garden that cost 
£67. 16s 2|<f for trenching at 2|ff per square yard. 

5—2 
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101. The rent of a square field at £2. lit ed per 
acre amounts to £27. 5s find the cost of putting a paling 
round the field at 9<f per yard. 

Find how many yards of carpet will he required for 
rooms of the followmg dimensions: 

102. 18 feet by 16 feet; the cai-pet being 1 yard wide. 

103 24 feet by 16 feet 6 inches, the carpet being 
1 yard wide. 

104 21 feet by 15 feet; the carpet bmng 27 inches 
wide. 

105 17 feet 3 inches by 9 feet 9 inches ; the carpet 
being 27 inches wide 

106 28 feet by 23 feet 9 inches ; the caipet being 30 
inches wide. 

107. 27 feet 3 mches by 22 feet 6 inches ; the carpet 
being 30 mches wide. 

Find the expense of carpeting rooms, the dimensions 
and the cost of the carpet being the following : 

lOS. 12 feet 4 mches by 16 feet 3 mches; Is. 6d. per 
square foot. 

109 24 feet 8 inches by 16 feet 3 mches ; 13s Gd. per 
square yard. 

110 23 feet 9 inches by 16 feet 3 inches ; 2s. 9d. per 
square yard. 

Find the expense of carpeting rooms, the dimensions 
of the room and the width and the cost of the carpet being 
the followmg : 

111. 34 feet by IS feet 6 inches ; carpet 2 feet wide at 
45 Gd per yard, 

112. 18 feet 9 inches by 17 feet 6 inches, carpet 2 feet 
wide at 45 dd per yard. 

113 15 feet 9 mches by 12 feet 5 inches; carpet 1 yard 
IS mehes wide at 6 shillings per yard. 

114 18 feet 6 inches by 12 feet 6 inches; carpel 27 
ladies wide at 3 shillmgs per yard. 
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116 15 feet 9 incLcs by 12 feet 5 inches, caipet27 

inches mde at 4 slullmgs per yard. 

116 21 feet 8 inches by 16 feet 6 inches, carpet 27 
inches inde at 3s 4^^ per yard 

117 17 feet 6 inches by 17 feet 6 inches; carpet 
2 feet 4 inches inde at 3s 9d per yard. 

118 Supposing the cost of a carpet m a room 25 feet 
long at 5s per square yard to be £6 5s find the breadth 
of the room. 

119 Find the quantity of carpeting required for the 
central portion of a room, this portion being 13 feet 6 
inches vnde and 18 feet 9 inches long Find also the 
expense, the carpet being 27 inches iride, and 4s Qd per 
yard. If between the edge of the carpet and the walls 
there is a distance all round of 2^ feet, find how much of 
the area of the floor will remain unirarered. 

120 Find how many yards of paper will be reqmrcd 
for the walls of a room which is 23 feet long, 18 feet wide, 
and 12 feet high , the paper bemg a yard vnJe 

121 Find how many yards of paper will bo required 
for the walls of a room which is 24 feet long, 19 feet 
6 inches wide, and 14 feet high, the paper being three 
quarters of a yard wide 

12Z A room is 34 feet long, 18^ feet wide, and 12 feet 
high find the expense of papermg'the walls at Is 6d, per 
square yard. 

123. Find the expense of papering a room 6 yards 
1 foot 1 inch long, 6 yards 0 feet 4 inches broad, 12 feet 
high, with paper a foot wide at 9d per yard. 

124 A room is 24 feet long, 15 feet broad, and 11 feet 
high* find the expense of paintmg the walls at 3d per 
square foot, allowing for a fire pmee which is 4 feet 6 
indies by 3 feet, a door which is 7 feet by 4 feet, and two 
windows each 6 feet 6 inches by 6 feet. 
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143 "We have she^ in Art 28 tliat a parallelognm is 
equivalent to a rectangle having the same base and height* 
this is the reason of the rule no‘w to be given. 

144. To find the area qf a parallelogram 

Rule. Multiply the lose hy the height and the pro- 
duct will he the area. 

145. Examples * 

(1) The base of a parallelogram is 5 feet, and its height 
is 3 feet 

5 X 3 = 15 Thus the area is 15 square feet 

(2) The base of a parallelogram is 3 feet 9 inches, and 
its height is 2 feet 3 mchea 

3 feet 9 mchcs=45 inches, 2 feet 3 inches=27 mches. 

45 X 27 = 1215. Thus the area is 1215 square inches. 

Or thus 3 feet 9 inchc3=3f feet, 2 feet 3 inches=2^ feet 

IK Q lOS 

3j X 2j=-^ X square 

feet 

146. If ive know the area of a parallelogram, and also 
one of the two dimensions, the base or the height, we can 
find the other : see Art 136. 
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(1) The area of a rhombus is 180 square feet, and each 
Bide IS 15 feet long find the height. 

= 12 Thus the height is 12 feet. 


(2) Two adjacent sides of a parallelonam are 8 feet 
and 16 feet respectively , the area is two-thirds that of a 
square which has the same perimeter find the height of 
the parallelogram 


The perimeter of the parallelogram is 16+32 feet, that 
is 48 feet, hence the side of a square havmg the same 
perimeter is 12 feet, and therefore the area of the square 
IS 144 square feet Thus the area of the parallelogram is 


- of 144 square feet, that is 96 square feet If we take 

O 

the side which is 8 feet long for base, the height is 
96 

—f that 18 12 feet If we take the side which is 16 feet 

O 


96 

long for base, the height is — , that is 6 feet. 

1 ft * 


16’ 


(3) Each side of a rhombus is 18 feet, and one of the 
diagonals also is 18 feet find the area 

By drawing this diagonal the rhombus Is divided mto 
two equilateral tnangles , and the height of each tnangle, 
by Art 68, is 18 x 866 . feet Also this height is equal 
to the height of the rhombus Thus the area of the rhom- 
bus in square feet is 18 x 18 x 866 , that is about 280 6 
square feet 
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EXAMPLES. XIL 

Find tliQ areas of the paraUelograms haring the follow- 
ing bases and heights : 

1. Base 14 yards, height 5 yards. 

2. Base 15 yards 2 feeij height 11 yards 1 foot. 

3 . Base 16 yards 2 feet 3 inches, height 14 yards 
2 feet 8 inches 

4. Base 14 chains 16 links, height 9 chains 4S hnks 

Find the heights of the parallelograms having the fol- 
lowing areas and bases : 

6 Area 1125 square feet, base 15 yards. 

6 Area 32 acres, base 242 yards. 

7. Area 93 square feet 140 square inches, base 5 yards 
1 foot 7 inches 

8 Area 160 square yards 3 square feet 33 square 
inches base 13 yards 1 foot 9 inches 

9 The base of a parallelogram is 4 feet 6 inches, and 
its height is 2 feet 8 inches ; the side adjacent to the base 
IS 3 feet find the length of the perpendicular on this side 
fiom any point m the opposite side; 

10 The adjacent sides of a parallelogram are 8 feet 
and 16 feet, and its area is half that of a square having the 
same penmeter . find the peipcndicular distance between 
each pair of opposite sides. 

11. Each side of a rhombus is 24 feei^ and one of the 
diagonals also is 24 feet, find the area. 

12. Each side of a rhombus is 32 feet, and each of the 
larger angles is equal to twice each of the smaller angles : 
find the area. 
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148 "We have shewn in Art 2D that a tnacgle is equi- 
valent to half a lectangle having the same base and height* 
this IS the reason of the rule now to be given. 

149. To find the area of a triangle 

RmB Half product qf the Ime into the height 
vnll he the area 

It is obvious that we may multiply together the base 
and half the height, or multiply together the height and 
half the base, or multiply together the base and tiie height 
and take half the product 


150. Examples 

(1) The base of a triangle is 3 yards, and its height is 
4 feet 6 inches 

3 yards=9 feet, 4 feet 6 mches=4i feet 


9x4J=9x| = |, |of| = |=20i. 


Thus the area is 20^ square feet 


(2) The base of a tnangle is 45 feet, and its height is 
36 feet 

Halfof 36is 18; 45x18=810 Thus the area is SIO 
square feet 


151 If we know the area of a triangle, and also one 
of the two dimensions, the base or the height, we can find 
the other. For if twice the number expressmg the area bo 
divided by the number expressmg the height, the quotient 
IS the hose; and if twice the number eimressmg the area 
be divided by the number expressing the base, the quotient 
is the height. 
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152. The three sides of a triangle heing given, to find 
the area. 

Bulb. From half of the three sides siiblract 

each side separately ; multiply the half sum and the three 
remainders together: the square root of the product will 
he the area. 

153 Examples 

(1) The sides of a tnanglo are 2 feet 2 inches, 2 feet 
4 inches, and 2 feet 6 inches respectively 

2 feet 2 inches=26 inches, 2 feet 4 inches=2S inches, 
2 feet 6 inches =30 inches 

26+28+30=84, J of 84=42; 

42 -26=16, 42-28=14, 42-30=12 

42x16x14x12=112896 The square root of 112896 
is 336. Thus the area is 336 square inches. 

(2) The sides of a triangle are 24, 25, and 26 feet 
respectirely 

24 + 25 + 26 =76, J of 75 = 37*6 

37 5 -24=135, 37 5 -25=125, 37 5-26=116 

37 5x135x125x116 = 72773 4375 The square root 
of 727734375 cannot be found exactly; if we proceed to 
three decimal places we obtain 269*766 so that the area is 
about 269 766 square feet 

154. "We will now solve some exercises. 

(1) Fmd the area of the gable end of a house, the 
breadth being 24 feei^ the dis- 
tance of the eaves from the 
ground 30 feet, and the per- 
pendicular height of the roof 
10 feet 

The figure is composed of a 
rectangle and a tnangle. AB 
01 EG IS the br^dth; the 
eaves are the junctions of the 
walls and the roof, as at and 
C, so that AE or BC is the 


D 
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height of the eaves &om the ground. The perpendicular 
hei^t of the roof is the perpendicular from D on EG 

%be highest part of the roof is called the ndge, so that 
2> IS on the ndge. The tnangle CDE is called the gable 
top 

Hero the area of the rectangle ABCE is 24 x 30 square 
feet, that is 720 square feet ; and the area of the tnangle 
is 24x5 EC[uare feet, that is 120 square feet. Thus the 
ivhole area is 840 square feet. 

(2) The side of an equilateral tnangle is one foot; 
find the area. 

O O 1 

Half the sum of the sides=j; ; 5—1=5 

2 2 

3 1113 

5 X-x-xjr = T^ The number of square feet in the 

Ji Ji Z Ji Id 

area is therefore equal to the square root of ^ , that is 
to i of the square root of 3 

We may also obtain this result thus It is shewn in 
Art 65 that tlie height of the tnangle is half of the square 
root of 3, and therefore bj Art 149, the aiea is one-fourth 
of the square root of 3 Thus the area is approximately 
433 of a square foot, or to seven decimal places 4330127 

(3) The sides of a nght-angled tnangle are 8 feet and 
15 feet re^ectively find the perpendicular from the nght 
angle on the hypotenuse, and the two parts into which it 
divides the base 

By Art. 149 the area of the tnangle is 60 square feet 

By Art. 55 the length of the hypotenuse is 17 feet. 

120 

By Art 151 the perpendicular is feet, that is 
7fr feet. 

Then, by Art 60, the shorter of the two parts into 
which the peipendicular divides the base, in feet, is the 
120 120 

square root of 8 x 8— jy x -jy , that is the square root of 
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_ . 1-4400 XT, * ir. If 4090 XT. x • 64 

64— — gg - , that IS the square root of , that is — , 

Therefore the other part, in feet, is 17— 1|, that is 


(4) Haring given the sides of a triangle to find the 
diameter of the circle described round tlic triangle. 

The investigation which we shall now pve is valuable 
not only for the result which will be obtained, hut also for 
the illustration which it afibrds of the method by which 
geometrical truths are demonstrated. 

Let ABG he the biangle, AE 
a diameter of the circle described 
round the triangle, AB the per- 
pendicular &om A on the base EG. 

Join GE 

By Art 33, the angle AGE is 
a ngnt angle ; so that this angle is 
equal to the angle ABE. 

By Art 32, the angle AEG is 
equal to the angle AEB. There- 
fore, by Art 23, the angle EAB 
must be equal to the angle EAG. 

Therefore, by Art 34, the triangles AEB and AEG 
are similar ; so that AE is to AB as AE is to AG, and 
tlicrefore AExAG=ABxAE. 



Thus AE= 


AExAG AExACxEG 
AB ~ ABxEG • 


Hence we hare the following result tin diameter qf 
the circle described round a tnanale is equal to the pro~ 
duct qf the sides of the triangle divided by tvnce the area 
qf the triangle. 

Suppose, for example, that the sides of the triangle are 
26 inches, 2S inches, and 30 inches respecbrely. By 
Art 153 the area is 336 square inches. Thus the diameter 
of the circle described round the tnangle in inches 

26x28x30 65 

2x336 - 2 
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EXAMPLES XIII 


Find the areas of the triangles haring the follomng 
dimensions' 

1. Base 18 feet, height 8 feet. 

2. Base 8 yards 1 foot, height 6 yards 2 feet 

3 Base 10 yards 2 feet 6 inches, height 7 yards 1 foot 
3 inches 

4. Base 14 chains 15 hnhs, height 12 chains 24 hnks 

Find the areas of the right-angled triangles having the 
following dimensions 

6. Hypotenuse 421, side 20 

6 Hypotenuse 730, side 152 


Find approximately the areas of tho nght-anglcd tri- 
angles haring the following dimensions 

7. Hypotenuse 10, side 7 

8. Hypotenuse 13, side 9 


Find the areas of the 
Bides . 

9. 5,5,6 
11. 85,85, 154. 

13 68, 75, 77. 

15. 105,116,143 
17. 43,875,868 
19. 533,875,888 


tnanglcs haring the following 

10. 65, 65, 112 
12 373, 373, 504. 

14. 20,493,607 
16 111, 175, 176 

IS 319, 444, 455 
20 3501, 3604, 3605 
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EXAMPLES. XIII. 


Calcolaio to three decimal places the areas of the tri. 
angles having the following sides : 


21. 

2, 3, 4. 

22 

6, 7, 9. 

23 

7, 8, 13. 

24. 

15, 16, 17. 

25. 

23,33,40. 

26. 

17, 63, 73. 


27 The sides of a triangle are 11, 2^ and 31 . shew 
that the area is 66 n/3 

28 The sides of a triangle are 61, 62, and 63 . shew 
that the area is 744\/5. 

29 The sides of a triangle are 68, 75, and 77 ; a straight 
line is drawn across the tnangle pa^el to the longest 
side, and dividmg each of the other sides into two equal 
parte* find the area of the two parts into which the tri- 
angle IS divided. 

30 The sides of a triangle are 111, 175, and 176; two 
straight lines are drawn across the tnangle parallel to the 
longest side, and dividing each of the other sides into 
three equal parte: find ^e areas of the three parte into 
which the tnangle is divided. 

31 The sides of a tnangle are 13, 14, and 15 feet: 
find the peipendicular from the opposite angle on the ride 
of 14 feetw 

32 The sides of a triando are 51, 52, and 53 feet: 
find the peipendicular from the opposite angle on the side 
of 52 feet, and find the area of the two tnangics mto which 
the on^al tnangle is thus divided. 

33 The side of a square is 100 feet; a point is taken 
inside the square which is distant 60 feet and 80 feet ro- 

' spectivelj from the two ends of a ride : find the areas of 
the four tri.angles formed by joinmg the pomt to the four 
comers of the square. 

34. .45(7 is a triangle, and AD is the peipendicular 
from A on BO. If AD=13 feet, and the len^s of the 
perpendiculars firom D on AB and AG be 5 feet and 
10 4 feet respectively, find the sides and the area of the 
triangle. 
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35 The hase of a triangnlar field is 1166 linVa^ and 
the height is 738 links] the field is let for ^£24 a year 
find at irhat pnce per acre the field is let 

36 The sides of a triangular field are 350, 440, and 
750 yards, the field is let for ^26 5s a year, find at what 
pnce per acre the field is let 

37. Find to the nearest sqnare inch the area of a tn- 
angle whose sides are 5, 6, and 7 feet. 

38. A field IS in the form of a nght-angled tnangle, 
the two sides which contain the nght angle being 100 yards 
and 200 yards* find its area If the tnangle oe divided 
into two parts by a straight hne drawn from the nght 
angle perpendicular to the opposite side, find the area of 
each part 

39. The sides of a tnangle are in the proportion of the 
numbers 5, 12, and 13, and the penmeter is 50 yards, 
find the area. 

40. The Bides of a triangle are m the proportion of 
the numbers 13, 14, 15, and the penmeter is 70 yards * 
find the area. 

41. Find the cost of pamtmg the gable end of a house 
at Is 9d per square yard, the breadth being 27 feet, the 
distance of the eaves from the ground 33 fee^ and the 
perpendicular height of the roof 12 feet 

Find the diameters of the drcles described round the 
tnangles having the following sides 

42 293, 285, 68 

43 136, 125, 99. 

44 123,122,49. 

45 267, 244, 161. 
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XIV. QUADEILATERALS. 

155. A quadrilateral can bo divided into two triangles 
by drawing a diagonal ; then the area of each triangle can 
be found, and the sum of the areas of the tnangles wiU be 
the area of the qnadnlatcraL 

156. Examples 

(1) The diagonal 
AG of a quadrilate- 
ral ABCD IS 12 
feet, the perpendi- 
cular BE IS 3 feet, 
and the perpendicu- 
lar BE lb 4 feet 

The area of the tnangle ACB=^xl2x3=18 , 

the area of the tnangle ACB=^ x 12 x 4=24 , 

184-24 =42 

Thus the area of the quadrilateral is 42 square feet. 

(2) A diagonal of a quadrilateral is SS yards, and the 
peipendiculars on it from the opposite angles are 30 yards 
and 25 yards respectively. 

^x88x30=1320j 5x88x25 = 1100. 

13204-1100=2420. Thus the area of the quadrilateral 
is 2420 square yards, that is half an acre. 




Q VADRILA TERALS 


81 


157 It IS obvions tbat in Examples like those of the 
picceding Article, instead of calcmating separately tho 
areas of the two triangles, we may find the area of tho 
quadrilateral hy using the following rule muUxply tha 
sum cf the pej pmdiculars hy Hue diagonal, and iaJ^ ha^f 
the product 

Thus in the first crample of Art 156 the sum of tho 
perpendiculars is 7 feet, and therefore the area m square 

feet = ^ X 12 X 7=42, in tho second example the sum of 

the perpendiculars is 55 yards, and therefore the area m 

square yards =ix88x55= 2420. 

z 

158 In the particular case m 
which the diagonals of a quadri- 
lateral intersect at right angles 
the rule just given amounts to 
this take half l^te pi oducl of the 
two diagonals 

By the aid of a figure the truth 
of this rule becomes self-evident 
Let ABOD be a quadrilateral 
such that its diagonals AG and 
BD intersect at nght angles, let 
E be the pomt of intersection 
Through A and C draw straight 
lines parallel to BD , through 
B and D draw straight Imes parallel AC Thus a icct- 
angle KLMN is formed Now it is easy to see that, tho 
tnangle AEB is equal to the triangle BKA, tho tri- 
angle BEG is equal to tho tnangle CLB, the tnangle 
GED IS equal to the triangle DMC, and the tnangle 
DEA IS equal to the tnan^e AND Thus the quadn- 
lateral ABCD is half of the rectangle KLMN, and there- 
fore the area of the quadrilateral is equal to half the pro- 
duct of AC and BD 

159 Tho diagonals of a rJvombus intersect at nght 
angles , and therefore tho rule of the precedmg Article 
may always be applied to a rhombus 
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Q UADRILATERALS. 


160. It is TLSual to giro a special rule for finding tho 
area of a trapezoid. 



Let ABCD lie a quadrilateral having the sides AB 
and CD paralleL From C draw CE perpendicular to AB , 
and from A draw AE perpendicular to GD. Then 

the area of the triangle ABC =^ABx CE ; 

A 

the area of the triangle ABC CD x AF. 

L'owwomay admit that AF=CE , and therefore tho 
aica of the qnadnlateral is equal to the product of CE 
into half the sum of AB and CD. Thus wo obtain the 
Rule which will now be given 


161. To find the area of a trapezoid. 

Rule Multiply the sum of the two parallel sides hy 
the pcrpendieular distance between them, and half the 
product will he the area 


162 Examples: 


_ (1) The two parallel sides of a trapezoid are 2 feet 
6 indies, and 3 feet 4 inches respectively, and the perpen- 
dicular distance between them is 1 foot S inches. 


2 feet 6 inches =2^ feet, 3 feet 4 inches = 3 J feet. 
1 foot S inches=l 5 feet; 2j+33=6|, 


.o 1„35. 


175 


* _K «n *■ VI/ V X/V <Ai 

-Xo|xl3=-x-g-x-=-^=45^ 


Thus the area of the trapezoid is 4^} square feet. 
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(2) The two parallel sides of a traperoid arc 4 32 feet 
and 6 48 feet respectively , and the perpenicular distanco 
between them is 2 18 feet. 


432 + 548 ^9 8, |of98=49, 

Jt 

218x49=10 682 

Thus the area of the trapezoid is 10 682 square feet. 

163 "We have established the rule for findmg the area 
of a trapezoid in a very simple manner in Ai 1. 160, there 
IS also another process which we will give as it is interest- 
ing and instructive 

Let ABGD bo a quadrilateral having the sides AB and 
CD parallel Through G the middle point of BG draw 
the straight Ime HGK parallel to AD, meeting the paral- 
lel sides of the trapezoid at H and K respectively 



Then the triangles BGII and CGK are equal, and 
thus the trapezoid ABGD is equivalent to the parallele- 
gram AHKD And since HB is equal to GK, it follows 
that AH equal to half the sum of AB and CD Thus 
the trapezoid is equivalent to a paiallelomm having its 
base eqnal to halt the sum of the parallel sides of the 
trapezoid, and its height equal to the perpendicular dis- 
tance between those sides. Hence we have the role given 
in Art 161 

Through G draw a straight line parallel to AB meet- 
ing AD at L Then L is the imddle point of AD, and 
IG^AH, so that half the sum of the parallel sides is 
equal to the straight hne which joins the middle points of 
the other sides. 


84 QUADRILATERALS. 

164. Tfo wai now solve some exercises 

(1) .diJCD is a quadrilateral j jj 

AB—3 feet, BC=4. feet, 

CD = 6 feet, DA = 7 feet ; 

and the angle ABC is a nglit 
angle : find the area of the quad- 
lilatcraL 

By Art 55 we have AC equal 
to the square root of 9+16, that 
IS to the square root of 25 : so D 

thatu4(7=5. 

The area of the triangle ABC =^x4x3=6 

The area of the triangle ACD can now bo found by 
Art. 152. 

6 + 6 + 7=18, I of 18=9, 9-6 = 4, 9-6=3, 9-7=2, 

9 x4x3x2=216 

The square root of 216 cannot bo found exactly, if wo 
proceed to three decimal places we obtain 14 697. Thus 
the area of the quadiilaterm is about 20 697 square feet. 

(2) The diagonals of a rhombus are 80 and 60 feet ro- 
spcctiTcly* find the area, find also the length of a side, 
and the height of the rhombus 

I X 80 X 60=2400. Thus the area is 2400 square feet 

The diagonals of a rhombus intersect at the middle 
point of eaw; thus to find the side of the rhombus ue 
must determine the hypotenuse of a right-angled triangle 
the sides of which aro 40 and 30 feet rc^cctively. By 
Art 55 the hypotenuse is the square root of 2500 , so that 
the side of the rhombus is 50 feet 

2400 

-^=48 Thus the height of the rhombus is 48 feet 
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EXAMPLES. Xiy 

Find tlie areas of the quadrilaterals having the follow- 
ing dimensions 

1. Diagonal 50 08 feet ; perpendicnlars 10 112 and 8 4 

feet. 

2 Diagonal 54 feet, perpendiculars 23 feet 9 mehes 
and 18 feet 3 mehes 

3 Diagonal 10 chains 14links, perpendiculars 6 chains 
27 links and 8 chains 6 links 

4. Diagonal 3 chains 27 links, perpendiculars 2 chains 

15 hnks and 1 cham 75 hnks 

6. Diagonal IS yards 2 feei^ sum of the perpendicu- 
lars 16 yards 1 foot. 

6 The area of a quadrilateral is 37 acres 1 rood 

16 poles , one diagonal is 25 chains find the sum of the 
perpendiculars on this diagonal £rom the two opposite 
angles. 

Fmd the areas of the trapezoids which have the follow- 
ing dimensions 

7. Parallel sides 3 feet and 5 feet , perpendicular dis- 
tance 10 feet 

8. Parallel sides 10 feet and 12 feet , perpendicular 
distance 4 feet 

9. Parallel sides 14 yards and 20 yards , perpendicular 
distance 12 yards 

10 Sum of the parallel sides 625 links, perpendicular 
distance 160 links. 

11 Sum of tho parallel sides 1225 links, perpendicular 
distance 240 hn^. 

12 Parallel sides 750 hnks and 1225 hnks, perpendi- 
cuhir distance 1540 links. 



86 
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13 The area of a trapezoid is 3| acres ; the srim ot 
the two parallel sides is 24Z yards . find tho peipendicolar 
distauee between them. 

14. The area of a trapezoid is 8 aeres 2 roods 17 poles; 
the sum of the parallel sides is 297 yards, find tho peipen* 
dicular distance between them. 

15 In Example 7 a strmght hne is drawn across the 
figure parallel to the parallel sides and midway between 
them : find the area of the two parts into which the trape- 
zoid is divided. 

16. In Example 9 two straight lines are drawn across 
the figure parallel to tho parallel sides and dividmg each 
of tho other sides mto three equal parts: find tho areas of 
the three parts into which tho trapezoid is divided. 

17. The diagonals of a quadrilateral are 26 feet and 
24 feet respectively, and they are at right angles . find the 
area. 

18 The diagonals of a rhombus aie 88 yaids and 110 
yards respectncly. find the area. 

19. The diagonals of a rhombus are 64 yards and 
36 yards respectively . find its aica and the cost of turfing 
it at 4 pence per sqiure yard. 

20 Tho area of a rhombus is 52204 square feet, and 
one diagonal is 248 feet find the other. 

21. ABCD is a quadrilateral; AB=2S feet, BG=A5 
feet, CD=5\ feet, DA=S2 feet; the diagonal AO=5Z 
feet : find tho area. 

22 ABCD is a quadnlatcral ; AB = 48 chains, 
BC=20 chains, the diagonal AG=52 chams, and tho per- 
pendicular from D on AC=30 chains : find the area. 

23. The sides of a quadrilateral taken in order are 
27, 36, 30, and 25 feet rcspectivdy ; and the an^lc con- 
tained by the first two sides is a nght angle . find the 
area. 

24 Tlic sides of a quadrilateral taken in order are 
5, 5, 4, and 3 feet respectively; and the angle contained by 
the first two sides is GO*’ find the aica. 
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25 A railmy platform has tiro of its opposite sides 
parallel and its other tiro sides equal, the paniUol sides 
are 80 feet and 92 feet re^ectively ; the equal sides are 
10 feet each find the area. 

26 ABGD is a quadrilateral ; AB — 845 feet, 
5(7=613 feet, (7Z)=810 feet; AB is pai-allel to CD, and 
the angle at A is a right angle . find the area. 

27. ABOD is a quadrilateral, the sides AB and DC 
are paralleL AB=16S feet, CD=12S feet, the perpen- 
dicular distance of AB and DC is 100 feet. 5 is a point 
in AB such that AE is equal to half the difference of 
AB and CD find the area of the tanangle BBC, and of the 
quadrilateral AECD. 

28 The diagonals of a rhombus arc SS and 234 feet 
respectively find the area , find also the length of a side, 
and the height of the rhombus 

29 The area of a rhombus is 354144 square feet, and 
one diagonal is 672 feet find the other diagonal , find also 
the length of a side, and the height of the rhombus, 

30 Two adjacent sides of a quadrilateral are 228 feet 
and 704 feet respectively, and the angle contained by them 
is 90", the other two sides of the quadrilateral are equal, 
and the angle contamod by them is 60" . shew that the 
area of the quadrilateral in square feet is 

80256+136900^/3. 
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XV. RECTILINEAL FIGURE. 

1 65. To find tfic'^arca qf any rectilineal figure. 

Rule Divide the figure into convenient parts, find 
the area of every part, and the sum wiU be the area qf 
the figure. 

In general the parts into Tv-lnch the rectilineal figure 
can be most conremcntly divided will all be tnangles bat 
in some cases we may bare a squaie^ a parallelogram, or a 
trapezoid, as one of the paits 

166 Examples * 

(1) .dRCD^Sis a five-sided 
figure. BH and DK are per- 
pendiculars on AG, and EL 
IS a perpendicular on AD. 

The following lengths aro m 
feet 

.4(7=104, AD =81, 

BH=^8, DK=Q!i, 

EL=82 

The area of the tnangle A BG= ixl04x4S=2496; 

the area of the tnangle.4^i?=+ x 10 4 x 6 5=33 8 , 

the area of the tnangle.4JJi>=5 x 8 7 x 3'2=13 92 

Thus the area of the rectibnei figure in square feet 
=24 96 + 33S-H3 92=72 68 

(2) ABCDEF is a six-sided figure: BK, CL, EM, 

F 


D 



RECTILINEAL FIGURE. 89 

FN are perpendiculars on AE The foUoiving lengths 
are in feet* 

SR=:S, CL=i, EM^il, FN=51i 
also AK=ii, KL==Z2, LD=^il, AN=ZZ, NM=5 3 

It follonrs from these lengths that AD =10 7, and that 
^ilf=8 6, hence jl/2)=10 7— 86=21 

The area of the triangle ARB =^x34x3=5 1, 
the area of the trapezoid BKLO =^x7x32=ll2, 
the area of the tnangle DLC x 4 1 x 4=8 2, 

the area of the triangle ANF =^x33x51=8 415, 

the area of the trapezoid FN3IE x 9 8 x 5*3 = 25 37, 

the area of the tnangle E3fE =^x21x47=4935 

Thus the area of the rectdmeal hgure in square feet 
=51 + 112+ 82 + 8415 + 25 97 + 4935 = 6382. 

167. Wo will now solve some exercises 

(1) The side of a legular hexagon is one foot* find the 
area 

By the aid of the figure in Art. 99, we see that a regu- 
lar hexagon can be divided into six equilateral triangles, 
this can bo done by drawing straight Imcs from 0 to A, B, 
C, D, E, and F, Now, by Art 154, the area of each equi- 
lateral tnangle m square feet is J of the square root of 3 , 
therefore the area of the hexa^n in square feet is f of the 
square root of 3, that is, | of too square root of 3 

(2) A rcOTlar polygon of twelve sides is inscnbod in a 
cirelo of wbw the radius is one foot find the area of the 
polygon. 

In Art 99 it is shewn that All is the side of a regular 
polygon of twelve sides inscribed in the circle , so that the 
area of tho polygon is twelve times the area of the tnangle 
0AM The area of the tnangle OA3T=^OM'>iAL , 
now Oil!f=l foot, AL=i of AF=i a foot Thus the area 
of tho tnangle 0AM =| of a square foot Therefore the 
12 

area of the polygon =— square feet =3 square feet 
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EXAMPLES. X7. 

1 ABODE IS a fire-sided fignrej the following Icngihs 
are in feet A0=16, AD =12, the perpendicnl^ from 
B and D on AG are 84 and 46 respcctirely, and the per- 
pendicular from E on AD is 5 feet : find the area. 

2 ABODE is a fire-sided figure ; BX, GL, EM are 
perpendiculars on AD; the followmg lengths are in feet. 
yiD = 15 3, BX= 76, GL=5 5, EM= 4 3, AX= 2 7, 
DL=S9 find the area. 

3 ABGDEF is a six-sided figure; BK, GL, EM, 
FN are perpendiculars on AD ; the following lengths are 
in feet AD = ISA, BK=h, GL = 1, EM=S, FN=i, 
AK=i 7, AN=4i 1, DL=Q 3, DM=A. 9 find the area. 

4. ABGDEF is a figure having six equal sides; 
AB=51% feet, BF=Qii feet, and the portion BGEF 
forms a rectangle . find the aiea. 

5 ABODE is a fire-sided figure, having the angle at 
E a right angle; the following lengths are in feet: 
AB = 14, BG=7, GD = 10, DE =12, EA = 5, AG=Vl. 
Find the area. 

6 Find the area of a regular hexagon each side of 
whidi is 20 feet. 

7. Find the area of a regular hexagon whidi is in- 
senbed in a circle, the diameter of which is 100 feet. 

8 The length of the side of a field, which is in the 
form of a regular hexagon, is 10 chains . find the aroa. 

9 The radius of a circle is one foot, find the area of a 
regular polygon of eight sides inscribed in the circle. 

10. Find the area of a regular polygon of 24 sides in- 
scribed in a circle, the radius of which is one foot 
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XVI CIRCLE 

168 To find the area qfa circle 

22 

Rdle, Multiply the square qf the tadius Iry , or, 

if greater accuracy ts requited, multiply the square <f 
the radius hy 3 1416 

169. Examples 

(1) The radios of a cucle is 5 feet. 

on Ksri 

The square of 5 is 2S , and "25 x y = y-=7Sf Thus 
the area of the circle is about 7Sf square feet. 

(2) The radius of a circle is 3 milea 

The square of 3 is 9, and 9 x 3 1416= 282744. Thus 
the area of the circle is about 28 2744 square miles 

170 Both the rules in Art 168 make the area of the 
circle a little greater than it ought to be , but the second 
rule IS sufficiently accurate for most practical purposes. If 
a more accurate result is required ive must toke as many 
decimal places of the number 3 1415926 . as may bo nc^ 
cessaiy. 

171. The area of a cade being given, to find the 
radius 

qp 

Rule. Divide the area by and extract the squat o 

root qf the quotient ; or, if greater accuracy is required, 
divide the area by 3 1416, and extract the square root qf 
the quotient. 
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172. Examples. 

(1) The area of a circle is 100 square feet 

22 *7 

100— y=5l00x— = — 5=31 8181 the square root 

of this is 0 64 . Thus the radius of the circle is 5 64 feet 

(2) The area of a circle is an acre 

An acre is 4840 square yards ; dmding 4S40 by 3 1416 
■we hare the quotient 1540 61 ; the square root of this is 
39 25 ., Thus the radius of the circle m about 39*25 yards. 

173. To find the area of a circular ring, that is of 
ike space ieltceen the circumferences of two concentric 
circles. 

BmiS. Find the area of each circle, and siAtract the 
area of the inner circle ft om the area of the outer circle 

Or, Multiply the sum of the radii "by their difference 
22 

and the product by or if greater accuracy is required 

by 3 1416. 

Thus the area is half the product of the sum of the 
dreumferenees into the difference of the radu ; or half the 
product of the difference of the circumferences into the 
sum of the radiL 

174. Examples. 

(1) The radii of the two circles are 10 feet and 12 feet 
respecUrdy. 

The area of the inner circle in square feet 
= 10 x 10 X 3 1416= 31416 } 
tho area of the outer drcle in square feet 

=12 X 12 X 3 1416 =432 3904, 

452 3904- 314 16= 138*2304. 

Tims the area of the ring is 13S « 
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Or thus, 12+10=22, 12-10=2, 
22x2x31416=1382304 

(2) The radii of the two cirdes are 3 yards and 5 feet 
respectiTely 

3yards=9 feet, 9+5=14, 9-5=4, 

14 x 4 x 31416=175 9296 

Thus the area of the nng is 175 9296 square feet 

176 If one circle fall entirely Trithin tho other, it is 
obvious that the rule of Art 173 will give the area of the 
space between the arcumferences of the two circle^ even 
when the circles are not concentnc 

176 The rule given in Art 168 for finding the area of 
a circle is that to which the beginner’s attention should 
be chiefly, if not entirely directed. Other rules may be 
given, wmch are of course eq^uivalent to that they are of 
small practical importance, but three such rules will be 
placed here for use if reqmred. 

Multiply the radius Try ike cit eumfermce, and take 
half the product 

Multiply the square of the diameter ly 7854. 

Divide the square of the circumference J>y in ZlilB, 
or multiply the square qf the circuirference by 07958 

177 The first of tho three Rules given in the preced- 
ing Article 18 of interest in connexion with tho theory of 
our subject The Rule amounts to the statement that the 
area of a circle is equal to the area of a triangle which has 
the circumference oi tho cirde for its base, and the radius 
of the circle for its height A stnet demonstration of this 
statement would be unsuitable for beginners , but it is 
easy to give a notion of the grounds on which the state- 
ment rests 

Suppose we inscribe m a circle a regular polygon with 
a large number of sides Then the three following facts 
are sufficiently obvious the area of this polygon will not 
differ much from the area of the circle , the perimeter of 
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(2) The radius of a circle is 15 inches find the radius 
of a circle the area of irhich is three quarters of tho area 
of this circle 

By tho rule for finding the area of a circle ire see that 
the areas of two circles are m the same proportion as the 
squares of their radu. Hence we hare the proportion 

3 

1 j • the square of 15 the square of the required radius 
Therefore the square of the required radius 

= ?x 15x15=168 75 
4 

Hence the required radius is the square root of this num- 
ber, proceeding to two decimal places we obtain 1299 
Thus tho required radius is very nearly 13 inches 

(3) The radius of a circle is 20 inches it is required 
to draw three concentnc circles m such a manner that the 
whole area may be divided into four equal parts. 

This amounts to three exercises liLo that just solved. 
The area of the mner circle is to be a quarter of that of 
the guen circle Hence, proceeding as before, we shall 
find that the radius of the inner circle is equal to the 
square root of 100 

The area between the inner circle and the second circle 
is also to be a quartei of that of the given circle There- 
fore the whole area of the second circle is to be half that 
of the given circle Hence, proceeding as before, we shall 
find that the radius of the second circle is equal to tho 
square root of 200 

Similarly, we shall find that the radius of the third cir- 
cle IS equal to the square root of 300 

Thus the radu of tho three circles m inches will bo 
found to be respectively 10, 14 14, and 17 32, by proceed- 
ing to two decimal places. 
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Assuming that the circumference of a circle is 3} times 
tlio diameter, find m square feet the areas of the circles 
with the folloirmg radii. 

I. 21 feet 2 16 yards 2 feet 

3 One furlong. 

Assuming that the circumference of a curcle is 3 1416 
times the diameter, find in square feet the areas of the 
circles with the following radii: 

4. 25 feet 5. 992 feet. 

6 A quarter of a mile. 

Assuming that tho circumference of a circle is 3} times 
the diameter, find in feet the radu of tho circles inth the 
following areas 

7. 100 square feet 8. One rood. 

9. 6 acres 3 roods 8 poles. 

Assuimng that the circumference of a circle is 3*1416 
times the diameter, find in feet tho radu of the circles with 
tho following areas 

10. 500 square feet 

II. 6 acres 2 roods 11 poles. 12 Asquare mile. 

[fn all future Examples unless anything is stated to the 
cnntraiy, wo shall assume that the circumference of a circle 
is 3 1416 times tho diameter] 

13. Tho radius of the mner circle of a ring is 14 feet, 
and the radius of the outer circle is 16 feet . find the area. 

14. The radius of the inner circle of a nng is 14 yards 
2 feet, and tho radius of tho outer circle is IS yards 2 feet 
find the area. 
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15 A circle of radios 10 15 feet falls entirely inthin 
another circle of radius 13 35 feet find tiie area hetireen 
the circles 

16. The radius of the inner 'boundaiy of a rmg is 14 
inches , the area of the nng is 100 square inches find the 
radius of the outer boundary 

17. The radius of the outer boundary of a ring is 18 
feet, the area of the nng is 300 squaie feet, find the 
radius of the inner boundary 

18. The area of a quarter of a circle is 7 square yards . 
find the radius of the circle. 

19. The circumference of a cncle is 700 feet, find the 
area. 

SO Hie circumference of a curclo is half a mile find 
the area 

SI. The area of a circle is half an acre find the cir- 
cumferenca 

* S2 The area of a circle is equal to that of a rectangle 
which IS 400 feet by 256 find tlie circumference of the 
circle 

23 The radius of a c.rcle is 8 feet : find the radios of 
another circle of half the area 

24. The radius of a circle is 18 inches find the radius 
of another circle of one-fifth the area. 

25 A circle of 10 inches radius is divided into three 
parts by two concentric aides find the radii of these cir- 
cles, so that the tliree parts may be of equal aiea. 

26 A room 25 feet 3 inches long, and 14 feet 6 inches 
•wide,hasasemiciicular bow 21 feet m diameter thrown 
out on one side find the area of the whole room. 

27. If a pressure of 15 lbs. on every square inch be 
appbed to a circidar plate 3 feet lu diameter, find the total 
pressure to the nearest bundled weight. 

28. T'md the expense of paving a drcular court 40 
feet in diameter at 2s 3rf per square foot. 


T it 
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29 The inner diameter of a circular building is 68 foot 
10 inches, and the thickness of the uall is 22 inches; find 
how many squaro feet of ground tho base of tho vrall 
occupies. 

30 In a circular nding-school of 100 feet in diameter 
a circular nde, within the outer edge, is to be made of a 
uniform width of 10 feet: find the cost of doing this at id 
per squaro foot. 

31. A circular grass-plot whose diameter is 40 yards 
contains a gravel walk, one yard wide, running round it 
one yard from the edge find what it nill cost to turf tho 
grass-plot at id per squaro yard. 

32. A road runs round a circular shrubbery ; the outer 
circumference is 500 feet and tho inner circuMcrcnce is 
420 feet find tho area of tho road 

33 Find tho side of a square which is equivalent m 
area to a circle of 80 feet radius. 

34. Find tho radius of a circle which is cqmvalcnt in 
area to a square the side of which is SO feet. 

35 The side of a square is 16 feet; a circle is in* 
Ecnbcd in tho square so as to touch all its sides : find tho 
urea between tho cirdo and the square 

36 The side of a square is 18 feet; a circle is de- 
scribed round the square . find tho aica betneen the circle 
and the square. 

37. Tho sides of a right-angled triangle are^ 27 feet 
and 43 feet respectively find tlie area of the drclc do- 
Ecnbed on tho hypotenuse as diameter. 

38 The area of a semicircle is 645 square feet . find 
tho length of the perimeter of the semicircle. 

39 The radius of a circle is 1 footj an equilateral tri- 
angle is inscribed in the cirde find the area between the 
circle and tho triangle (See Art 99 ) 

40 Tho sides of a right-angled triando are 370 feet 
and 168 feet respectively* find the area of tho circle which 
has tho hypotenuse of this tnanglc for diameter. 
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41 L rectangle is 8 feet long and 7 feet broad find 
the area of the circle which has the same perimeter. 

42 The sides of a tnangle are 13, 14, and 15 feet . 
find the area of the circle nhich has the same perimeter 

If a eircle has the same perimeter as a reetangle the 
circle has the greater area, verify this statement in the 
foUowmg cases 

43 Rectangle 18 feet by 10. 

44 Rectangle 27 feet by 13. 

If a circle has the same perimetei as a tnangle the 
circle has the greater area, verify this statement in the 
following cases 

43. Sides of a tnangle 9, 10, 17 feet. 

46 Sides of a tnangle 11, 16, 19 feet 

If a circle has the same area as a rectangle, the curcle 
has the less penmetcr , venfy this statement m the follow- 
ing cases 

47. Rectangle 15 foot by 12 

48 Rectangle 24 feet by 21 

If a circle has the same area as a tnangle the circle 
has the less perimeter , venfy this statement in the follow- 
mg cases . 

49 Sides of a tnangle 5, 6, 7 feet 

50 Sides of a tnangle 12, 15, 17 feet 

51 A cirde is 4 feet in circamference find the area 
of a square insenbed in it 

52. A circle is 7 feet in circumference find the area 
of a square insenbed in it 


7-2 
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XVIL SECTOR OF A CIRCLE AND SEGMENT 
OF A CIRCLE 

179. To find the ateaqf a sector a 
circle. 

Rm.E. As 3G0 is to the number qf de- 
grees in the angle qf the sector so is the 
ai ca of the ciiele to the atea qf the sector. 

150. Examples : 

(1) The radras of a circle is 25 feet, and tlio angle of 
tlio sector 18 80 degrees 

The area of the circlca=25x25x3 1416=1963 5. 

360 80 ; 19G33 required area, 

80x19635 8x1963 6 2x19635 
—360 ^-"36“= ^=4363... 

Thus the aiea of the sector is ahont 436 3 square feet 

(2) Tlie radius of a circle is 12 feet, and the angle of 
the sector is 75 degrees. 

The area of the drcle=12 x 12 x 3 1416 
360 : 75 : 12 X 12 X 3 1416 ; the required arcaj 

ouU oU 

Thus the area of the sector is 94*248 square feet, 

151. The following is» another nilc for finding the area 
of a sector of a circle multiply the arc by the radius and 
tale half the pi oduct. 

The truth of this rule will be obvious from the remarks 
made in Art. 177. 
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182. EzamploB . 

(1) The radiuB of a circle is 4 feet, and the arc of the 
secror is equal to the radius 

I X 4 X 4= 8 Thus the area of the sector is 8 squaro feet 

(2) The radius of a circle is 2 feet 6 inches, and the 
arc of the sector is 1 foot 5 inches 

I X 30x17 =255 Thus the area of the sector is 255 
square inches. 

183 Suppose ire require the area 
of a figure urhich is the difference of 
two sectors haring a common angle 
Let OAB be one sector, and CCD 
the other sector; so that ABDG is 
the figure of 'which the area is re- 
qiurei We may proceed thus * 

We may calculate separately the 
area of each sector and subtract the 
less fiom the greater 

Or, we m.iy calculate the area of the entire ring be- 
tween the two cirdeSj of which AB and CD are arcs , and 
then use the proportion, as 360 is to the number (ff de- 
grees in the angle at 0 so is the area of the nng to the 
required area 

Or wo may use this Rule multiply the sum of the 
arcs by the difference of the radii and take half the 
product Or this muUiply the difference <f the ai cs by 
the sum qfthe radii and ta1>^ hd{f the product. 

184. Examples * 

(1) The radii are 15 feet and 10 feet, and the arcs 
6 feet' and 4 feet respcctirely 

By Alt 181, the area of the larger sector in squaro feet 
= gx 15x6=45, and the area of the smaller sector m 
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sqnaro feet «|x 10 x 4=20 ; thus the required area in 
square feet=45-20=25. 

Or, using the third Eule of the preceding ArUcle, we 
hare the sum of the arcs =10 feet, and the diifcrcnco of 
the radii=5' feet; thus the required area m square feet 

= |xl0x5=25. 

(2) Tlie radii are 7 feet and 5 feet respectively, and 
the angle at 0 is 45 degrees. 

Here ire use the second Eule of the preceding Article. 

By Art 173 the area of the entire ring in sqn.are feet is 
12x2x3 1416, tliat is, 75*3984. Tlien 

360 : 45 75 3984 : the required area. 

Thus the required area in sqnaro feet 

a7i^=:94248. 

O 


185 Any chord AB of a cir- 
cle, TE-hich is not a diameter, di- 
vides the circle into two segments, 
one greater than a scmicirae, and 
the other less. 

"When wo know the area of tho 
lesser segment, we can, by subtract- 
ing this from tho area of the circle, 
determine the area of the greater 
segment; so that it is sufiicient to 
give a Eule for finding the area of a 
semicircle. 



In the Examples, unless the contrary is expressly stated, 
wo shaE always refer to the lesser segment. 

Lot 0 be tho centre of the circle ; then it is obvious 
that the seammt ABC is equal to the dificrenco of tho 
sector OACB and the triangle OAB. Ilcnco we ^ve tho 
Eule which we shall now give 
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186. To find the area of a segment which is less than 
a semicircle 

EtJiiB Find the area qf the sector which has the same 
arc, and subtract the area of the triangle formed by the 
t adii and the chord 

187 Examples 

(1) The radios of a circle is 10 mches, and the angle of 
the sector is 60 degrees find the aiea of the segment 

The. area of the circle in square mches=10 x 10 x 3 1416 
=31416 By Art 179, the area of the sector m square 
314 16 

inches= — ^ — =5236 The triangle in this case is eqm- 

O 

lateral, and by Art 152 its area m square inches is the 
square root of 15 x 5 x 5 x 6, that is, about 43 30 

Thus the area of the segment in square mches 
=5236-43 30=906. 

(2) The radius of a circle is 4 feei> and the angle of the 
sector IS a nght angle find the area of the segment 

The area of the circle in square fcet=4x 4x3 1416; 
therefore the area of the sector in square fect=4 x 3 1416 
= 12 5664. The area 'of the tnangle m square feet 

= ix4x4=8 

A 

Thus the area of the segment in square feet =4 5664. 

188 In the examples of the preceding Article ire irero 
able to find the areas of the triangles, and thus to deduce 
the areas of the segments But m general, if ire know 
only the radius of the circle and the angle, we cannot 
find the area of the tnangle by methods given in the 
present book, though we comd find it with the aid of Tn- 
gonometiy 
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189. To find the area of a segment <f a circle, the 
chord of the arc and the height being Imovm. 

Hms. Add together one-fourth qf the square qf the 
chord, and two-fifths qf the square of the height, and 
multiply the square root qf the sum by four-thirds qf 
the height. 

This Rule is not cxuct, it gives the area of the segment 
greater than it ought to be, but the error is very small, 
provided the angle of the corresponding sector be small; 

\vhen tliis angle is 60 degrees, the error is loss than — 

part of the area, and when this angle is 90 degrees, the 

error is less than -r^ part of the area. 

4000 

190. Examples: 

(1) The chord is 12 inches, and the height is 1 inch. 

^xl2xl2=3G, |xlxl=|; 

4 do 

2 

36*^-~o(i4 : tLe square root of tliis is 6 0332, 
o 

|xlx60332=80443 

O 

Thus the area of tlie segment is about 8 04-13 square 
inches. 

(2) The choi d is 20 inches, and the height is 1 4 inches. 

4x20x20=100, 1x14x14= 784; 

4 o 

the square root of 100 784=10 0391, 

|x 14x10 0391=1873963. 

Thus the area of the segment is about 18 74 square 
iucncs. 
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191. If tbe angle of tbe corresponding sector be so 
lar^e that tbe Buie is not snfScientlj accurate, ire may 
dinde tbe segment mto a triangle and two equal smaller 
segments ; we can then calculate tbe area of tne tnangle 
by an exact Buie, and calculato tbe area of the smaller seg- 
ments by the Buie m Art 189 See the figure m Art 78, 
where the segment ADBE is made up of the triangle 
ABE, and the segments having the chor^ AE and EB. 

192. "We will now solve some exercises 

(1) The radius of a circle is 25 inches, and the chord of 
^tho sector is 14 inches find the area of the sector 

This exercise cannot bo solved exactly, but only ap- 
proximately By Art 122 the length of the arc is about 
141895141 mches, and thus the area of the sector in 

square mches =5 x 25 x 14 1895141= 177 3GB92 

(2) The radius of a cucle is 25 inches, and the chord of 
a segment is 14 mches find the area of the segment. 

IVe have just found for the area of the sector 177 36892 
The area of the triangle can be obtained by Art 152, tho 
sides being 25, 25, and 14 re^ectively tho area will be 
found to bo 168 square inches Thus the area of tho seg- 
ment IS about 9 36892 square inches. 

Or wc may calculate the area of the segment by the 
Buie m Art 189 

"VTo must firat determme tho height IVith tho figure 
of Art. 78 we have AC=25, AB=14 Thus AJD=T , and 
then, by Art 60, we get CD=24 Therefore i?.S=l. 

7x14x14=49, ?xlxl=|. 

4 ’55 

Q 

49 + g=40 4 the square root of this is 7 02851... 

1x1x7 02851=937135. 

O 

Thus, by this Buie, wo obtain for tho area of tho seg- 
ment 9 37135 square mches; this differs but slightly 
from tho former rekdt 
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EXAMPLES XYII. 

Find in sqnnro feet the areas of the sectors of circles 
having the following dimensions* 

I. Radius 24 feet, angle 25*’. 

2 Radios 12 feet, angle 120® 

3 Radios 48 feet, anglo 2S° 

4 Two conccntnc circles have radii of 10 feet and 

15 feet rcmcctively • find the area of the figure boonded by 
these circles, and by radu inchncd at an angle of 40® to 
each other. 

6 Two concentric circles have radii of 10 feet and 
18 feet respeotncly find the area of the figure bounded by 
these circles, and by radii inclined at an angle of 50® to 
each other. 

G Tlie area of a sector is 150 square feet, the angle 
of the sector is 50® find the radius 

7. The area of a sector is 230 square feet ; the angle 
of the sector is 40®. find the whole perimeter of the sector 

8. TIio area of a sector is 45 square feet ; the radius is 
8 feet find the angle. 

9 The area of a sector is 94 square feet ; the radius is 

16 feet . find the arc, 

10. The area of a sector is 357 square feet , the arc is 
96 feet : find the radius 

11 Tlie area of a sector is 125 square feet; the area 
of the circle is 400 square feet : find the angle 

12 The area of a sector is 115 square feet; the area 
of the circle is 700 square feet find the arc 

13 The chord of a sector is 58 inches ; the radius is 
100 mehes . find the area of the sector 
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14 The chord of a sector is 6 inches ; the radius is 
9 inches find the area of the sector. 

15 The radios is 10 feet; the angle of the sector is 
30*’ find the area of the segment. 

16 The radius is 10 feet; the angle of the sector is 
120°. find the area of the segment 

17 The radius of a circle is 10 feet, two parallel 
chords are drawn each equal to the radius find the area 
of the zone between the chords. 

18 The radius of a circle is 12 feet, two parallel 
chords are drawn on the same side of the centre, one sub- 
tending an angle of 60° at the centre, and the other an angle 
of 90° find the area of the zone betneen the chords 

19 The radius of a eirde is 12 feet, two parallel 
chords are drawn on opposite sides of the centre, one sub- 
tending an angle of 60° at the centre, and the other an 
angle of 90° find the area of the zone between the chords. 

20 The radios of a circle is 15 feet find the areas of 
the two parts into which it is divided bj- a chord equal to 
the radios 

Find, by Art. 1S9, in square feet to three decimal places 
the areas of the segments of circles having the following 
dimensions . 

21. Chord 17 3205 feet , height 5 feet. 

22. Chord 14 1421 feet , height 2 9289 feet 

23 Chord 10 feet, height 1 3397 feet 

24. Chord 5 1764 feet, height 3407 feet 

25. Chord 2*6105 feet , height 0S55 feet 
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193 "Wo shall now giro a very important Rule by 
which the areas of certam figures may be approximately 
found. • 

Let there ho an area 
bounded by the straight hno 
AG, tho straight lines Aa and 
Gg at right angles to AG, 
and the curro ag, 

Dindo AG into any even 
number of equal parts AB, 

BC, CD, . ; at tho points 
of division draw straight lines 
Bb, Cc, Dd, at ngLt an- 
gles to AG, to meet the cune 
The straight lines Aa, Bb, Cc, 

. Gg are called ordinates 
Then the area may bo approximately found by tho follow- 
ing Rum Add together the first ordinate, the last ordi- 
nate, twice the sum of all the other odd ordinates, and 
four times the sum qf all the even ordinates; multiply 
the result by one-third <f the common distance between 
two adjacent ordinates. 

194. In the figure there are seven ordinates ; the even 
ordinates are Bb, Dd, and If, the other odd ordmates 
besides the first and last are Cc anCLBe. 

195. Tho Rule given in Art. 193 is sometimes called 
tho method of equidistant ordinates; but it is more usually 
called Simpson's Rule, although it was not invented by 
Simpson. 
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196. Examples: 

(1) Suppose there are seven ordinates, the common 
duitoce being 1 foot; and that these ordinates arc respec- 
tively 4 12, 4 24, 4 36, 4 47, 4 5S, 4 69, and 4 80 feet 


4*12 

436 

4 24 

892 

480 

458 

4 47 

1783 

892 

894 

4 69 

5360 


2 

1340 

SJSO 40 


1788 

4 

2680 



5360 



Thus the area is about 26 S square feet 

(2) Suppose theie are five ordinates, the common dis- 
tance being 2 feet, and tliat these ordinates arc respec- 
tively 1 26, 1 44, 1 59, 1 71, and 1 82 feet. 


126 

159 

144 

308 

182 

2 

1 71 

318 

308 

3l8 

315 

1260 



4 

1886 



12 bO 

2 




3 J 37 72 




12 57 


Thus the area is about 12 57 squaie feet 

197 In the figure of Art 193, the curve is concave 
towaids the straight hue AG , moreover the ordinates con- 
tinually increase from one end of this straight line to the 
other. But Simpson’s Knlc is applicable to areas in irhieh 
the curve has other shapes, as in the following figures 


I 


The result will in general bo more accuiate tho more 
ordinates are used ; and the Rule ought not to bo trusted 
if the curve bo very irregular 
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19S If tbc area be bound- 
ed by tbo straight lino AG 
and the curve AmG, the same 
Rule applies, only hero the 
first and last ordinates aro no- 
thing, and so do not occur m 
the calculation. 

If the area be bounded by 
the closed curve AdGbA, the same Rule may be applied * 
we have non to take as tho ordinates the breadths bP, 
cy, <fd, . 

199 Tho beginner would not be able to follow a strict 
investigation of Simpson’s Rule; 
but ho may see without difficulty 
that there aro grounds for con- 
fidcnco in the approiLimate accu- 
racy of tho Rule. 

■SVo will call tho portion of tho 
area bctucen two consecutive or- 
dinates a piece; and wo will con- 
sider tho iimt tno pieces of the 
figure in Art 193 

Suppose tho straight line ab drawn ; we thus obtain a 
trapezoid, and it is obvious from the diagram that tho first 
piece is Renter than this trapezoid , so that tho area of 
the first piece is greater than tho product of AJS into 
half tho sum of Aa and Bb 

Therefore twice tho area of tho first piece is greater 
than tho product of AB into the sum of Aa and Bb 

Similarly, twice the area of the second piece is greater 
thau tho product of BC into the sum of Bb and Cc 

Thus twice tho area of tho first two pieces is greater 
than the product of AB into the sum of Aa and Ce and 
twice Bb. 

Again • suppose tho straight Ime bt to touch the curve 
at b, and lot Aa and Bb be produced to meet this straight 
lino Thus another trapezoid is formed , and by Art 163, 
tho area of this trapezoid is equal to tho product of AO 
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into Bh, that is, to the product of AB into tmco Bb And 
it IS obtious from tbo diagram that the sum of the first tiro 
pieces IS less than this trapezoid. 

Thus the aiea of the first tiro pieces is less than the 
product of AB into tmce Bb 

Hence we may expect that when we combine these two 
results, the errors will to some extent balance each other , 
and that three times the area of the first two pieces will bo 
reiy nearly equal to the product of AB into tho sum of 
Aa and Cc and four times Bb 

By proceeding in this way with the other pairs of pieces 
in the figure of Art 193, wo may obtain a sufficient confi* 
dence in Simpson’s fiule. With respect to the figures in 
Art. 197, the process would bo similar, though not abso- 
lutely the same , the mam fact is that we combme two 
results, one of which is too large, and the other too small, 
and trust that tho enors will to some extent balance each 
other 

200 If ag were a straight line, instead of a curve, m 
the figure of Art 193, Simpson’s Enle would give tho exact 
value of the area , but m such a case the whole figure 
would form a trapezoid, and the area is most easily found 
by taking the product of AG into half tho snm of Aa and 
Gg Also if ag is a curve qf a certain form tho Eulo inU 
give an exaa result , but we cannot explain in an elemcn- 
taiy manner what this form is 

201 It may happen that the boundary of a figure is a 
curve which is too irregular to allow of the iiumcdiato ap- 
plication of Simpson’s Eule, in such a caso ne may adopt 
the foUowing method Draw a rectilineal polygon, differ- 
ing as little as possible from the fi^ro, and determine the 
area of this polygon exactly, then by Simpson’s Eule calcu- 
late separately the areas of the portions which ho between 
the polygon and the figure, add these to tho aiea of tho 
polygon or subtract them from the area of the polygon, 
according as they fall without or within tho polygon, and 
the final result will be approximately the area of tho 
figure 

202 In Land Surveying it is often necessary to deter- 
mine the area of a figure wluch has its boundaiy composed 
in an irregular manner of curves and numerous short 
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straight lines; it is found in practice that the area can be 
obtained vnth case and sufiicient accuracy by a method of 
adjustment of the boundary to a more commodious form 

Thus, suppose a field 
to bo represented on a plan 
by the figure Draw 

a straight hue from A to 
JJ, the small portions lost 
and gamed mil obnously 
balance each other, exactly 
or very nearly, and the area 
mil thus remain almost or 
quite unchanged. Similar- 
h, straight lines may be 
dmmi from R to G, from 
C to 2), and from 2) to A, mth a like balance of loss and 
gam. Thus ire have a four-sided icctihncal figure equi- 
valent to the original figure j and the area can bo easily 
obtained. 

The skill and lodgment of the surveyor mil bo escr- 
ci«cd in dramng the straight lines, so that the greatest pos- 
sible accuracy may he secured. A piece of transparent nom 
mth straight edges is very useful m dramng the straight 
lines ; the horn is placed over the irregular boundary and 
is shifted about until there appears to bo an eqnal portion 
on each side of the edge between the edge and the boundary. 

203 An experimental method of determining the area 
enclosed by an irregular boimdaiy may be noticed. 

Suppose a field to be represented on a plan by the 
figure ABCD of Art 202 Cut the figure out of stout 
paper or cardboard of uniform thickness, and weigh it m 
a very delicate balance Also cut out a square mch from 
the same paper or cardboard, and weigh it Then by 
proportion we can find how many square inches the figure 
ABCD contains And from observing the scale on which 
the plan is drawn, wo shall know the area on the giound 
which corresponds to a square mch on the plan ; and thus 
finally wo can detcimmc the area of the ficl^ 

An interesting appheation has been made of this pro- 
cess to determme the proportion of the water to the land 
on the surface of the earth. CarnTj Phil. Trans Voh vi. 
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Apply Simpson’s Bale to find m square feet tlie areas of 
fignies having the following dimensions : 

1. Ordamtes 3, 8, IS, 24. 35, 48, 63 feet; common dis- 
tance 1 foot. 

2 Ordinates 4, 14, 36, 76, 140 feet, common distance 
1 foot. 

3 Ordmates 0, 20, 32, 36, 32, 20, 0 feet , common dis- 
tance 2 fecL 

4. Ordinates 0, 1 25, 4, 6 75, 8, 6*25, 0 feet, common 
distance 1 foot. 

5 Ordinates 6 082, 6164, 6-245, 6 325, 6403, 6481, 
6 557 feet , common distance 1 foot 6 inches. 

6 Ordmates 2 714, 2 759 , 2 802, 2 844, 2 884 feet , com- 
mon distance 9 mches. 

7 Ordmates 14 2, 14 9, 16 3, 15 1, 14 5, 14 1, 137 feet j 
common distance 3 feet 


8 Ordinates 0, 111, 2 48, 4 17, 6'24, 875, 11 76, 15 33, 
1952 feet, common distance 1 fooh 

9 Ordinates 10 204, 9‘604, 9 434, 9 090, 8771, 8475, 
8 197, 7 937, 7 692 feet , common distance 1 foot. 

10 Ordmates 24849, 2 5649, 2 6391, 2 7081, 2 7726, 
2 8332, 2 8904 2 9444, 2 9957 feet , common distance 1 foot 


11. Ordmates 0, 4359, 6, 7141, 8, '8660, 9165, 9539, 
‘9798, 9950, 1 foot; common distance 1 of afoot. 

* 10 10 10 10 10 10 10 10 

12. Ordmates 12 ’ 13’ 14’ 15’ 16’ 17’ 

iF’ ll’ 55 distance *1 of a foot. 


V.U. 


8 
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XIX. SIMILAR FIGURES. 

204. Ill Cliaptor ti "wo lavo dmvn attention to tiio 
nature of Similar Figures , and we have now to point out 
the relation which holds between the areas of Similar 
Figures W o shall state a most important proposition, and 
then proceed to apply it to vaiious problems. 

205 The areas of similar Jigures are as the squares 
of corresponding lengths 

For example, suppose we have two similar tnangles, 
and that the side of one triangle is three times the cor* 
responding side of the other ; then the area of the larger 
triangle is nine times the area of the smaller triangle, tlio 
number 9 being the square of the number 3 And it is 
easy to SCO the reason for tliis fact the larger triangle has 
its base tliieo times the base of the smaller, and, boc.'vuso 
the tnangles are similar, the height of the larger tnanglo 
IS also Ihice times the height of the smaller , but the area 
is half the product of the base into the height, and there- 
fore the area of the larger tnauglc is 9 times the area of 
the smaller tnanglo. 

In like manner, if two triangles are similar, and the 
side of one tnanglo is fire times the corresponding side of 
the other, tlio area of the larger tnanglo is ti\entj-fi\e 
times the area of the smaller tnanglo. 

20G "VTc have found in Art 154, that the area of an 
equilateral triangle, of 'nhicb the side is 1 foot, is 4330127 
square feet: suppose we reqmie the area of an equilateral 
triangle, of whiih the side is 7 feet. 

The square of 1 is 1, and the square of 7 is 49, there- 
fore wo haie the propoition 

1 : 49 :: *4330127 : required area. 

Thus the required area in square feet 
=49 X *4330127 =21 2176223 
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In the same way we may proceed with other examples, 
and it IS obvious that we shall have the following Bulb for 
finding the area of any eqiulateral triangle . Multiply the 
square of the length a side by 4330127. 


207. Glides arc similar figures , and the arc.as of two 
circles are m the same proportion as the squares of their 
radu, see Art 178 So also sectors of circles having the 
mme angle are similar figures, and tho corresponding 
segments are similar figures, the areas of two similar 
sectors are in the same proportion as the squares of the 
radii, and so also arc the areas of two similar segments. 


208 Suppose we require the radius of a circle, such 
that the area of the segment coi responding to an angle of 
60*’ shall be 20 square incites 

In Art 187 we have found that if the radius is 10 
inches, the area of the segment coiTosponding to this 
angle is 9 06 square inches, thus wo ha\e tho propoi* 
tion 

9 06 20 100 ■ the square of tho rcquii ed radius 


Tliciofare tba square of the required ladiiis 


20 X 100 

9 06 


=22075 


J 


the square root of this number =14 857 


Thus the required radios is 14 857 inches. 

Again , suppose we require tho radius of a circle such 
that the aica of the segment correspondmg to an angle of 
90" shall bo 10 square feet 

By Art. 187 we have the proportion 
4 5664 10 16 the square of the required radius. 

Tlierefore the square of tho required radius 


10x16 
4 5664 


=350385 




the square root of this number =5 92 
Thus the required radius is 6*92 feet. 

S— 2 
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209. ABO^ a triangle; 
the Bide AB is 10 feet* it is 
required to dinde the tri- 
angle into four equal parts 
ll ^~ straight hues pardlcl to 


This problem resembles 
one solred m Art. 178 Sup- 
pose BE the shiught hue 
nearest to .^1. Then the area 
of ABE -mil bo one-fourth of the area of ABC. 

Thus we have the proportion 
1 . i .. the square o(AB ; the square of AB. 

Therefore the square of AB=i of the square of AB 
=1x100=25 , the square root of this number =5. Thus 
AB~5 feet. 

In like manner, if FG be the next straight Imo 
1 . t .* the square of AB ; the square of AF. 

Therefore the square of AF=t of the square of AB 
=5 X 100=50 , thus the number of feet in AJ?’=the square 
root of 60=7 071067S. 

In like manner, if UH be tho next straight hue, wo 
find that the number of feet in AlI=tlio square root of 
73=8 0602540. 

210. ABCB is a trape- 
zoid, the perpendicular dis- 
tance of the parallel sides AB 
.and BO is 3 feet; AB=10 
feet, BG=G feet it is re- 
quired to dinde tho trape- 
zoid into two equal parts by 
a straight hue parcel to 
AB. Produce AB and BO 
to meet at 0. Let EF de- 
note tho required straight 
lino. Draw OM perpendicular to AB, meeting EF at L, 
and BO at K. 


z 



A 
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Since BF divides the trapezoid into two equal parte, 
the tnangle OEF will be equal to half the sum of the 
triangles OAB and ODG The three tnangles OEC, OEF, 
and OAB are similar, and their areas are therefore as the 
squares of the cotrcsponding lengths OR, OL, and OM 

Henco the square of OL must be equal to half the sum 
of tho squares of OR and OM, 

Now by Art 77, wo have OR-4S; therefore OJl/=7 6 
The square of 4 5 = 20 26 , the square of 7 6 = 56'25 Thus 
the square of OL=hal{ of 76 5=^38 25 , and therefore tho 
number of feet m OZ-tbe square root of 38 25=61846 

The number of feet m RL>=% 1846 -45=1 6846. Thus 
the position of EF is determined. 

211. "We will now solve some esordses 

(1) A plan of an estate is drawn on the scale of 1 inch 
to 20 feet find what space on the plan will correspond to 
8000 square yards of tho estate. 

The scale is that of 1 inch to 240 inches Tho rcqmrcd 
space will be obtained by dividing 8000 square yards by 
the square of 240. 

8000 80 _ 10 _ 5 

240x240 “ 24 x 24 24 x 3 30' 

5 

Thus the required space is ^ of a square yard, that is, 

^ of 9 square feet, that is, 1| square feet 
36 

(2) If a square inch on a plan corresponds to 4 square 
yar^ of the oiaginal, find the scala 

4 square yards =4x9x144 square inches. The square 
root of 4 X 9 X 144 = 72 Thus the scale is that of 1 iach to 
72 mches 

(3) Tho sides of a rectangle are in the proportion of 
4 to 5, and the area is 180 square feet . find tuo sides 
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If tho sides of a rectangle are 4 and 5 feet rcspcctivclv, 
the area is 20 square feet Thus have the proporbon * 

20 : ISO : : the square of 4 : tho square of tho required 
corresponding side. 

Therefore the square of this sido=:^5-^^ s= 16 x 9 = 144 ; 

thus this side- 12 feet; and therefore the other required 
side 15 feet. 

(4) An equilateral triangle and a circle bare tho same 
perimeter : compare their areas. 

Suppose each side of the triangle to bo 1 foot, then the 
area is '43301 square feet. Tho perimeter of the triangle 
IS 3 feet If tho penmeter of a circle bo 3 feet, the area 
of the circle mil bo found bj Chap xti. to bo '7162 square 
feet Divide 7162 bj '43301 ; tho quotient is 1 63 .. 
Thus tho area of the circle is 1 65...times the area of the 
equilateral tnangle 

TVe shall obtain tho same hnal result 'trhatOTcr bo the 
length of the side of the equilateral triangle If, for ex- 
ample, TTo suppose each side to be 7 feet, wo shall obtain 
for tho areas of the triangle and of tho circle respectively 
49 times tho former values, but the proportion of tho areas 
will remain unchanged. 
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EXAMPLES. XIX. 

1 A. field containing 3600 square yards is laid down 
on a^plan to a scale of 1 inch to 10 feet find the number 
of square inches of the plan it inll occupy. 

2 A field containing 6 acres is laid down on a plan to 
a scale of 1 inch to 20 feet . find how much paper it mil 
cover 

3 Determine the scale used in the constmetion of a 
plan upon which every square inch of surface represents a 
square yard. 

4. Determine the scale used in the construction of a 
plan upon which a square foot of surface represents an 
area often acres 

6 A field IS ten thousand times as large as the plan 
which has been made of it find what lenatli on the plan 
will represent a length of 20 yards in the field. 

6. An estate, which has been surveyed, is one hundred 
million times as large as Uie plan which has been made of 
it express the s^e of the plan in terms of inches to 
a mile 

7. The sides of a rectangle are in the proportion of 
2 to 3 , and the area is 210 square feet . find the sides 

8 The sides of a tnanglo are m the proportion of the 
numbers 13, 14^ and 15, and the area is 24276 square feet 
find the sides m feet 

9. The sides of a triangle are in the proportion of tho 
numbers 7, 15, and 20 , and tho aica is 2226 square feet 
find the sides m feet 

10. An equilateral tnangle and a square have the 
same perimeter compare the areas 

11 A square and a regular hexagon have the same 
perimeter , compare their areas. 
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12. A circle and a square hare the same perimeter, 
compare their areas. 

13. A circle and a regular hexagon hare the same 
perimeter : compare their areas. 

14 Fmd the side of an eqmlateral triangle, so that 
the area may he 100 sqnaro feet 

16. Find the side of a regular hexagon, which shall be 
equal in area to an cquilatend triangle, each side of Vrhich 

15 150 feet. 

16. Fmd the radius of a circle, sneh that the area of a 
segment correspondmg to an angle of 90* maybe 50 square 
feet 

17. One side of a triangle is 15 feet ; it is required to 
dindo the triangle into fire equal parts by straight hnea 
parallel to one of the other sides . find the distances from 
the vertex of the points of division of the given side. 

18. An equilateral triangle and a square have the 
same area compare their perimeters 

19 The parallel sides of a trapezoid are respectively 

16 and 20 feet, and the perpendicular distance between 
them IS 5 feet, it is required to divide the trapezoid into 
two equal trapezoids find the distance of the dividing 
straight hnc finm the shorter of the parallel sides, 

20 The side of a sqnaro is 12 feet , the sqnare is di- 
vided into three equal parts by two straight hues parallel 
to a diagonal . find the perpendicular distance between the 
parallel straight hues 

21 A circle and a regular polygon of twelve sides 
have the same perimeter, shew, by Arts 99 and 167, that 

3 2154 

the area of the circle is times the ai-ea of the 

o I41o 

polygon. 
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XX. DEFINITIONS. 

212 "We sliall commence this part of the subject mth 
dcfimtions of some terms irhich ire shall hare to employ 

Although it IS conrement to collect the definitions in 
one Chapter, it is not necessary for the beginner to study 
them closely all at once , it mil be sufficient to read them 
mth attention, and then to recur to them hereafter as oc- 
casion may require 

213. Parallel planes are such as do not meet one an- 
other, although produced 

Thus the floor and the ceOmg of a room are parallel 
planes 

214. A straight hne is said to be at ngbt angles to a 
plane, or perpendicular to a plane, rrhen it makes nght 
angles mth ereiy straight line which it meets in that 
pme. 

This IS the stnet geometneal defimtion , but mthout 
regardmg it, the student will gam an adequate idea of what 
IS meant by a perpendicular to a plane from considering 
the illustration afforded by a straight rod when fixed m the 
groimd so as to be upnght 

So also the student will readily understand when one 
plane is perpendicular or at right angles to another, with- 
out a stnet geometneal definition. Thus the walls of a 
room are perpendicular to the floor and to the ceilmg, 
and a door i^ile moving on its hinges remains perpen- 
dicular to the floor and to the ceding 
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215 A parallclcpipecl is a 
solid bounded by sir parallelo- 
grams, of wlncb every opposite 
two are equal and in parallel 
planes. 

The diagram represents a 
pa allclcpipcd. AJ2GD and 
EFOIIoxg equal parallelograms m parallel pianos; ABFI 
and DCGIT aro equal parallelograms in parallel planes j 
and AD HE and DCGFvccg equal parallelograms in paral- 
lel planes 

A 'parallelepiped is called rectangular when the sir 
bounding parallelograms are rectangles, and oblique when 
they are not A common bnck furnishes an example of a 
rectangular parallelepiped. A rectangular parallelepiped 
which has its sir bounding rectangles all equal is called a 
cube. This ivill bo found equivalent to sajing that a cube 
IS a solid bounded by sir equal squares,’ of which every 
opposite two aro m parallel planes. 

216. Plane figures which form the boundaries of sohds 
aro called/rtccs of the sohd; the straight lines winch form 
the boundaries of the plane figures aro called edges of the 
solid. Thus a parallelepiped has sir faces and twelve 
edges. 









217. A prism Is a solid boimdcd by plane rectilineal 
figures, of which two are equal and in parallel planes, and 
the rest are parallelograms The two bounding figures 
which are cqum and m pai-allel planes aro called the ends 
of the pnsm 

Tho diagram lepresents a 
pnsm having for its ends the 
equal pentagons ABODE and 
FGIIIK’, these figures are 
in parallel planes. The other 
bounding figures of the solid are parallelograms, as ABGF. 
BORG, and so on Such a prism is called a pentagonal 
prism ; if the ends aro heragons, tho prism is called a hes- 
agonal pnsm ; and so on. 

A prism is called right when tho parallelograms be- 
tween the ends aro rectangles, and oblique when thoy aro 
not 
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In a nght prism the ends are at right angles to the 
other faces 

Thns rre see that a parallelepiped is indnded among 
pnsms, and that a rectangular par^elepiped and a cube 
are included among right prisms. 

In a rectangular parallelepiped every face is at right 
angles to the four hices which it meets. 

218 A pyramid is a solid bounded by three or more 
triangles which meet at a pointy and by another rcctilmcal 
figure 

The point is called the vertex of the pyramid, and the 
rcctilmeal figure opposite to the vertes is called the hasa 
of the pyramid 

When three tnangles meet at the vcitex the base of 
the pyramid is a triangle When four triangles meet at 
the vertex the base of the pyramid is a quadrilateral, the 
famous pyramids of Egypt, of which the student has pro- 
bably seen pictures, are of this kind, the bases being squares 
When five triangles meet at the veitex the base is a pen- 
tagon. And so on. 

219 A frustum of a sohd is a slice of it, contained 
between the base and any plane parallel to the base, the 
base and the opposite face are caUed the ends of the frus- 
tum Thus, if a pyramid be cut into two pieces by any 
plane parallel to the base, one of the two pieces is a frus- 
tum of a pyramid, and the other is a pyramid. 

220 A wedge is a solid bounded 
by five planes, the base is a rect- 
angle, the two ends are triangles, and 
the other two faces are tiapezoids 

The line of intersection of the two 
trapezoids is called the edge, Oiat side of the base which 
IS parallel to the edge is called the length of the base 

If the length of the base is equal to the edge, the tra- 
pezoids are parallelograms, and the wedge is an obhque 
tnangular pnsm If the parallelogrims aie rectangles, the 
wedge is a right tnangular pnsm 
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221. A prismoid is a solid haring for its ends anj tiro 
pandlcl piano rectilineal figures of tho samo nomb'er of 
sides, and having all its faces trapezoids. 

If tho ends are similar figures, 
similarly situated, tho prismoid is 
a frustum of a pyramid. 

If tho ends are rectangles, tho 
prismoid is a frustum of a wedge: 
tho term prismoid is by some wri- 
ters restricted to this solid. 

222. A sphere is a sohd having every point of its sur- 
faco equally distant from a certam point, called tho centre 
of the sphere 

A radius of a sphere is a straight hue drawn from tho 
centre to the surface 

A diameter of a sphere is a straight hno drawn through 
the centre, and terminated both ways by tho surface 

The mterscction of a sphere with any plane is a circle, 
if tho piano passes through tho centre of the sphere tho in- 
tersection is called a great circle of the sphere. 

A sphere is someumes called a globe, and sometimes a 
rourdbodg : marbles and bilhard balls aro familiar exam- 
ples of spheres 

If a sphere bo cut into two parts by a plane, each part 
is called a segment of a sphere, the base of tho segment is 
the circle wluch is formed by the intersection of tho sphere 
and the plane: if a diameter of the sphere be drawn per- 
pendicular to tho base of the segment, tho portion inter- 
cepted by the segment is called the height of the segment 

A zone of a sphere is the part of the rohero contained 
between two parallel planes; the height of the zone is the 
perpendicular distance between the two parallel planes. 

223. Another method of defining a sphere 4-^ 
may bo given. Let ABC be a semicircle, 

./{ O' being tho diameter. Suppose tho semi- X 

circle to bo cut out m paper or cardboard, j 

and let AC bo kept fixed, and tho semicircle / 

be turned round AC Tho figure ABC, as it / 

turns round, sweeps out a solid, and this sohd 
is a sphere. 
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It is not necessary to introduce this method, because 
we can give a good definition, and form a clear conception 
of a ^here -vnuiout it, but there are other sohds for which 
such a method must be used, and so we hare apphed it to 
the sphere in order to render it more readily mtelhgible 

224. A cyhnder is a solid jiroduced by turning a rect- 
angle ronnd one of its sides, wmch remains fiiicd. 

Thus let ABGD be a rectangle, let 
AB be kept fixed, and let the rectangle 
be turned round AB 

Then the figure ABGD, as it tarns 
round, sweeps out a sohd, which is called 
a cyhnder. 

AB IS called the axis of the cylinder 
The ewdes described by AD and BG are called the ends 
of the cyhnder, either end may be called the base of the 
(g-hnder 

An uncut lead pencil is an example of a cyhnder. 

If a cyhnder bo cut by any plane parallel to the ends, 
the mtersechon of the plane and the (yhnder is a circle, 
and each of the two pa^ into which the cyhnder is divided 
13 a cylinder 

225. The solid which we have called a cyhnder is more 
strictly called a nghi circular cylinder; the word right 
refers to the fact that the axis AB is perpendicular to the 
base, and the word circular refers to the fact that the 
base IS a circle Other cylinders besides right circular 
{flinders occur in mathematical investigations. 

A cyhnder bears some resemblance to a pnsm which 
has for its base a rectilmeal figure with a veiy large num- 
ber of sides, each side being very small. A right circular 
cylinder resembles a right pnsm, the ends of which are 
regular polygons And an oblique pnsm will mve an 
idea of cyhndcrs whidi are not nght circular ^hnders 

In future, when wo use the angle word cyhnder, wo 
shall mean that what we say is apphcable to any (whnder, 
but it will be sufficient for the beginner to think of a light 
circular cyhnder. 
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22(5. A cono is a solid produced by turning a right- 
rngicd triangle round one of tiic sides nrlnch contain the 
riglit angle, this side remainmg fixed 
Thus let ABC be a triangle 
having a right angle at B, let 
AB be kept fixed, and let tiio 
triangle be turned round AB. 

Then the figure ABC, as it turns 
round, sweeps out a solid, whieli is 
called a cone. 

Tlio point ./I IS called the vertev of the cone; AB is 
called the axis of the cono Tlio circle described by BC 
as it turns round is called tho base of the cono. Astiaight 
lino drawn from the vertex to the drcumfercnco of the 
base, ns IS called the slant side of the cone, and some- 
times the slant height of tho cone 

If a cone bo cut by any plane parallel to the base, tho 
intei'scction of tho plane and the cono is a circle; for 
exaiiiplc, GH in tho diagram represents such a circle 
ITlicn a cono is cut into two parts by a piano parallel to 
tho base, the part between tho vertex and tho plane is a 
cone, tho other part is called a frustum of a cone, see 
Art 219. The slant side or slant height of the ihistum of 
a cone is that portion of the slant side of the cono winch is 
cut off by the frustum; for example, in the diagram GCa 
the slant side of the frustum cut off by the plane GH. 

227. The solid which wo have called a cone is more 
strictly called a right circtdar cone, the word right refers 
to the fact that the axis AB is perpendicular to tho base, 
and the word circular refers to tho fact that tho base is a 
circle Other cones besides right circular cones occur in 
mathematical investigations 

A cone bears some resemblance to a pyramid which has 
for its base a rectilineal figure, with a very largo number of 
sides, each side being very small. A right circular cono 
resembles a pyramid in which tho base is a regular polygon, 
nod the triangular faces are all cqmL And apyramid, tho 
base of which is not restricted to be a regular polygon, and 
tlie tnangular faces of which are not all equal, wrill give an 
idea of cones which are not right arcular cones. 
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In futuro, trlien n'e use tbo single ivord cone, nre shall 
mean that Tfhat we say is applicable to any cone; hut it 
will be sufiicieut for the beginner to think of a right circu- 
lar coue 

228 A solid nng is a solid produced by turning a 
Clide round any sti-aiglit line in the plane of the circle 
which does not cut the circle. 

Thus, let AEG ho a circle, and ^ 

DE any straight line in the plane 
of the circle, which does not cut 
the circle, let DE he kept fixed, 
and let the circle be turned round 
DE Then the figure as it 
turns round, sweeps out a solid, p 
which is called a solid ring, or briefly 
a ring 

229 Any face of a parallelepiped may be called the 
base, then the height of the parallelepiped is the perpen- 
cliculai drawn to the base from any point of the opposite 
face 

The height ef a pyraxoid or a coue is the perpeudiculai 
drawn to the base from the vertex 

The height of a pnsm, or a cylinder, or apnsmoid, or a 
frustum of a sohd, is the perpendicular drawn to one end 
from any point of the other end, cither end may be called 
abase. 

The height of a wedge is the peipendicular drawn from 
any point of the edge to the b isc 
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ZXI. SOLID MEASURE. 


230. A Table of Solid Measure might be ^ren as ex- 
tensive as the Table of Square Measure of Art. 126, but it 
\nll be sufficient to observe that 

1728 cubic inches make 1 cubic foot^ 

27 cubic feet make 1 cubic yard 


231. The connection which subsists between the sys- 
tems of measures and of weights must be noticed. 

The grain is thus determined, a cubic inch of pure 
water weighs 252 458 grams 


A pound Avourdupois contains 7000 grains 


A cubic foot of pure water weighs 1728 x 252 458 grains, 

that IS, Avoirdupois ounces it will bo 

found that this number to thiee decimal places is 997 137 
Thus it IS usually sufficient in practice to take 1000 Avoir- 
dupois ounces as the weight of a cubic foot of pure water 


A gallon 18 a measure whidi will hold 10 Avoirdupois 
pounds of pure water, that is 70000 grams. Hence the num- 
ber of cubic inches in a gallon is ‘ it will be found 

ZDZ 400 


that tins number to three decimal places is 277*274. Thus 
it IS usually sufficient in practice to take 277^ as the num- 
ber of cubic inches m a gallon. 
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XXII RECTANGULAR PARALLELEPIPED 

232 Suppose we have 
a rectangular parallelepi- 
ped, which 18 4 mches long, 

3 inches broad, and 2 inches 
high Let the rectangnlar 
parallelepiped be cat by 
planes, an inch apart, pa- 
rallel to the faces, it is 
thus divided into 24 equal 
Eohds, each of which is a 
cube, being an inch long, 
an inch broad, and an inch 
high * such a cube is called a cubic inch The rectangular 
parallelepiped then contains 24 cubic inches, this fact is 
also expressed thus* the volume of the rectangular paral- 
lelepiped is 24 cubic inches. 

The word content, or the word solidity, may bo used 
instead of the word volume 

The number 24 is the product of the numbers 4, 3, 
and 2. which denote respectively the length, the breadth, 
and the height of the rectangular parallelepiped. 

233 If a rectangular parallelepiped be 8 inches long, 
7 inches broad, and 5 inches high, we can shew in the same 
manner that its volume is 8 tunes 7 tunes 6 cubic mches, 
that is, 280 cubic mches. Similarly, if a rectangular paral- 
lelepiped be 15 mches long, 12 inches broad, and 10 inches 
high, its volume is 15 times 12 times 10 cubic mches, that 
IS, 1800 cubic in^ea And so on 

234. In the same manner, if a rectangular parallelepi- 
ped be 4 feet long, 3 feet broad, and 2 feet high, its volume 
IS 24 cubic feet, that is, the rectangular parallelepiped 
might be divided into 24 equal solids, each being a root 
long, a foot broad, and a foot high. If a rectangular 

8 
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parallelepiped be 4 yards long, 3 yards broad, and 2 yards 
liigli, its Tolome IS 24 cubic yards And so on. 

235 The be^nner mil observe, that the TTay in wliich 
volumes are measured is another case of the general prin- 
ciple eicplained in Art 131 We fix on some volume as a 
standard, and we compare other volumes with this standard. 
The most convenient standard is foimd to be the volume 
of a cube, it may be a cubic inch, or a cubic foot, or any 
other cube 

236 In order then to find the volume of a rectangu- 
lar parallelepiped we must express the length, the breadth, 
and the height in terms of the same dcnommation, and 
the product of the numbers which denote the length, the 
breadth, and the height, will denote the volume. If the 
length, the breadth, and the height are all expressed in 
inches, the volume will be expressed in cubic inches; if the 
length, the breadth, and the height, are all expressed in feet, 
the volume will be expressed m cubic feet, and so on. 

237. In the example given in Art. 232, we fiind that 
the volume is equal to 4 n 3 x 2 cubic inches How sujmose 
we take for the base of the rectangular parallelepiped the 
1 ectangle which is 4 inches 3, then tbe height is 2 inches, 
and tbe area of the base is 12 square mches. Thus the 
number denoting the volume is equal to the product of the 
numbers denotmg the area of the base and the height. If 
we toke for the base the rectangle which is 4 mches by 2, 
then the height is 3 mches and, as before, the number 
denotmg the volume is equal to the product of the num- 
bers denotmg the area ot tiie base and tbe height Or 
we may t^e for the base the rectangle which is 3 mches by 
2, then the hemhtis 4 mches and, as before, the number 
denotmg the volume is equal to the product of the numbers 
denotmg the area of the case and the height 

238 The student will now be able to understand the 
way m which we esiamate the volumes of sohds, and to 
use’coiTectly the rules which will be given the rides wdl 
be stated inth brenty, but this will present no difficulty to 
those who have read the foregoing explanations. 
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239 To find the volume of a redangular parallel- 
epiped. 

Eolb Nvltiply together the length, the hreadlh, and 
the height, and the product will he the volume. 

Or, Multiply the area (f the hate by the height, and 
the product ictU be the volume 

240 Examples. 

(1) The length of a rectangular parallelepiped is 
2 feet 6 inches, the breadth is 1 foot 8 inches, and the 
height IS 9 inches 

2 feet 6 inches=30 Inches, 1 foot 8 mdies=20 inches, 
30x201(9=5400 

Thus the volume is 5400 cubic inches 

(2) The area of the base of a rectangular paral- 
lelepiped is 15 square feei^ and the height is 3 feet 
9 inches 

3 feet 9 inches = 3 7d feet. 

15 x 3 75=66 25 

Thus the volume is 56-25 cubic feet 

241 If ire know the volume of a rectangular paral- 
lelepiped, and also the area of its base, we can find the 
height by dmdmg the number which expresses the volume 
by the number which expresses the area of the base , and 
similarly if we know the volume and the height we can 
find the area of the base. Of course we must be careful to 
use corresponding denominations for the volumes and the 
known area or height see Art 132 

242. Examples. 

(1) The volume of a rectangular parallelepiped is 
576 cubic inches, and the area of the base is half a square 
foot find the height 

Half a square foot=72 square inches, -^=8 

Thus the height is 8 mehes 


9—2 
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(2) The volame of a rectangular parallelepiped is 
8 cubic feet>andthe height is 1 foot 4 inches: find the 
area of the bas& 

1 foot 4 inchessslj feet, x | =6. 

1 4 

Thus the area of the base is 6 square feet. 

243. A. cube is a rectangular parallelepiped haTing its 
length, breadth, and height eqiw; hence to find the 
volume of a cube ive multiply the number which de- 
notes the length by itself and multiply the product by 
the number again. Thus we see the reason for using the 
term citbe qf a number to denote the result obtamed by 
midinplymg a number by itself, and the product by the 
number again. 

244. The statements made in Art. 230 as to the con- 
nection between cubic mches, cubic feet, and a cubic yard, 
will be easily understood by the aid of the ei^lanations of 
the present Chapter. Take, for example, the first state- 
ment that 1728 cubic inches make 1 cubic foot: a cubic 
foot is a cube 12 mches long, 12 mches broad, and 12 inches 
hi gh , and therefore by the method of Art. 232 we see that 
a cubic foot contains 12 x 12 x 12 cubic mches, that is, 1728 
cubic mches. 

245 Tfo will now solve some exercises. 

(1) Fmd how many bricks will be reqniied to build a 
wall 25 yards long, 15 feet high, and 1 foot 10^ inches 
thick, a brick bemg 9 mches long, 4^ wide, and 3 deep. 

The number of cubic inches in the wall is 

45 

25x3xl2xl5xl2x— , 

the number of cubic inches in a bncik is 9 x|x3, divide 

the former number by the latter, and the quotient is 30000, - 
which is therefore the number of bricks required. 
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(2) A reservoir is 15 feet 4 inches long by 8 feet 

3 inches wide* find hoiv many cubic feet of ivatcr must bo 
drawn off to make the surface sink 1 foot 

The volume of the water which must be drawn off is 
that of a rectangular parallelepiped 15j feet long, feet 
wide, and 1 foot deep, therefore the number of cubic feet 

in the volume is ^ x ?? x l, Oiat is that is 126*- 

3 4 2 

f3) Find the length of a cubical vessel which will hold 
100 gallons 

The vessel is to hold 27727 4 cubic inches ; so that the 
number of mches m the len^ will be found by extracting 
the cube root of this number it will be found that tho 
cube root is 30 267. 

(4) A vessel is in the shape of a rectangular paral- 
lelepiped; it 18 without a hd, externally tho length is 

4 feet, the breadth 3 feet, and the depth 2 feet, the thick- 
ness of the material is half an inch find the number of 
cubic mches of the matenal 

Externally the dimensions m mdies are 48, 36, and 24, 
thus the volume is 41472 cnbic inches. 

Internally the dimensions in inches are 47, 35, and 23i ; 
thus the volume is 38657^ cubic mches 

The difference is 2814^ cnbic inches TMs is the re- 
quired result. 


EXAMPLEa XXIL 

Find the number of cubic feet and inches m cubes hav- 
ing the foUowmg lengths . 

1 2 feet 8 inches. 2 1 fathom. 

3. 1 yard 1 foot 9 mches. 4 1 pole 
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Pind the number of cubic feet and inches in rectangu. 
lar pardlelepipeds which have the follovnng dimensions 

6. 4 feet 8 inches, 3 feet 6 inches, 2 feet 4 inches 

6. 7 feet 9 inches, 4 feet 6 inches, 2 feet 3 inches. 

7. 6 yards 2 feet 7 mches, 3 feet 4 inches, 2 feet 
11 mches. 

8 10 yards 9 inches, 6 yards 1 foot 7 inehes, 2 yards 
8 inches 

Find the number of cubic feet and inches in rectangular 
parallelepipeds which have the followmg dimensions 

9. Area of base 16 square feet, height 4 feet 3 inches. 

10. Area of base 1000 square inches, height 1 yard. 

11 Area of base 12 square feet 80 square mches, 
height 2 feet 7 mches 

12. Area of base 1 square yard 5 square feet 120 square 
inches, height 1 yard 1 foot 6 mches 

Find the heights of the rectan^ar parallelepipeds 
which hare the followmg volumes and bases* 

13 Yolume 6 cubic feet, base 8 square feet 

14. Yolume 3 cubic feet, base 3 feet 4 mches by 2 feet 
6 inches. 

16 Yolume 124 cubic feet 1668 cubic inches, base 
24 square feet 143 square mches. 

16 Yolume 198 cubic feet 856 cubic inches, base 
34 square feet 4 square mches. 

Fmd the areas of the bases of the rectangular paral- 
lelepipeds winch have the following volumes and heights : 

17. Yolume 15 cubic feet, height 9 mches 

18. Yolume 9 cubic feet 48 cubic inches, height 2 feet 
1 inc^ 

19 Yolume 99 cubic feet 428 cubic inches, height 
6 feet 10 mches 

20. Yolume 296 cubic feet 144 cubic inches, height 
8 feet 6 mches 


EXAMPLES. XXII 135 

Find to the nearest gallon the volumes of roctangulai 
parallelepipeds having the follomug dimensions . 

21. 6 feel^ 6 (eet, 6 feet. 

22. 6 feet 8 mcbes, 6 feet 8 inches, 6 feet 5 inches. 

23. 7 feet 4 inches, 7 feet 6 inches, 6 feet 9 inches. 

24. 8 feet 6 mches, 8 feet 4 inches, 8 feet 2 inches 

Fmd to the nearest hundredweight the weights of tho 
water nhich can be contained in rectangular parallelepipeds 
having the followmg dimensions 

25 S feet, S feet, 6 feet 

26 5 feet 6 inches, 5 feet 6 mches, 5 feet 3 inchea 

27 6 feet 9 mches, 6 feet 5 inches, 5 feet 10 inches 

28 9 feet 4 inches, 8 feet 7 mehes, 8 feet 2 mchea 

29 Shew that a cube 6 inches long is equivalent to 
the sum of three cubes whidh are rcspecbvelj 3 inches, 
4 inches, and 6 inches long 

30 Fmd the number of cubic chains in a rectan- 
gular parallelepiped whoso edges are 94 chains DO Imks, 
1 cham 5 bids, and 31^ Imks 

31 The beams of wood used in building a house are 
3 inches thicl^ and 10 inches wide , 200 of them are iiscil 
which together amount to 1000 cubic feet find tho length 
of each beam. 

32 Fmd how many bncks will bo required to build a 
wall 90 feet long, 18 inches thick, and 8 feet lugh ; a brick 
being 9 inches long, 4^ wide, and 3 deep 

33 A certain book is 8 inches long, inches broad, 
and 2J inches thick find how many such books can bo 
packed in a box which is 3 feet G inches long, 3 feet broad, 
and 2 feet deep 

34. If a cubic foot of gold may bo made to cover uni- 
formly 432000000 squaie inches, find the thickness of tho 
coating of gold. 

35 A metro is 39 37 inches • find the number of cubic 
feet m a cube whose side is a metre 
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36. A block of stose is 4 feet long, 24 feet broad, and 
IJ feet thick; it -weighs 27 ewt . find the weight of 100 
cable inches of the stone. 

37. If a cable foot of marble weigh 2 716 times as 
macb as a cubic foot of water, find the weight of a block 
of maible 9 feet 6 inches long, 2 feet 3 inwes broad, and 
2 feet thick. 

38. Shew that a cnbical vessel the length of which is 
1404 inches will hold less than 10 gallons; and that a 
cubical vessel the length of which is 1405 mches will hold 
more than 10 gallons. 

39 A reservoir is 24 feet 8 inches long by 12 feet 
9 inches wide : find how many cubic feet of water must 
be drawn off to make the surface sink 1 foot. 

40 A dstem is 13 feet 6 inches long by 9 feet 9 inches 
wide* find through how many mches the surface siifi^ 
if 260 gallons of water are drawn offl 

41 K gold be beaten out so thm that an ounce -will 
form a leaf of 20 square yards, find how many of these 
leaves mil make an mch thick, the weight of a cubic foot 
of gold bemg 10 cwt 95 lbs 

42. Shew that a cubic fathom of water weighs about 
6 tons 

43 If a rectangular parallelepiped has its lengt^ its 
breadth, and its depth respectively half as large again as 
another rectangular parallelepiped, shew that the first is 
more than three times as large as the second. 

44 If a rectangular parallelepiped has its length, its 
breadth, and its depth respectively a quarter as large 
again as another rectangular parallelepiped, shew that the 
first is nearly twice as large as the second. 

45. If a rectangular parallelepiped has its length, its 
breadth, and its depth respectively a sixth, a seventh, and 
an eighth as large agam as another; shew that the first is 
half as large agam as the second. 

46. A vessel is in the shape of a cube; it is without a 
hd if the external length is 3 feet, and the thickness of 
tiie material one mch, find the number of cubic inches of 
the material 
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47. A vessel IS in the shape of a rectangular paral- 
lelepiped , it IS without a hd, if externally the length bo 
6 feet, the breadth 6 feet, and the depth 3 feet, and the 
tbic^ess of the material half an inch, find the number of 
cubic inches of the material 

48 The external length, breadth, and height of a 
closed recfangular wooden box are 18 inches 10 mches and 
6 inches respectively, and the thickness of the wood is 
half an inch; when the box is empty it weighs 15 lbs, 
and when filled with sand 100 lbs find the weight of a 
cubic mch of wood, and of a (mbic inch of sand. 

49 A box without a hd is made of wood an inch thidc ; 
the external length, breadth, and height of the box are 
2 feet 10 inches, 2 feet 5 inches, and 1 foot 7 inches respec- 
tively find what volume the box will hold. 

50 A rectangular parallelepiped having a square base 
is 3 feet 4 inches high, the volume is 40 cubic feet 1440 
cubic mches. find the side of the square base 

51. A rectangular parallelepiped has two faces each 
containmg 2 square feet 117 square inches, two faces each 
contaimng 2 square feet 12 square inches, and two faces 
each containing 1 square foot 96 square inches shew that 
the volume of the rectangular parallelepiped is 3 cubic 
feet 216 cubic inches 

The followmg Examples mvolve the extraction of the 
cube root* 

62. Find the length of a cube which will be cqmialeut 
to 2 cubic feet. 

63 Find the length of a cube which will be eqmvalent 
to 3000 cubic feet. 

64. Fmd the length of a cubical vessel which will hold 
4000 gallons of water 

55. Find the length of a cubical vessel which will hold 
a ton weight of water. 

56 If 100 cubic inches of a certain kind of stone 
weigh 14 lbs , find the length of a cube of this stone which 
weighs half a ton. 
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246 To find Hue volume of a pat alldepiped, a prism, 
or a cylinder 

RtjIiB. Multiply the area of the "base by the height, 
and the product will be the volume. 

247. Examples : 

(1) The area of the hase of a parallelepiped is 5 square 
fee(^ and the height is 9 inches. 

9 inches=| of a foot, 6 x | =s ^ =3|. 

4 : 4 : 4 

Thus the volumo is 3| cuhic feet. 

(2) The hase of a prism is a triangle, the sides of which 
are 1 foot 1 mch, 1 foot 8 inches, and 1 foot 9 inches re- 
spectively , and the height of the pnsm is 1 foot 10 mches 

We must first find the area of the base by Art. 152. 

1 foot 1 inch=13 inches, 1 foot 8 inclies=20 mches, 
1 foot 9 inches =21 inches 

13+20+21=64, ^=27, 

27-13=14, 27-20 = 7, 27 -21 = 6 

27 X 14 X 7 X 6=15876 The square root of 15S76 is 126 
Thus the area of the base is 126 square iitchcs. 

1 foot 10 inches =22 inches 

126 x 22=2772. Thus the volume of the prism is 2772 
cubic inchca 
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(3) The radius of the base of a cylinder is 5 inches, 
and tiie height is 16 inches 

The area of the base in square mches=5x 5 9(31416 
=78 64. 

7854x16=1256 64. 

Thus the volume is about 1256 64 cubic inches 

248. If we know the volume of a parallelepiped, a 
pnsm, or a cyhnder, and also the area of the base, wo can 
nnd the height by dividmg the number which expresses 
the volume by the number which expresses the area of the 
base, and similarly if we know the volume and the height, 
we can find the area of tbi* base 

249. Examples 

(1) The volume of a prism is a cubic foot, and the area 
of the base is 108 square inches : find the height 

•^^=16. Thus the height is 16 inches 

IvO 

(2) The volume of a cyhnder is 2000 cubic inches, and 
the height is 4 feet 2 mehes find the area of the base 

-~ .=40 Thus the area of the base is 40 square inches. 

50 

250 It will be seen that the Eule m Art. 246 is the 
same as the second form of the Rule in Art. 239 ; and it 
will be instructive to attempt to explam the reason of this 
comddcnce We suppose that the beginner has convinced 
himself by the process of Art. 232, that the Rule holds for 
any rectangular parallelepiped, and we will tiy to shew 
that it will also hold for a right pnsm or a right circular 
cj Under 

251 Refer to the diagram of Art. 29 Let there be 
two right pnsms with the same height, one having the tn- 
an^le ABC for base, and the other having the rectanglo 
ABDE for base By the method of Art 29 wo can shew 
that the pnsm on the tmngular base is half the pnsm on 
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the rectangular base Hence it mil follow that the Rule 
of Art. 246 holds for any right prism on a triangular base 
Therefore the Rule mil also hold for a right prism wluch 
has any rectahneal figure for its base ; because such a 
base could be divided into triangles ; and the x>nsm could 
be divided into correspondmg pnsms mth tnangular bases, 
for each of which the Rule holds 

We are thus led to the notion that the volume of a 
right pnsm of pven height depends only on the area of 
the base, and not on the shape of that base, and this may 
suggest that the Ride will also hold for a right circular 
cylinder. And we may infer that the Rule wm also hold 
for other solids which are not called cylmders in ordinary 
language ; for example, the shaft of a fluted column. 

252. The Rule mil also hold for oblique pnsms and 
cylinders The ground on which this rests is the followmg 
proposition : an oblique parallelepiped is equivalent to a 
rcctangidar paraUdepiped tchteh has the same base and 
an equal height Tms proposition resembles that in 
Art 28 j and the mode of demonstration is similar; but 
instead of one adjustment of addmg an area and sub- 
tracting an equal area, we shall here m general require 
two separate adjustments, of adding a volume and sub- 
tractmg an equal volume. 

253. We will now solve some exercises. 

(1) A cubic inch of metal is to ho drawn into a mra 
^ of an inch thick . find the length of the wire 

The wire will be a cylmder, having the radius of its 
base ^ of an mch. Thus the area of the base m square 

o 1 AT e 

inches=^-nr=-=’007854. As the volume is 1 cubic inch, 
400 

we divide I by 007854; and thus we obtam for the length 
of the wire 127 3 inches. 

(2) Find the volume of a cyhndrical shell, the height 
being 6 feet, the radius of the mner surface 3 inches, and 
the radius of the outer siuface 4 mehes 
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By a (^lindncal sbell is meant the solid which remains 
when &om a sohd cylinder another cylmder with the same 
asis or with a parcel ads is removed; such bodies are 
usually called pipes or tubes 

By Art 173, the area of the base in square mehes 
=7 k 1 1416=21'9912, the height is 60 inches, there- 
fore the volume m cubic inche3= 60 x 21 9912= 1319 472 

(3) The height of a (^hnder is to be equal to the radius 
of the base, and the volume is to be 600 cubic mehes find 
the height 

Since the height is equal to the radius of the base, the 
product of 3 1416 mto the cube of the number of inches in 
the radius must be equd to 500 hence the cube of the 

number of mehes m the tadius=sTT?w'=159 16 Byes- 

o X^jlO 

tractmg the cube root we obtain 6 419 Thus the radius 
IS neaffy 6*42 mehes 
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Find m cubic feet and inches the volumes of the pnsms 
having the following dimensions . 

1 Base 6 square feet 36 square inches; height 2 feet 
6 inches 

2 Base 15 square feet 136 square mehes, height 

3 feet 11 mehes 

3 Base 23 square feet 116 square inches , height 

4 feet 7 mehes. 

4. Base 35 square feet 123 square inches, height 
6 feet 5 mehes 

Find in cubic feet and inches the volumes of the tnan- 
giilar pnsms havmg the followmg dimensions . 

5 Sides of the base 7, 15, and 20 inches height 
45 mehes 
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6 Sides of the base 16, 25, and 39 inches; height 
52 inches 

7. Sides of the base 13, 40, and 51 inches; height 
58 inches. 

8 Sides of the base 25, 33, and 52 inches; height 
62 inches. 

Find in cubic feet and decimals the Tolnmes of the 
cylinders having the follovnng dimensions : 

9. Radius of base 2 feet , height 3 feet 6 inches 

10 Radius of base 2 feet 6 inches; height 4 feet 
3 inches 

11. Radius of base 3 feet 6 inches; height 5 feet 
9 inches. 

12 Radius of base 5 feet 4 inches; height 6 feet 
4^ inches. 

Find the heights of the prisms vrhich have the foUoiring 
volumes and bases . 

13 Yolnme 18 cubic feet 70S cubic inches ; base 

6 square feet 100 square inches. 

14 Yolume 28 cubic feet 500 cubic inches, base 

7 square feet 103 square inches. 

15 Yolume 36 cubic feet 349 cubic inches, base 
9 square feet 35 square inches. 

16 Yolume 65 cubic feet 782 cubic inches; base 
14 square feet 118 square inches 

Find the radii of the bases of the cyhnders ivhich have 
the following volumes and heights . 

17 Y olume 10000 cubic inches ; height 4 feet 2 inches 
IS Yolume 20 cubic feet ; height 4 feet 7J inches. 

19. Yolume 50 cubic feet; height 5 feet 4+ inches. 

20 Yolume JOO cubic feet; height 5 feet 10 inches. 
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Find to tbo nearest gallon the quantity of nrater which 
will be held by cylincmcal vessels ha\ang the following 
dimensions * 

21 Badius of base 10 inches , height 20 inches. 

22 Kadins of base 2 feet 6 inches , height 4 feet 

23. Kndius of base 5 feet, height 8 feet 

24. Radius of base 7 feet 6 inches ; height 10 feet. 

25 The height of a pnsm is 24 feet; the base is a 
trapezoid, the parallel sides being 18 feet and 12 feet re- 
spectively, and the distance between them 6 feet 5nd the 
volume 

26 The wall of China is 1500 miles long, 20 feet high, 

15 feet wide at the top, and 25 feet wide at the bottom 
find bow many cubic yards of material it contains. 

27. Find the number of cubic feet of earth which 
must be dug out to form a ditch 1000 feet Ion", 8 feet deep, 

16 feet broad at the bottom, and 20 feet broad at the top 

28 Fmd to the nearest gallon the quantity of water 
which will be required to fill a ditch havmg the following 
dimensions . length 40 feet, depth 6 fee^ breadth at the 
top 10 feet, breadth at the bottom 8 feet. 

29 A ditch IS 8 feet deep, 24 feet broad at the top, 
and 16 feet broad at the bottom find tbo length of the 
ditch if 250000 cubic feet of earth are dug out to make it 

30. A ditch is 4 feet deep, 5 feet broad at the top, and 
4 feet broad at the bottom find the length of the ditch 
to the nearest foot, if it will hold 10000 gallons of water 

31. Find how many cubic feet of earth must bo dug 
out to make a well 3 feet in diameter and 30 feet deep 

32 Find how many cubic yards of earth must bo dug 
out to make a well 4 feet in diameter and 119 feet deep 

33 Find the number of cubic yards of earth dug out 
of a tunnel 100 yards long, whose section is a semicircle, 
with a radius of 10 feet 

34 Find how many pieces of money | of an inch in 
diameter, and ^ of an inch thick, must be melted down in 
order to form a cube whose edge is 3 inches long 
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35. The diameter of a well is 4 feet, and its depth 
30 feet : find the cost of excavation at Is Gd. per cnhic 
yard. 

36. The diameter of a well is 3 feet 6 inches, and its 
depth 40 feet . find the cost of excavabon at 7s. Gd per 
cubic yard. 

37. The diameter of a well is 3 feet 9 mches, and its 
depth 45 feet . find the cost of excavation at 7« Gd per 
cubic yard. 

38. If 30 cubic inches of gunpowder weigh a pound, 
find what length of a gun, 6 mches bore, be filled 
with 10 lbs. of powder. 

39. A cubic foot of brass is to be drawn into a wire 
^ of an mch m diameter find the length of the wire. 

40. A cubic foot of brass is to be drawn mto a irire 
*025 of an inch thick find the length of the wire. 

41. Find the volume of a cylmdneal shell, the radius 
of the inner surface being 6 inches, the radius of the 
outer surface 6 mches, and the height 7 feet 

42. Fmd the volume of a (whndncal shell, the radius 
of the outer surface bemg 10 inches, the thickness 2 mches, 
and the height 9 feet 

43 Fmd the volume of a i^hndncal shell, the radius 
of the inner surface bemg 12 inches, the thu^ess 3 mches, 
and the height 10 feet 

44. An iron pipe is 3 indies in bore, half an mch thn^, 
and 20 feet long . find its weight, sup^sing that a cubic 
mch of iron weighs 4 526 ounces. 

45 The length of a leaden pipe is 13 feet, its bore is 
1| mches, and its thickness 1|^ mches: find its weight, 
supposing a cubic mch of lead to weigh 6 604 ounces ^ 

46 Fmd the cost of a leaden pipe of 2 inches bore, 
which is half an mch thickand 8 yaim long, at 2^ per lb , 
supposmg a cubic foot of lead to weigh 11412 ounces 

47. A square iron rod, an inch thick, weighs lOilbs.* 
find the weight of a round iron rod of the same length and 
thickness. 
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48 Eveiy edge of a certain tnangular pnsm measuics 
10 inches find the volume 

49 The base of a certain pnsm is a regular hexagon , 
every edge of the pnsm measures 1 foot find the volume 
of the pnsm. 

60 The radius of the inner surface of a leaden pipe is 

inches, and the radius of the outer surface is inches 
if the pipe be melted, and formed into a sohd cylinder of 
the same length as before, find the radius 

51. The trunk of a tree is a nght circular cylinder, 
3 feet in diameter and 20 feet high find the volume of the 
timber vrhich remains uhen the trunk is tnmmed just 
enough to reduce it to a rectangular parallelepiped on a 
square base 

Tlie following examples involve the extraction of tho 
cube root 

52 The sides of the base of a tnangular pnsm arc 52, 
61, and 25 inches respectively, and the height is CO inches • 
find the length of a cube of equivalent volume 

53 The height of a cjlmder is 4 feet 9 inches, the 
radius of the base is 4 feet 3 inches find tho length ot 
a cube of equivalent volume 

54 Suppose a sovereign to be 5 of an inch in diame- 
ter, and ^ of an inch in thickness, if 100000 of them bo 
melted down and formed into a cube find the length of 
tho cube 

55 The height of a cylinder is to be 10 times the 
radius of tho base, and the volume is to be 25 cubic feet: 
find the radius 

56. The height of a cylindrical vessel is to be Imf tho 
radius of the base, and the cyUnder is to hold a gallon* 
find the radius. 


T M. 
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XXIV. SEGMENTS OF A. RIGHT CIRCULAR 
CYLINDER. RING. 


254. There are certain segments 
of a right circular cylinder, the volumes 
of vrluch can he found by very simple 
Rules, as vr e Tnll no\T shew. 

255. Suppose a right circular 
liuder cut into two parts by a plane 
parallel to the axisj then each part 
has a segment of a drde for base. 
The volume of each part may be found 
by the Rule of Art 246. 



256 Suppose a solid has been 
obtained by cutting a right drcular 
(^hnder by a plane, inmned to the 
axis, which does not meet the base 
of the cylmder. Let the straight 
line GD, drawn from the centre of 
the base at right angles to the base 
to meet the other plane, be called 
the height of the solid. Then the 
Rule for findmg the volume of this 
sohd is the same as that given in 
Art. 246. 

Thus we may say that the height 
of the sohd is the portion of the 
axis of the cylinder which is con- 
tained between the two ends. 



257. The preceding Rule may be easily justified. For 
if we suppose a plane drawn though D parallel to the 
base of the (^hnder, it will cut off, a wedge-shaped shoo, 
which may be so adjusted to the remaining sohd as to form 
a complete right circular cylmder with the height GD. 



CIRCULAR CYLINDER RING 147 


258 In the diagram of Art. 256, it is easy to see that 
CD 18 half the sum of AF and BG, that is, the height is 
equal to half the sum of the greatest and the least straight 
lines which can be drawn on the solid parallel to the axis 
of the cyhnder. See Art 163 

259 Suppose a solid has been obtained by cutting a 
right circular cylinder by too planes, inclined to the ass, 
which do not meet each other. The yolume of the solid 
will be found by multiplying the base the cylinder by 
the height of the solid, where by the height of tlio solid 
we must understand the portion of the axis of the cylinder 
which IS contained between the two ends. The Rule follows 
from the fact that the sohd may be supposed to he tlio 
difference of two sohds of the kind considered in Art. 256. 

260 Suppose we have a sohd like that represented in 
the diagram of Art. 256, and that it is bent round until A 
and.? meet, we obtain a sohd resembhng a solid ring; 
and thus a nng may be described roughly as a cylinder 
bent round until the ends meet. This is not exact, but it 
will serve to lUustrate the Rule which we shall now give 

261 To find the volume qf a solid ring 

Multiply the area qf a cii cular section qf the nng by 
the length ^ the ring. 

The circular section is sometimes called the cross sec- 
tion The length of the nng is the length of the circum- 
ference of the circle which passes through the centres of all 
the cross sections, or it may be described as half the sum 
of the mner and outer boundaries of the nng See Art 25S 

262 Examples r 

(1) The radius of the circular section of a nng is one 
inch, and the length of the nng is ten mehes 

The area of the circular section of the nng is 3 1416 
square inches , therefore the volume of the nng in cubic 
inches is 10 x 3 1416, that is, 31 416 


10—2 
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(2) The inner diameter of a nng is 7 inches, and the 
outer diameter is 8 mches. 

The difference of these diameters is twice the diameter 
of the circular section; therefore the radius of the circular 
section IS J of an mch; and the area of the circular section 
IS 19635 square mches. 

The inner boundary of the ring is 7 x 3 1416 inches, and 
the outer boundary is 8x31416 inches; half the sum of 
these numbers is 23562 mches, which is therefore the 
length of the ting 

Therefore the volume of the ring in cubic inches 
= 19635 X 23 562=4 6264 very nearly. 

EXAMPLES XXIT. 

1 Shew that the length of a nng is equal to the dif- 
ference of the outer boundary and the circumference of the 
cross section. 

2. Shew that the length of a ring is equal to the sum 
of the inner boundary and the drcui^ereuce of the cross 
section. 

Find m cubic inches the volumes of the rings having 
the following dimensions : 

3 Length 20| inches,Tadius of cross section ^ of an inch. 

4. Length 16 inches, diameter of cross section 1 1 mehes 

5 Outer diameter 4 8 inches, inner 4 2 mches. 

6 Inner diameter 12 3 inches, diameter of cross sec- 
tion 3 2 indies. 

7 Outer diameter 19 mches, diameter of cross sec- 
tion 3^ inches 

8 Outer boundary 15 inches, circumference of cross 
section 1*6 mches. 

9 The volume of a ting is 800 cubic inches, the radius 
of the cross section is 2 inches ^d the length of the nng 

10 The volume of a ring is 100 cubic inches, and the 
length is 20 inches find the inner diameter. 
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XXV. PYRAMID CONE 


263 To find the volume qf a 
pyramid or a cone 

Role. Multiply the area of 
the hose Ini ihe height and one- 
third qf the product will he the 
volume 



264 Examples : 

(1) ^ The base of a pyramid is a square, each side of 
vriiich is 3 feet 6 mches, and the height of the pyramid 
IS 3 feet 9 inchea 

3 feet 6 inches— 3}^ feet, 

3 feet 9 incbessSf feet 


3Jx3^x|=f, 

1 49 15 49 x 6 245 . 

3^ 4 ’‘4 = 4^4=16=^®^® 
Thus tlio volume is 15^ cubic feet. 


(2) Tlio radius of the base of a cone is 10 inches, and 
tho height of the cone is IS inches 

10x10x31416=31416, 
1x18x31416=6x314 16 = 188496 

O 

Thus the volume is about 1884 96 cubic inches 


265 If ive know the volume of a pyramid or a cone, 
and also the area of the base, wo can find the height by 
dividing three times tho number which expresses tho 
volume by the number winch expresses tho area; and 
similarly, if wo know the volume and the height, nc can 
hud the area of the base 
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266. Examples : 

(1) The volume of a pyramid is a cubic yard, and the 
area of the base is 18 square feet: find the height 

A cubic yard=27 cubic feet j = 1=4^. 

Thus the height is 4| feet. 

(2) The volume of a cone is hnlf a cubic foot, and its 
height IS 27 inches find the area of the base 

Half a cubic foot=864 cubic inches ; — ^| - ^ =96 

Thus the area of the base is 96 square mches. 

267. We will now solve some exercises. 

(I) The base of a pyramid is a square, each side of 
which measures 10 feet , the length of each of the four 
edges which meet at the vertex is 18 feet: find the 
volume 

We must determine the height of the pyramid. 

Let ABCD be the base, and 
E the vertex of the pyramid. 

Let EF be the height of the 
pyramid, that is, the peipendicu- 
lar from E on the base , then F 
will be the middle pomt of the 
diagonal ^C7. 

How, by Art. 65, we shall find 
that the number of feet m AO is 
10,^2, and thus the number of 
feet in AF is 5^2. 

In the right-angled triangle 
AEF, the hypotenuse AE is 18 
feet; and the number of feet in 
AF is 6^/2 , therefore, by Art. 60, the number of feet in 
EFis the square root of 324— 50, that is, the square root 
of 274, that IS, 16-5529454. 
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ncnce the Tolume of the ppramid in cnbio feet 
=1 X 100 X 16 5529454=551 76484. 

(2) ^ The base of a ppamid is a square, each side of 
which is 10 feet, the length of the straight line drawn 
from the vertex to the midme point of any side of the base 
IS 13 feet : find the volume. 

'W'e must determine the height of the pyramid. Using 
the same figure as in the preceding Exercise, lot G be the 
middle pomt of AD, Then EG is 13 feet ; and GF is 
5 feet therefore, by Art 60, the number of feet in EF-a 
the square root of 169—25, that is, the square root of 144, 
that is 12 

Hence the volnme of the pyramid in cubic feet 

= 1x100x12=400 
3 

We may observe that EG is sometimes called tho slant 
height of Ihe pyramid 

(3) A comer of a cube is cut off by a plane which 
meets the edges at distances 3, 4, and 5 inches respectively 
from their common pomt find the volume of the piece 
cut o£L 

The piece cut off is a triangular ppamid we may take 
for the base tho nght-angled triangle the sides of which 
are 3 and 4 mches respectively, and then tho height of the 
pyramid is 5 mches Hence the volume of tho pyramid in 

cubic inches=~ x 5^x6=10 


EXAMPLES XXV. 

Fmd m cubic feet and inches tho volumes of tho pyra- 
mids havmg the following dimensions 

1 Base 7 square feet 102 square mehesj height 2 feet 
5 inches. 
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2. Base 14 square feet 96 square incbes ; height 3 feet 
7 inches 

3 Base 20 square feet 120 square inches; height 

5 feet 8 inches “ 

4 Base 23 square feet 21 square inches; height 
4 feet 11 mches. 

Pmd in cubic feet and decimals the Tolumes of the tn- 
ungular pyramids hanug the follon’ing dimensions : 

5 Sides of the base 4, S, and 7 feet ; height 6 feet 

6 Sides of the base 7, 9, and 11 feet ; height 8 feet 

7 Sides of tlie base 15, 19, and 20 feet ; height 22 feet. 

8. Sides of the base 23, 27, and 30 feet ; height 24 feet 

Pmd in cubic feet and decimals the ToIumes of the 
cones having the following dimensions : 

9. Badius of base 2 feet ; height 4 feet 

10. Badins of base 3 feet 6 inches ; height 5 feet 

11. Badins of base 4 2 feet ; height 5 3 feet 
12 Badius of base 10 feet , height 10 feet 

Bind the heights of the pyramids which have the follow- 
ing volumes and bases * 

13. Yolunie 17 cubic feet 363 cubic inches ; base 2 
square feet 143 square inches 

14. Volume 33 cubic feet 309 cubic inches; base 
4 square feet 83 square inches. 

15. Volume 91 cubic feet 792 cubic inches; base 

9 square feet 21 square inches 

16 Volume 114 cubic feet 1152 cubic inches , base 

10 square feet 96 square mches 

Find the radii of the bases of the cones which have the 
fallowing volumes and heights . 

17. Volume 4000 cubic inches , height 5 feet 
18 Volume 40 cubic feet; height 5 3 feet 
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19 Volume 60 7 cubic feet; height s 45 feet 

20 Volume 120 cubic feet , height 6 24 feet, 

21 The faces of a pyramid on a square base are equi- 
lateral triangles, a side of the base bemg 120 feet : find the 
volume 

22 Fmd the volume of a pyramid irhich stands on a 
square base, each side of irluch has 200 feet, each of the 
edges which meet at the vertex being ISO feet 

23 A pyramid has a square bas(^ the area of which is 
2025 square feet ; each of the edges of the pyramid which 
meet at the vertex is 30| feet find the volume. 

24 The base of a pyramid is a rectangle 80 feet by 
60 feet, each of the edges winch meet at the vertex is 
130 feet find the volume 

25 The base of a pyramid is a square, each side of 
which IS 24 feet, the length of the straight line drawn from 
the vertex to the middle point of any side of the base is 
21 8 feet . find the volume 

26 Tlie base of a pyramid is a square, each side of 
which is 12 feet, the Icnrth of the strai^t lino drawn from 
the vertex to the middle point of any side of the base is 
25 feet find the volume. 

27 The base of a pyramid is a rectangle, which is 
21 feet by 25 feet ; the length of the straight line drawn 
fr6m the vertex to the midiBe point of either of the longer 
sides of the base is 23 3 feet find the volume 

28. The base of a pyramid is a rectangle, which is 
IS feet by 26 feet, tho length of the straight line drawn 
from the vertex to the middle point of either of tho shorter 
sides of the base is 24 feet find the volume 

29 Tho slant side of a right cmcular cone is 25 feet, 
and the radius of the base is 7 feet . find the volume. 

30 The section of a right circular cone by a plane 
through its vertex perpendicular to the base is an equila- 
teral triangle, each side of whidi is 12 feet . find tho volume 
of the cone. 

31 The slant side of a right circular cone is 41 feet, 
and the height is 40 feet . find the volume. 
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32 The slant side of a right drcular cone is 55 feet^ 
and the height is 42 feet find the volume. 

33. ^ Find how many gallons are contained in a vessel 
which is in the form of a nght cirqnlar cone, the radius of 
the base being 8 feet, and the slant side 17 feet 

34 ^ A conical wine glass is 2 inches wide at the top 
and 3 inches deep . find how many cubic mches of wine it 
will hold. 

35. Find the volume of a circular cone, the height of 
which is 15 feet, and the circumference of Uie base 16 feet. 

36 A cone, 3 feet high and 2 feet m diameter at the 
bottom, IS placed on the ground, and sand is poured over 
it until a comcal heap is formed 5 feet high and 30 feet m 
circumfeience at the bottom * find how many cubic feet of 
sand there are 

37. The volume of a cone is 22^ cubic feet; the cir- 
cumference of the base is 9 feet : find the height 

38. Fmd the number of cubic feet in a regular hex- 
agonal room, each side of which is 20 feet m length, and 
the walls 30 feet high, and which is fimshed above with a 
roof m the form of a hexagonal pyramid 15 feet high 

39. Fmd the volume of the pjromid formed by cnttmg 
off a comer of the cube, whose side is 20 feet, by a plane 
w'hidi bisects its three conterminous edgea 

40. The edge of a cube is 14 inches ; one of the comers 
of the cube is cut oflf, so that the part cut off forms a pyra- 
mid ^th each of its edges termmating in the angle of the 
cube, 6 inches m length find the volume of the sohd that 
remains. 

41. The great pyramid of Egypt was 481 feet in height, 
when complete; and its base was a square 764 feet in 
length: find tiie volume to the nearest number of cubic 
yari^ 

42 The spire of a diurch is a right pyramid on a 
regular hexagonal base; each side of the base is 10 feet 
and the height is 50 feet ; there is a hollow part which is 
also a nght pyramid on a regular hexagonal base, the height 
of the hollow part is 45 feet, and eadi side of the base is 
9 feet ’ find the number of cubic feet of stone in the spire. 
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XXVL FRUSTUM OF A PYRAMID OR CONE. 

268 To find the volume cf a frustum (f a Pyramid 
or Com 

RdiiB. 2b the areas of the two ends qf the frustum 
add the square root qf their product; multiply the sum 
hy the height of the frustum^ and one-third of the product 
wM he the volume 

269. Examples 

(1) The area of one end of a frustum of a pyramid is 
18 square mches, and the area of the other end is 98 square 
mches, and the height of the frustum is 15 mches. 

The square root of 18x98 IS 42; 18+98+42=158 

^ X 15 X 158=790 Thus the volume is 790 cubic mches 

O 

(2) The radius of one end of a fhistum of a cone is 
6 feet, and the radius of the other end is 3 feet , and the 
height of the frustum is 8 feet 

The area of one end in square feet=25 x 3 1416 , the 
area of the other end m square feet=9x3 1416, the 
square root of the product of meso numbers is 3 1416 mul- 
tiphed by the square root of 9 x 25, that is, 3 1416 x 15 

Add these results and yse obtain 3 1416 multiplied by 
the sum of 25, 9, and 15 , that is, 3 1416 x 49 

Then | x 8 x 49 x 3 1416 =410 5024 

Thus the volume is 410 5024 cubic inches 

270 It will be seen that m the second example of the 
precedmg Article we have adopted a pecuhar arrangement, 
with the view of savmg labour m mnltiphcation. The same 
arrangement may always bo used with advantage ii^finding 
the volume of the fiustum of a cone, when the radii of the 
ends are known. In fiict, m such a case we may, mstcad 
of the rule in Art 268, adopt the followmg, which is sub- 
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stantinlly the same, bat more conrenient in form. cMd the 
squares of the radii (f the ends to the product <f the 
radii : multiply ihe sum hy the height, and this product 
ty 3 1416 one-third of the result will he the volume, 

271. "We mil now solve some exercises. 

(1) The radii of the ends of a fhistnm of a right circa* 
lar cone are 7 inches and 10 inches respectively; and the 
slant height of the frastnm is S inches. 

We most determine 
the height of the frus- 
tum 

Let the diagram re- 
present a section of the 
Inistom made by a plane, 
contaimng the axis of the 
cone. We see that the slant height is the hypotenuse of a 
right-angled triangle, of whicli one side is the height of the 
finstum, and the other side is the difference of the radu of 
the ends 

Li the present case the slant height is 5 inches, and the 
difference of the radii of the ends is 3 inches , therefore, 
by Art 60, the height of the frustum is 4 mches. 

Ifow 7x7=49, 10x10=100, 7x10=70; 

49 -J- 100 -I- 70 =219 ; I X 4 X 219 X 3 1416 =917 3472. 

O 

Thus the volume is 917 3472 cubie inches. 

(2) The ends of a frustum of a pyramid are equilateral 
triaugles, the sides being 3 feet and 4 feet respectively ; 
and the height is 9 feet. 

By Art 206 the area of one endin square feet=9 x *433...; 
and the area of the other end m square feet=16 x'433 . , 
the square root of the product of these numbers = 12 x *433... 
Add these three results, and we obtain 37 x *433 .. 

Then | x 9 x 37 x *433 ..=4S 063 

Thus the volume is rather more than 48 cubic feet 
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Find m cubic feet the volumes of frustums of pyramids 
whicb bare the folloiring dimensions 

1 Areas of ends 4 5 square feet and 12 5 square feet, 
height 1 5 feet 

2. Areas of ends 4 square feet and 6 square feet, 
height 2 feet 6 inches 

3 Areas of ends 900 square inches and 65 square 
feet, height 2 yards 

4 Areas of ends 7*5 square feet and S 25 square feet , 
height 6 125 feet 

Find in cubic feet the volumes of frustums of cones 
which have the following dimensions 

6 Eadu of the cuds 3 feet and 4 feet height 6 J feet. 

6 Kadii of the ends 45 feet and 54 feet; height 

6 5 feet 

7 Badu of the ends 48 feet and 64 feet, height 

7 2 feet 

8. Badu of the ends 6 375 feet and 5 1 feet ; height 
10 feet 

9, The slant side of the frustum of a nght circiilir 
cone IS 5 feet, and the radu of the ends are 7 feet and 
10 feet find the volume. 

10 Find the cost of the frustum of a right circular 
cone of marble at 24 shillings per cubic foot, the diameter 
of the greater end being 4 feci^ of the smaller end 1^ feet, 
and the length of the slant side S feet 
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11. The ends of the frustum of a pyramid are equila- 
teral triangles, the lengtlis of tho sides being 6 feet and 
7 feet respectirely, the height of the frustum is 4 feet 
find the volume 

12. The ends of the frustum of a pyramid are squares, 
the lengths of the sides bemg 20 feet and 30 feet respect- 
ively: the length of the straight hne vr^ch joins the 
middle pomt of any side of one end with the middle point 
of the corresponding side of the other end is 13 feet £bd 
the volume. 

13 The shaft of Pompey’s pillar, which is situated 
near Alexandna in E^t, is a single stone of granite ; the 
height IS 90 ibet, the diameter at one end is 9 feet, and at 
the other end 7 feet 6 mches : find the volume 

14. The mast of a ship is 50 feet high ; the circumfer- 
ence at one end is 60 inches, and at the other 36 find the 
number of cubic feet of wood. 

15. The radii of the ends of a frustum of a right circu- 
lar cone are 7 feet and 8 feet respectively; and the height 
is 3 feet . find the volume of the cone from which the frus- 
tum was obtained. 

16 The radii of the ends of the frustum of a right 
circular cone are 7 feet and 8 feet respectively; and the 
height IS 3 feet find the volumes of the two pieces ob- 
tained by cutting the frustum by a plane parallel to tho 
ends and midway between them. 

17 The radii of the ends of a frustum of a right dr- 
cuiar cone are 7 feet and 8 feet respectively; and the 
height is 3 feet ; the frustum is cut mto three^ each one 
foot in height, by planes parallel to the ends: find the 
number of cubic mches m each of the pieces 

18. The ends of the frustum of a pyramid are regular 
hexagons, the lengths of the Sides being 8 feet and 10 feet 
respectively ; the height of the frustum is 12 feet • find tho 
volumes of the two pieces obtained by cutting the frustum 
by a plane parallel to the ends and midway between them. 
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XXVII. T7EDGE, 

272 Tojmi tha volume qf a wedge 

Rtmc Add the length of the edge 
to twice the length of the base; mul- 
tiply the mm by the width qf the 
base, and the product by the height 
of the wedge, one- sixth ^ the result 
will be the volume of the wedge. 

273 Examples 

(1) The edge of a wedge is 12 inches ; the length of 
the base is 16 inches, and the breadth is 7 inches , the 
height of tho wedge is 24 inches 

12+16 + 16=44, ix44x7x24=1232 

Q 

Thus the Tolume of the wedge Is 1232 cubic inches 

(2) The edgo of a wedge iS 6^ Inches, tho length of 
tho base is 3 mches, and the breadth is 2 inches, the 
height of the wedgo is 4 inches 

6H3+3=lli=f, ixfx2x4=^=16j 
Thus the volume of the wedgo is 15^ cubic inches 

274 . If the edgo of a wedge be equal to tho length 
of the base, the wedge is a triangular prism, so that 
wo are thus furnished with another Buie for finding the 
volume of such a prism. This Buie is in general not 
identical with that given in Art. 246, because tho dimen- 
sions which are supposed to be known are not tho same in 
the two cases. If tho prism be a nght pnsm, it is easy to 
see that tho two Buies are really identical. 
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275 If the edge of a wedge be shorter than the length 
of the base, the wedge can ne dmded into an obhque 
triangular prism and a pyramid on a recimignlar base, by 
drawing a plane through one end of the edge parallel to 
the tnangnlar face at the other end. And, in like manner, 
if the edge be longer than the length of the base, the 
wedge IS equal to the excess of a cer^un triangular pnsm 
over a certain pyramid on a rectangular base. It is by this 
consideration that the Rule of Art. 272 can be shewn to 
be true. 

276 It has been proposed to extend the meaning of 
the word vsedge to the case in which the base instead of 
bemg a rectangle is a parallelogram or a trapezoid. The 
Rule for finding the Tolume will still hold, provided we 
understand the length qf the hose to be half the sum of the 
parallel sides, and the breadth of tlie base to be the per- 
pendicular distance between the parallel sides. 

277. Suppose a solid has 
been obtained by cuttmg a right 
tnangular prism by a plane^ m- 
chned to the length of the pnsm, 
which does not meet the base 
of the pnsm. 

The volume of this solid 
may be found by the followmg 
Rule. 

ifultiply the area of the 
base of the pnsm by one-third 
of the sum of the parallel edges 
^ the solid 

278. The solid considered in the precedmg Article is 
a wedge in the enlarged meamng of the word noticed in 
Ark 276 the Rule mr findmg the volume may be demon- 
strated by a method simdar to that exnlamed m Art 275 
For if through E, the upper eud of &e shortest of the 
three edges, we draw a plane parallel to the base ABG, 
we dinde the solid into a nght pnsm and a.pyraiiud, the 
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volumes of each of these can be obtained by known Rule", 
and it will be found that tho sum of tho two volumes will 
agree with that assigned by the Rule of Ark 277 

279 Suppose a sohd has 
been obtained by cutting a nght 
pnsm having a parallelogram 
for base by a plane, mdmcd to 
the length of the pnsm, which 
docs not meet the base of the 
pnsm The volume of this 
solid may be found by the fol- 
lowing Rule . 

Multtply the area qf the 
base qf the pnsm. by one-fourth 
<jf the sum of the four par~ 
allel edges qf the solid. 

280 It IS easy to see tint AEI+CG=BF+DII , for 
each of these is equal to twice the distance between tho 
pomt of mtersection of AG and BD and tho nomt of inter- 
section of EG and EH ; and thus the Rule of tho pro- 
cedmg Article might be given m this form 

Multiply the area of the base qf the prism by hay the 
sum qftico opposite edges out qf the four parallel edges 

281 Tho Rule of Art 280 follows from that of Art 
iTl For if wo cut tho sohd mto two pieces by a piano 
which passes through AE and CG, the Rule of Art 277 
will determmo the volume of each piece, and it will bo 
found that the sum of the two volumes will agree with 
that assigned by the Rule of Art 280 

Tho Rules of Arts 277 and 279 may be extended in tliO 
same way as the Rule of Ark 256 is extended in Ark 259 

282 "We will now solve some etcrcises 

(1) The edge of a wedge is 18 mehes , the length of 
the base is 20 inches , the area of a section of tho wedgo 
made by a plane perpendicular to the edge is 150 square 
inches find the volume 
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The section made by a plane perpendicular tcr the edge 
is a triangle; therefore the product of the base of this 
triangle into its height is 2 x 150, that is, 300 : this product 
is ihe same as that of the breadth of the wedge mto the 
height of the wedge. 

18 + 20 +20 =68; 58x300=2900. 

o 

Thus the volume is 2900 cubic mches 

The result can be obtamed more readily by the Eule of 
Art 277. 

18+20+20=68, ix 68x150=2900. 

O 

(2) The edge of a wedge is 16 inches ; the length of 
the base is 24 mches, and the breadth is 6 inches ; and the 
height of the wedge is 10 inches The wedge is divided 
into a pyramid and a pnsm by a plane through one end of 
the edge parallel to the triangidar face at the other end. 
Fmd the volume of each part. 

The length of the base of the pyramid is 24—16 inches, 
that is, 8 inches, hence, by Art 263, the volume of the 

pyramid in cubic inches =|x8x6xl0= 160. 

O 

The prism has three parallel edges, each 16 inches 
long; and, by Art. 274, its volume in cubic inches 

=5 X 16 X 6 X 10=480. 

Jt 


EXAMPLES. XXVII 

1 The edge of a wedge is 2 feet 3 mches ; the length 
of the base 2 feet 3 inches, and the breadth is 8 inches; the 
height of the wedge is 15 mdies find the volume 

2 The edge of a wedge is 9 feet; the length of the 
base IS 6 feet, and the breadth is 3 feet ; the height of the 
wedge is 2 feet : find the volume 
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3 The base of a Tvedge is a square, a side of which is 
15 inches; the edge is 124 inches, and the height of the 
wedge is 24 inches . find the Tolumo 

4. The base of a_ prism is an eqmlateral triangle, each 
side of which is 4 inches: find the volume of tbo solid 
obtained by cutting off a piece of this pnsm, so that the 
sum of the three parallel ^ges is 15 inches 

6 The base of a pnsm is a reetaugle which measures 
7 mches by 8 * find the volume of the solid obtained by 
cuttmg off a piece of this pnsm, so that tho sum of the 
four parallel edges is 42 mimes. 

6 The edge of a wedge is 21 inches, the length ot 
the base is 27 indies; the area of a section of the wedge 
made by a plane perpendicular to the edge is 160 square 
inches . find tho volume. 

7 The edge of a wedge is 25 inches , tho length of tho 
base IS 22 mches , a section of the wedge made by a plane 
perpendicular to the edge is an equilateral tnangle, each 
Bide of which is 10 inches : find the volume. 

8 The edge of a wed^e is 15 mches , the length of tho 
base IS 24 mches, and the breadth is 7 inches, the height of 
the wedge is 22 mches, the wedge is divided mto a pyra- 
mid and a prism by a plane through one end of tho edge 
parallel to tho triangular face at the other end find the 
volume of each part 

9 Tho edge of a wedge is 2 feet 3 inches ; the length 
of the base is 2 feet 9 mches, and the breadth is 8 inches , 
the height of tho wedge is 14 inches , the wedge is divided 
mto two pieces by a plane which passes tlirou^ a pomt in 
the edge, distant 18 mches from one end, and which is 
parallel to tho triangular face at that end . find the volume 
of each piece 

10. Tho edge of a wedge is 36 inches , the length of 
tho base is 27 inches, and tho breadth 5 inches : tho height 
of the wedge is 12 inches. Tho wedge is divided by a phme, 
so that the sum of tho three parallel edges m one part is 
42 inches find tho volume of each part 


11—2 
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XXVni. PBISMOID. 

2S3 To find the volume of a Pnsmoid 

Btob Add together the areas 
of the two ends and four times 
the area of a section parallel to 
the two ends and midway between 
them; multiply the sum by the 
height, and oneeixth of the pro^ 
duct will he the volume 

284. Examples 

(1) The area of one end is 4 square feet, of the other 
end 9 square feet, and of the middle seetiou 6 square feet, 
the hei^t is 2 feet. 

1 37 

4+24+9=37, 2x37»«2=^=12|. 

b 3 

Thus the volume is 12^ cubic feet. 

(2) The area of one end is 224 square inches, of the 
other end 216 square inches, and of the middle section 
221 square mches . the height is 18 inches 

224+ 884+ 216 = 1324, 1324 x 18=3972. 

6 

Tims the volume is 3972 cubic inches 

285 The demonstration of the Kule in Art. 283 de- 
pends on the fact that a pnsmoid can be divided into 
pyramids and ivedges, some having their bases in one end 
of the pnsmoid, and some in the other, and all having the 
same height as the pnsmoid. 

286 Each side of the middle section is equal to half 
the sum of the correspondmg sides of the ends Thus if 
the ends are rectangles of knoim dimensions, the area of 
the middle section can be easily found for then four 
times the area of the middle section is equal to the area 



PRISMOID. 165 

of a rectangle, haring for each of its dimensions the sum 
of the corresponding dimensions of the ends 

Each angle of the middle section is equal to the cor- 
responding angle at the ends. 

2S7 If the ends of a prismoid are similar figures 
similarly situated, the prismoid is a frustum of a pyramid, 
and therefore the volnme might be found by the Buie of 
Art 268 By companng the tiro Buies, rro mfor that m 
this case, four times the area of the middle section is equal 
to the sum of the areas of the ends added to tnaco the 
square root of the product of these areas 

288 It has been proposed to extend the meaning of 
the term pnsmoid so as to apply to cases m \rhich the 
ends are not rectilmcal figures Accordingly, the follow- 
ing dcfimtion may be giren A prismoid has for its ends 
any two parallel plane figures, and has its other boun- 
dary sti aight By hanng the other boundary straight is 
meant that a straight hue may be placed on the boundary 
at any point, so as to coincide with the surface from end 
to end This defimtion will mclude a frustum of a cone, 
or cither of the pieces obtained by cuttmg a frustum of a 
cone by a plane which meets both ends. 

The Buie in Art 283 holds for this extended meaning 
of the term pnsmoid. 

289. The Buie for findmg the volume of a prismoid 
holds for many other sohds, but it would not be possible 
to define these solids m an elementary manner the ad- 
vanced student may consult the authors Integral Calcu- 
lus, Aj-L 192. 

290 Tfe will now sob o some exercises. 

(1) The ends of a pnsmoid are trapezoids with four 
parallel edges, the parcel sides of one end are 100 feet 
and 32 feet respectively, and the distance between them is 
28 feet, the corrcspondmg dimensions of the other end 
are 80 feet, 30 feet, and 26 feet, the distance between the 
ends is 112 feet find the volume. 
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The middle section is a trapezoid; one of tlie two 
parallel sides is of 1004-80 feet) that is, 90 feet; and 
the other is half of 324-30 feet, that is, 31 feet . the dis- 
tance between these two parallel ddes is ha^ the sum of 
the corresponding distances for the two ends, that is, half 
of 284-26 feet, that is, 27 feeL 

132 

The area of one end in square feet=-j-- x28=1848 ; 

A 

the area ef the other end in square feet=i|^ x 26= 1430 ; 

A 

the area of the middle section in square feet 
r=l|lx27=1633i; 
fonr lames this area=6534 ; 

1848 4- 1430 4- 6534= 9812 ; \ x 9812 x 112 = 1831571^ 

o 

Thus the volume is 183167J cubic feet 

(2) The edge of a wedge is 21 inches; the length of 
the base is 15 inches, and the breadth 9 inches: the height 
of the wedge is 6 mches ; the wedge is divided mto three 
parts of equal heights by planes parallel to the base * find 
the volume of each part. 

The parts are two pnsmoids and a wedge ; the height 
of each part is 2 inches. 

The first piismoid has one end a rectangle which mea- 
sures 15 mches by 9 ; it will be found that the other end 
IS a rectangle which measures in the correspondmg manner 
17 inches oy 6. The volume by Art 2S3, is 239 cubic 
inches. 

The second pnsmoid has one end a rectangle which 
measures 17 inches by 6 ; it will be found that the other 
end is a rectangle whidi measures in the corre^onding 
manner 19 inches by 3. The volume, by Art 283, is 
161 cubic inches 

The edge of the wedge is 21 inches ; the length of the 
base is 19 mches, and the breadth 3 inches. The volume, 
by Art 272, is 59 cubic mches. 
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The som of the three Tolomes in cubic inches is 
239+161+59, that is, 459 it vnll be found that this is 
equal to the yolume of the onnnal wedge, as of course 
it should be 


EXAMPLES XXVIII 

1 Find the number of cubic feet which must bo re- 
moved to form a pnsmoidal cavity, the depth is 12 feet, 
and the top and the bottom are rectangles, the corre- 
sponding dimensions of which are 400 feet by 180, and 
350 feet by 150. 

2. Find the number of cubic feet which must be re- 
moved to form a pnsmoidal cavity, the depth is 12 feet, 
and the top and the bottom are rectangles, the corre- 
spondmg dimensions of which are 400 feet by ISO feet, 
and ISO feet by 350 feet. 

3 Fmd the volume of a coal waggon the depth of 
which 18 47 inches, the to^ and the bottom are rectangles, 
the correspondmg dimenuons of which are 81 mehes by 
64 inches, and 42 mehes by 30 inches 

4. Find the number of gallons of water required to 
fill a canal the depth of which is 4^ feet, and the top and 
the bottom of which are rectangles, the correspondmg di 
mensions of which are 250 feet by 16 feet, and 240 foot by 
14 feet. 


5. Fmd the number of cubic feet which must be re- 
moved to form a railway cuttmg in the form of a pns- 
moidal cavity; the ends are trapezoids with four parallel 
edges, the parallel sides of one end are 144 feet and 
36 feet, and the distance between them is 36 feel ; the 
correspondmg dimensions of the other end are 108 feet, 
36 feet, and 24 feet the distance between the ends is 
137^ feeL 

6 The ends of a prismoid are rectangles, the corre- 
spondmg dimensions of which are 12 feet by 10 feet and 
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8 feet b; 6 feet , the height of the pnsmoid is 4 feet the 
pnsmoid is divided by a plane pai^el to the ends and 
midway between them find the volume of each part. 

7. The ends of a pnsmoid are rectangles, the corre- 
spondmg dimensions of which are 16 feet by 11 feet, and 
10 feet % 8 feet; the height of the pnsmoid is 9 feet the 
pnsmoid is divided mto three parts, each 3 feet high, % 
planes parallel to the ends* find the volume of eadi of the 
parts 

8 The ends of a prismoid are rectangles, the corre- 
sponding dimensions of which are 20 feet hj 16 feet, and 

14 feet by 12 feet; the height of the pnsmoid is 5 feet the 
pnsmoid is cut mto two wedges by a plane which passes 
through one of the longer sides of one end, and the op- 
posite longer side of the other end. find the volume of 
each part. 

9 The edge of a wedge is 24 mches, the length of the 
base 8 inches, and the breadth is 7 mches, the height of the 
wedge IS 16 mches , the wedge is divided into two parts 
by a plane parallel to the base midway between the edge 
and the base: find the volume of each part. 

10 The edge of a wedge is 27 inches , the length of 
the base is 18 mches, and the breadth is 15 mches, the 
height of the wedge is 12 inches, the wedge is divided into 
three parts of equal height by two planes parallel to the 
base find the volume of each part 

11 The ends of a pnsmoid are rectangles, the corre- 
sponding dimensions of which are 18 feet by 10 feet, and 
12 feet by 16 feet; the height of the prismoid is 9 feet , a 
section IS made by a plane parallel to the ends at the dis- 
tance of 3 feet from the hirger end. shew that the section 

15 a square. 

12 Fmd the volumes of the two parts in the preced- 
mg Example 
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(2) The inner diameter of a sphencal shell is 10 inches, 
and the thickness of the shell is inches. 

Here the outer diameter ttOI be 13 inches 

The cube of 13 is 2197; the cube of 10 is 1000, 
2197-1000=1197; -6236x1197=626 7492 

Thns the Tolnme of the shell is very nearly 626 75 cubic 
inches. 

296 If one sphere fall entirely within the other, it is 
obvious that the Buie of Art. 294 will give the volume of 
the space between the surfaces of the two spheres, even 
when the spheres are not concentria 

297. We will now solve some exercises 

(1) The drcnmference of a great circle of a sphere is 
28 inches, find the volume of the sphere 

We first determine the diameter of the sphere, by 
Art 111 this will be about 8 9 inches . then by Art 291 we 
shall obtain for the volume of the sphere about 36912 
cubic inches. 

(2) Fmd the weight of a leaden ball 5 inches in dia- 
meter, supposing a cubic inch of lead to weigh 6 6 ounces 

The cube of 6 is 125; 125 x 5236 = 6545 Thus the 
volume of the ball is 65 45 cubic inches; and therefore its 
weight in ounces=65 45 x 6 6 =431'97. 

(3) If a cubic inch of gold weighs 11 194 ounces, find 
the diameter of a ball of gold which weighs 1000 ounces. 

The number of cubic inches in the ball will be 

that is, about 89334; this number then is equal to the 
product of the cube of the diameter mto 5236. Thus to 
obtain the cube of the diameter we must divide 89 334 bj 
*5236 ; the quotient will be found to be 170 615. The cube 
root of this number will be the diameter; we shall find 
tl^t this cube root is 6*546. Thus the ^ameter of the 
ball IS about 5 55 inches 
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EXAMPLES XXIX. 

Find the volumes of spheres having the following dia> 
meters 

I. 11 inches. 2 8 feet 3 24 feet 4. 32 5 feet 

Find to the nearest hundredth of a cubic foot the 
volumes of spheres having the followmg circumferences of 
great cwcles. 

5. 6 feet 6 8 feet 7- 10 feet 8 12fcet 

Find in cubic inches the volumes of spherical shells 
having the following dimensions 

9 External diameter S mdies, mtcmal 4. 

10. External diameter 8 inches, internal 6 

II. External diameter 10 mches, internal 7 , 

12. External diameter 16 inches, internal 12 

13. Find how many gallons a hemispherical bowl, 2 feet 
4 inches in diameter, vnil hold. 

14 Find bow long it will take to Gil a beaispbonoal 
tank of 10 feet diameter, from a cistern which supphes by 
a pipe 6 gallons of water per minute 

16 A sohd IS in the form of a nght circular cylinder 
with henusphencal ends, the extreme length is 29 feet 
and the diameter is 3 feet: find the velume 

16 A solid IS in the form of a right circular cylmder 
with hemispherical ends, the extreme length is 22 feet 
and the diameter is 2 feet 6 inches find what will bo the 
weight of water equal in bulk to this solid. 

17 A sphere, 4^ mches in diameter, is cut out of a 
cube of wood, the edge of which is 4^ mches find the 
quantity of wood which is cut away. 

18 Find the weight of a spherical shot of iron, 6 inches 
m diameter, supposmg a cubic inch of iron to weigh 4‘2 
ounces. 
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19. If a sphere of lead, 4 inches in diameter, weighs 
221 a ounces, find the weight of a sphere of lead 5 inches 
in diameter. 

20. Fmd the weight of gunpowder required to fill a 
hollow sphere of 7 inches diameter, supposing that 30 cubic 
inches of gunpowder weigh one lb. 

21. Find the weight of gunpowder required to fill a 
hollow sphere of 9 inches diameter. 

22. Fmd the weight of a spherical shell one inch 
thick, the external diameter of which is 10 inches, com- 
posed of a substance a cubic foot of which weighs 216 lbs 

23 Fmd the weight of a spherical shell 1| inches 
thick, the external diameter of which is 11 mt^es, com- 
posed of iron weighing 4 cwt to the cubic foot. 

24 The external diameter of a shell is 84 inches and 
the internal diameter is 7*2 inches* find the weight of the 
shell if it IS composed of a substance of which a cubic foot 
ueighs 7860 ounces. 

25 Fmd the weight of a shell If inches thick, the ex- 
ternal diameter of which is 13 mebes, composed of metal a 
cubic inch of which weighs 44 ounces 

26 Fmd the weight of a shell 3i inches thick, the ex- 
ternal diameter of which is 1 foot inches, composed of 
metal a cubic foot of which weighs 480 lbs. 

27. If an iron ball, 4 inches in diameter, weigh 9 lbs, 
find the weight of an iron shell 2 mches thick, whose exter- 
nal diameter is 20 indies 

2S If a shell, the external and internal diameters of 
which are 5 inches and 3 inches, weighs 8^ lbs , find the 
weight of a shell composed of the same substance, the ex- 
ternal and mtemal immeters of which are 7f mches and 
4f inches 

29. Shew that the weight of a cone, 7 inches high on a 
circular base, of which the radius is 2 inches, is equal to 
that of a sphencal shell of the same material, of which the 
external diameter is 4 inches and the thickness is 1 inch 

30. Fmd the weight of a pyramid of iron, such that 
its height is 8 inches and its base is an equilateral tnangle, 
each side being 2 mches, supposing a ball of iron 4 inches 
m diameter to weigh 9 lbs 
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31 The radios of the base of a cone is 4 inches find 
the height, so that the Tolume may be equal to that of a 
sphere vnth diameter 4 inches 

32 The height of a cone is 12 inches find the radius 
of its base, so that the yolume may bo cqmialent to that 
of a sphere mth diameter 6 inches. 

33 The circumference of the base of a cone is 32 feet 
find the height so that the volume may bo eqmralent to 
that of a sphere Tnth diameter 10 feet 

34. A Bohd is composed of a hemisphere and a cone 
on opposite sides of the same circular base , the diameter 
of this base is 6 feet, and the height of tho cone is 5 feet 
find the volume of the solid. 

35. Fmd how many times larger tho Earth is than the 
Moon, taking tho diameter of tho Earth as 7900 miles, and 
that of the Moon as 2160 miles 

The following examples mvolvo the extraction of tho 
cube root 

36 Find the length of a cube which shall bo cqmva* 
lent m volume to a sphere 20 inches in diameter. 

37 Find the diameter of a sphere which shall be eqm- 
valent in volume to a cube 20 inches in length 

38 Find the diameter of a sphere which shall be 
equivalent in volume to a cylinder, tho radius of tho base 
of which IS 8 inches and the height 12 inches 

39 If 30 cubic inches of gunpowder weigh one Ib , 
find the internal diameter of a hollow sphere which will 
hold 15 lbs 

40 If aleaden ball of one inch in diameter weigh <,\lb , 
find the diametci of a leaden ball which weighs 58S lbs 

41 If a cubic inch of metal weigh 6 57 ounces, find 
the diameter of a sphere of the metal which weighs 220 16 
ounces. 

42 A Stilton cheese is in tho form of a cylinder, and 
a Dutch cheese in the form of a sphere Determine the 
diameter of a Dutch cheese which weighs 9 lbs , when a 
Stilton chceso, 14 inches high and 8 inches in diameter, 
weighs 12 lbs 
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ZZX. ZONE AND SEGMENT OP A SPHERE.' 

298. To find the volume qf a zone qf a sphere. 

Ritle. To three times the sum qf the squares qf the 
radii of the two ends, add the square qf the height; mul- 
tiply the sum hy the height, and the product by *6236 . tM 
result will be the volume 

299 Examples 

(1) The radii of the ends are 8 inches and 11 inches, 
and the height is 2 inches 

64+121=185, 3x186=655; 655+4=659; 

659 x 2x*5236 = 685 3848. 

Thus the Toliune is about 585 cubic inches. 

(2) The radius of each end is 20 inches, and the height 
IS 9 inches 

400+400=800; 3x800=2400, 2400 + 81=2481; 

2481 X 9 X 6236 = 11691 4644. 

Thus the volume is nearly 11691*5 cubic inches. 

300. The Rule given in Art 298 will serve to find the 
volume of a segment of a sphere, if we remember that the 
radius of one end of a segment is nothmg, but it may be 
convement to state the Riue for this case explicitly. 

301. To find the volume qf a segment of a sphere 

ROTiB To three times the square qf the radius qf the 
base add the square of the height; multiply the sum by 
the height, and the product by *6236 ; the result mil be 
the volume. 
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302. Examples 

(1) The radius of the base is 6 mches, and the bcignt 
3 inches 

3x25=76; 76+9 =84, 84 x 3 x 6236=1319472. 

Thns the volume is nearly 132 cubic inches 

(2) The diameter of the base of a segment is Sir feet, 
and the height is 9 inches 

3 3 9 

9 mches=7 of a foot, the square of t ; 

4 1 4 16’ 

7 7 49 

the radius of the base=7 feet; the square of t = , 

4 4 16 

** 16 16’ 16 16 16 4’ 

3 39 

7 X — x*6236 = 3828825 Thns the volume is nearly 

4 4 

3 83 cubic feet 

303. We vnll now solve some exercises 

(1) The height of a segment of a sphere is 3 inches, 
and the diameter of the sphere is 14 mches* find the 
1 olume of the segment. 

We must first determine the square of the radius of the 
base of the segment Using the diagram of Art 78 wo 
have ED=Z mches, and .EF=14mchea By Art 89 we 
shall find that the square of AD=SS 

33x3=99, 99+9=108; 108x3x 5236 = 169 6464 
Thus the volume is about 170 cubic mches 

(2) The radius of the base of a segment is 24 mches, 
and the radius of the sphere is 26 inches . find the volume 

We must first determine the height of the segment 
Using the diagram of Art 78, wo have .dil= 24 inches, 
and AC=25 mches By Art 60 wo shall find that 
0!Z?=7 inches Therefore EE— 18 inches The square 
of 24= 576 , 676 x 3=1728; the square of 18=324; 
1728+324=2052 

2052 X IS X -5236=19339 6896 
Thus the volume is nearly 19340 cubic inches. 
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I. The radii of the ends of a zone of a sphere are 

7 inches and 8 inches ; and the height is 3 inches . &id 
the Tolume 

2 The radii of the ends of a zone of a sphere arc 

8 inches and 12 inches , and the height is 6 inches find 
the Tolnme. 

3. The height of a segment of a sphere is 6 feet and 
the diameter of the base is 8 feet find the rolume. 

4 The height of a segment of a sphere is 2 feet 
8 inches and the diameter of the base is 8 feet find the 
Tolume 

5 The height of a segment of a sphere is 4 feet, and 
the diameter of the sphere is 12 feet . find the volomo. 

6 The height of a segment of a sphere is 5 feet and 
the diameter of Qie sphere is 15 feet find tlie rolnme 

7. The radios of the base of a segment of a sphere 
is 12 feet and the radius of the sphere is 13 feet find the 
volume of the segment 

8. The radius of the base of a segment of a sphere 
IS 8 feet and the radius of the sphere is 17 feet find the 
volume of the segment 

9 The diameter of a sphere is 20 feet find the 
volumes of the tivo segments into which the sphere is 
divided by a plane, the perpendicular distance of which 
from the centre is 5 feet. 

10 The diameter of a sphere is 18 feet the sphere is 
divided into two segments, one of which is twice as high 
as the other find the volume of each. 
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11 The radius of the base of a segment of a sphere 
18 1 mch, and the radios of the sphere is 2^ inches . find 
the volume of the segment 

12 Find the weight of an iron dumb-bell, consistmg 
of two spheres of 4 ^ inches diameter, loined by a cylmdnem 
bar, 6 mcdies long and 2 inches m diameter , an iron ball 
4 mches m diameter weighmg 9 lbs 

13 The diameter of a sphere is 9 feet; the sphere is 
divided into three parts of equal height by two paiallcl 
planes . find the volume of each part 

14 A sphere, 16 mches in diameter, is divided into 
four paits of equal height by three parallel planes find 
the volume of each part 

15 Find the volume of a zone of a sphere, supposing 
the ends to be on the same side of the centre of the sphere, 
and distant rcspectivdy 10 inches and 15 inches from the 
centre , and the radius of the sphere to be 20 inches 

16. Fmd the volume of a zone of a sphere, supposing 
the ends to be on opposite sides of the centre of the 
sphere, and distant respectively 10 inches and 15 inches 
from the centre; and the ramus of the sphere to bo 
20 mches 

17 A bowl IS in the shape of a segment of a sphere , 
the depth of the bowl is 9 mches, and the diameter of the 
top of the bowl is 3 feet find to the nearest pint tho 
quantity of water the bowl will hold, 

18. Verify by calculatmg various cases the following 
statement if the height of a segment of a sphere is three- 
fourths of the radius of tho sphere the volume of tho seg- 
ment IS three-fourths of the volume of a sphere which has 
its radius equal to tho height of tho segment 
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XXXL IRREGULAR SOLIDS 

304. We "vriU now explain methodsby which we may, 
in some cases, determine the volumes of sohds that are not 
included in any of the Rules which have been given. 

305. Suppose the solid is one which will sink m water, 
but will not oe injured by water. 

Put the sohd inside a vessel of convenient shape, such 
as a rectangular parallelepiped or a (ylmder. Pour water 
mto the vessel until the solid is qmte covered, and note 
the level at which the water stands Remove the solid 
and note the level at which the water then stands. The 
volume of the sohd is of course equal to the volume of the 
water which would he contained in the vessel between the 
two levels , and this can be easily calculated. 

Or we might state the process thus fill the vessel full 
of water, put the solid into it gently and measure the 
lolume of the water which runs oicr. 

306 If the sohd is composed entirely of the same 
substance we may estimate its volume by means of its 
weight thus * weigh the sohd, also weigh a cubic inch of 
the same substance as the sohd, divide the weight of the 
sohd by the weight of the cubic inch, and the quotient will 
be the number of cubic inches in the sohd. If instead of 
ascei toinmg the weight of a cubic inch of the substance we 
ascertam the weight of any known volume of the substance, 
we can determine by a proportion the volume of the pro- 
posed sohd. 

Some examples of the principle that volumes of sohds 
of the same substance are m the same proportion as their 
weights, have been ^ven at the end of Chap. xxix. 

307. A Ride resembling that given in Chapter xvm 
may be used for findmg approximately the volumes of 
certain sohds : 
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Divide the length ef the solid into any eeen nttniba 
of equal parts; and ascertain the areas of sections oj the 
solid through the points of division perpendicular to the 
length qf the solid Add together the first area, the last 
area, tioice the sum qf all the other odd areas, and four 
times the sum qf all the ecen areas; multiply the sum ly 
one-third qf the common distance beticceii tico a^accul 
sections. 

308 Tho preceding HuIo trill in general bo more ac- 
curate tbe greater tho number of sections that arc made ; 
and the rule ought not to bo trusted if the solid bo verj 
irregular in form. The areas required in the Rulo ma> 
themselTes be conveniently determined approximately, in 
some cases, by Chapter xvm. The Rule is omplojcd bt 
Civil Engineers for calculating quantities of earthwork, and 
by Naval Architects for calculating the volumes of water 
displaced by ships To ensure accuracy. Naval Architects 
often perform tho calculation in two ways , namely, from a 
senes of lioruoutal sections, and from a senes of trans- 
verse sections 


EXAMPLES XXXI. 

1. The radius of the base of a cyhndncal vessel is 
10 inches, a block of stone is placed m the vessel and 
IS covered with water, on rcnimnig the block the level 
of tho water sinks 6 inches find tho volume of the block. 

2 If a cubic foot of marble weighs 2716 ounces, find 
the volume of a block of marble which weighs 4 tons 8 ewt 

3 A cask full of water weighs 3 cwt , tho cask when 
empty weighs 40 lbs find to tho nearest gallon tho capa- 
city of the cask. 

4. Five equidistant sections of a sohd aro taken, the 
common distance being 3 feet , the areas of these sections 
lu squaio feet aro 3 72, 5 28, 6 96, 8 77, and 10 72 find the 
volume of the solid between the cxticmo sections. 

5 Five equidistant sections of a solid are tal^cn, the 
common distance being 6 inches , these sections arc all 
circles, and their circumferences aro respectively 67 intlics, 
63 inches, 69 mclies, 76 inches, S3 inches find the volume 
of the solid between the csticnic sections 
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XXXIL SIMILAR SOLIDS 

309. Similar solids are such as are alike in form 
though they may differ in size. 

In common langnage the fact that one sohd is similar 
to another is often expressed by saymg that one is a 
Tnodd of the other. 

310 All cubes are similar sohds All spheres are 
simdar sohds. 

311. It is easy in various cases to give tests for deter- 
mining 'whether two sohds, which are called by the same 
name, are similar. For example . 

If the three edges of one rectangular parallelepiped 
which meet at a point are lespectively double, or treble, or 
any number of times, the three edges of another which 
meet at a pomt, the two rectangular parallelepipeds are 
similar. 

If the height and the diameter of the base of one 
right circular cone are respectively double, or treble, or 
any number of times, the height and the diameter of the 
base of another, the two nght circular cones are similar 
The same test will serve for two nght cwcnlar cylinders 

We may express these statements thus : Two rectan- 
gular parallelepipeds are similar when their edges are pro- 
portionals. Two right circular cones, or two right circular 
cyhnders, are similar when their heights and the diameteis 
of their bases are proportionals 

312 The following most important proposition holds 
'with respect to similar sohds : 

The volumes of similar solids are as the ciCbes <f cor- 
responding lengths: 
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For example, seppose the diameter of one spnere to be 
5 inches, and the diameter of another sphere to be 4 inches ; 
the volume of the first sphere is to the volume of tiio second 
as the cube of 5 is to the cube of 4, that is, os 125 is to 64 . 
so that the larger sphere is almost double the other. 

Fersons vrho have not had their attention drawn to 
such a fhet, often find a difficulty in reahzing the rapid 
rate at which the volumes of similar sohds mcrease, as 
some -assigned dimension of them is increased. 

313. We will now solve some exercisea 

(1) The edge of a cube is 1 foot find the number of 
feet in the edge of another cube of double the volume. 

The cube of the required number is to the cube of 1 as 
2 IS to 1, so that the required number is the cube root 
of 2 this will he found to be 1 2599210 Thus we see that 
a cube with its edge 1 26 feet is rather more than double 
a cube with its edge 1 foot 

(2) The height of a pyramid is 12 feet it is required 
to cut off a frustum which shall be a fourth of the pyramid 

Smee the firustum is to be a fourth of the pyramid, the 
remaining pyramid will be three-fourths of the onginal 
pyramid; and these two pyramids oro similar Theroforo 
the cube of the height of the remaming pyramid must 
be three-fourths of the cube of the height of the origin'll 
pyramid, &at is, f of 1723, that is, 1296 ; thus the height 
in feet of the remaming pyramid is the cube root of 1296 
it will be found that this is 10 9027 

Hence the height of the frustum m feet is 12— 10*9027, 
that is, 1 0973 

(3) The diameters of the ends of a frustum of a cone 
are 6 feet and 10 feet, and the height of the frustum is 
i feet it IS required to dindo the frustum into two equal 
parts by a plane parallel to the b.ise 
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In tlie diagram of Art 210, let AB and CD be the 
diameters of tlie ends. As m tliat Article Tre find 
0 A'=4 6, and 0M= 7 5 Let OL denote tbe perpendicnlar 
distance of the required plane from O. Thus ire shall find 
that the cnhe of OL must be equal to half the sum of the 
cubes of OK and OM. The cube of 4 5=91 125 ; the cube 
of 7 5 =421 875 Thus the cube of OL=\ of 513=256 5 ; 
and therefore the number of feet in OJ£=the cube root 
of 256 5, it iriU be found that this is C 3537. 

Hence the distance of the required plane from the 
smaller end of the frustum in fect=6 3537 — 45=1 8537. 


(4) A frustum of a drcular cone is trimmed just 
enough to reduce it to a frustum of a pyramid irith square 
ends : find how much of the volume is removed. 


This Exercise may be conveniently placed here although 
not strictly connected with the subject of similar solids 

Suppose that the radius of one end is 2 feet, and the 
radius of the other end 3 feet ; and tiiat the height is 
12 feet. By Art 268 the volume of tbe frustum of the cone 

in cubic feet=|x 19 x 3 1416x12=238 7616. "When the 


frustum of the cone is trimmed the ends become squares, 
the diagonals of which are 4 feet and 6 feet respectively 
by Art. 268 the volume of the frustum of a pyramid m 

cubic feet =5 x 38 x 12 = 152. The volume removed is 

therefore 86 7616 cubic feet; and the fractional part of the 


original volume is 


86 7616 
2387616’ 


that is ’36... : 


thus rather 


9 • • 

more than ^ of the original volume is removed. 


Now on examining this process it will be immediately 
seen that the result will ve the same whatever be the 
height of the fiustum; and by trial it will be found that 
the result will also be the same whatever be the radii qf 
the ends of the frustum of a cone. 


Thus the result is rrue for any frustum of a right eircu- 
lar cone. 
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EXAMPLES. XXXII. 

1 If a cannon ball, inches in diameter, ircmh G lbs , 
hnd the weight of a ball of the same metal mehes in 
diameter 

2 If the model of a steam engine weigh 80 lbs , find 
the weight of the engine itself, supposing it made of the 
same substance as tlie model and of nine times its hncal 
dimensions 

3 ^ The heights of two similar right circular cyhnders 
are 7 inches and 10 inches respectirmy shew that a simi- 
lar cyhndcr 11 03 inches high is less than the snm of the 
two, and a similar (^lindor 11 04 inches is greater than tho 
sum of the two 

4 The height of a pyramid is 16 inches, and itsvolnme 
is 400 cubic inches the pyramid is divided into two parts 
by a plane parallel to tho base and distant 4 inches from 
it find the volumes of the parts 

The next four examples involve tho extraction of tho 
cube root 

6 If a cannon ball, 3^ inches in diameter, weigh 6 lbs., 
find tho diameter of a ball of the same metal which weighs 
20 lbs. 

6 Tho height of a nght circular cylinder is 4 feet 
find tho height of a similar Qlmdcr of nine times the 
volume 


7. Tlie diameters of the ends of tho frustum of a cone 
are respectively 20 feet and 16 feet, and the height of tho 
frustum IS 5 feet , the frustum is divided into two equal 
parts by a plane parallel to the ends find tho distance of 
the plane from the smaller end 

8 If the frustum in the preceding Example is dnidcd 

ends, find 


into three equal parts by pi mes parallel to the 
ViiiMfiv'V.ff’w^-olLtbinjnKnca from the smaller end. 
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9. A pyramid on a regular hexagonal base is trimmed 
jost enough to reduce it to a cone, shew that rather less 

than ^ of the original volume is removed. 

10. A frustum of a pyramid on a square base is trimmed 
just enough to reduce it to a frustum of a cone : shew 

that rather more than ^ of the oiigmal volume is removed. 

11. Every edge of a pyramid on a square base is 1 foot: 

/2 

show that the volume of the pyramid is ^ of a cubic foot j 

o 

and that the volume of any pyramid on a square base Trhich 
has all its edges equal may be obtained by multiplymg the 

cube of an edge by . 

o 

12. Eveiy edge of a pyramid on a triangular base is 

1 foot, shew that the volume of the pyramid is-^ of a 

cubic foot, and that the volume of any pyramid on a_tn- 
augnlar base which has all its edges equal may be obtained 

by multiplying the cube of an edge by . 


FIFTH SEOTION. AREAS OF TEE 
SERFAGES OF SOLIDS. 


XXXIIL PLANE SURF AGES 

314. 'We 11017 proceed to the measurement of the 
surfaces of sohds, this subject is properly connected mth 
the second Section of our irorli^Wt vre have thought it 
more conrement for beginners to treat of the volumes of 
sohds before treating of the areas ^the surfaces of sohds. 

31S The area of anj plane surface of n solid must 
bo found by the Rules given m the third Section of the 
work. Wo mil mention the ranons cases that can arise 

The faces of a rectangular parallelepiped are all rect- 
angles; the fiices of any other parallelepiped are paral- 
lelograms, two or four of which maybe rectangles Tho 
ends of a pnsm are triangles or other rectihn^ figures, 
the other faces are rectangles or parallelograms accord- 
ing as the pnsm is right or obhque. Tho base of a 
pyianud is a triangle or other rectilineal figure, and the 
other faces are triangles Tho ends of a pnsmoid, or of 
a frustum of a pyramiA are tnangles or other rcctihncal 
figures, and the other faces are trapezoids. Two of tho 
faces of a wedge are tnangles, each of the other threo 
faces IS a trapezoid, or a parallelogram, or a rectangle. 
In all these cases the surfaces are plane rcctil Acal figures, 
and their areas can be found by R^cs already given. 

A Rule has also been given for findmg tho area of a 
circle, and the following cases will occur for tho apphea- 
tion of the Rule the ends of a circular cyhndcr, tho baso 
of a circular cone, the ends of a frustum of a circular cone, 
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the b!i£C of a segment of a sphere, and the ends of a zone 
of a sphere. 

In fact aw Rnle given in the third Section of the 
hook might n^nd an application in the present Section 
Thus, for example, the Bnle for finding the area of a 
segment of a circle will enable ns to find the areas of 
the ends of the segments of cjhnders which are considered 
in Art 255. 

316 Examples 

(1) Eind the area of the whole snrface of a cube which 
is 8 inches long 

Each face of the cnbe is a square containing 64 square 
inches; and there are six faces: thus the area of the 
whole surface in square inches is 6 x 64, that is 3S4. 

(2) A pyramid stands on a square base which is 10 
indies longj and each of the four faces which meet at 
the vertex is an eqmlateral triangle . find the area of the 
whole surface of the pyramid. 

The area of the base is 100 square inches The area 
of each of the triangular faces is about 43 3 square inches, 
by Art 206, therefore the area of the four triangular 
faces is about 173*2 square inches Thus the area of 
the whole surface of the pyramid is about 2732 square 
lu^es. 

(3) A vessel is to be made in the form of a rectan- 
gular parallelepiped without a lid; externally the lengUi 
IS 4 feet, the breadth 3 feet, and tlie height is 2 feet* find 
the area of the whole external surface. 

The surface consists of two rectangles each measuring 
4 feet 1^ 2 feet, two rectangles each measuring 3 feet 
by 2 fee^ and one rectangle measuring 4 feet by 3 feet 
the total area is 40 square feet 

Suppose that the vessel is to be formed of metal half 
an inc^ thick; and that we have to find how much metal 
IS required. Tlie answer for practical purpioses is this 
we shall require 40 square feet of the assigned thickness 
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And in this manner any such question is usnally solved 
when the thickness of the metal is small compared with 
the dimensions of the vessel 

The exad method of solution has been given m Art 245, 
from which it appears that the exact result is 281^ 
cubic inches iTow a sheet of metal of 40 square feet 
in area and half an inch thick will be found to contam 
2880 cubic inches Thus wo see that the approximate 
result is sbghtly in excess of the exact result ^o thinner 
the material of which the vessel is composed, the smaller 
will be the difference between the approximate res^t and 
the true result , 

(4) A vessel is to be made in the form of a rectangular 
paraUcIepipcd on a square base without a li^ to hold a 
cubic foot, the height is to be half the length find the 
area of the whole internal surface 

A vessel of the same base but of twice tho height 
would be in the shape of a cube, and would hold 2 cubic 
feet, that is 3456 cubic inidies Bence the length of a 
Bide of the base in inches will be the cube root of 3456 
thus wo shall obtain for a side of the base 15119.. inches 
bince the height is half tho length, the area of the base 
18 double that of any of the other four faces, and tliero- 
fore the area of the whole internal surface is three times 
that of tho base, so that in square mehes it is three 
times the square of 16 119 it will bo found that this 
18 68575 . 

Hence, as in the preceding Example, if the vessel is 
to bo m ido of metal of an assigned smml thickness we 
shi^ require about 686 square mehes of motal of that 
thickness 

317. Tlie principle illustrated in tho last two Ex- 
amples may bo thus stated in order to construct a 
vessel of material harmg an assigned small thickness wo 
reqmre a sheet of the material cqmvalent to tho ex- 
ternal surface of tho vessel Admitting this prinaplo we 
can give an interesting practical form to somo results of 
calcination nms, for instance, hy comparmg the results 
of Examples 37 41 at the end of the present Chapter, 
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and of similar Examples, we can see that the following 
theorem is true: a vessel of giten capacity is to he Ttin<i« 
in the form of a rectangular parallelepiped on a sguaro 
base; if there is to be no Iid the internal surface will 
be least when the height is half the length, Thu% 
with the view of savmg material, the most advanta- 
geous shape IS that in which the height is half the 
length. 

In like manner from the results of Examples 42 ..46, 
and of similar Examples, wo learn that if there is to be 
a lid the cube is the most advantageous shape. 

And suppose that we have to make a vessel in the 
form of a rectangular parallelepiped on a square base, 
out of a given quantity qf material: then if there is 
to be no M the capacity will be greatest when the height 
is half the length, and if there is to be a lid the capacity 
will be greatest when the vessel is a cube. 


EXAhfPLES . XXXIIL 

Emd the area of the whole surface of the cubes which 
have the followmg len^hs: 

1. 2 feet 6 inches. 2. 3 feet 8 mches. 

3. 6 feet 10 inches. 4. 6 feet 7 inches 

Emd the area of the whole sur&ces of rectangular paral- 
lelepipeds which have the following dimensions. 

5. 2 feet 6 inches, 3 feef^ 5 feet. 

6. 2 feet 4 inches, 3 feet 6 inches, 4 feet 

7. 2 feet 8 inches, 3 feet 2 indies, 4 feet 10 inches. 

8. 2 feet 11 inches, 3 feet 7 inches, 5 feet 2 mches 

Emd the area of the whole surface of right triangular 
prisms having the followmg dimensions: 

9. Sides of the base, 3, 4, and 6 feet; height 8 feet 

10. Sides of the base, 8, 15, and 17 feet, height 10 feet 
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11. Sides of the base 1 foot 4 inches, 2 feet 1 inch, 

3 feet 3 inches, height 7 feet 6 inches 

12 Sides of the base 2 feet 1 inch, 2 feet 9 inches, 

4 feet 4 inches, height 8 feet 

13. Find the area of the whole surface of a pyramid 
on a square base, each side of the base is 2 feet 7 inches, 
and the length of the straight line drawn from the vertex to 
the middle point of any side of the base is 3 feet 5 inches. 

14. Fmd the area of the whole surface of a pyramid on 
a square base; each side of the base is 3 feet 4 mches, and 
the length of the straight line drawn from the vertex to 
the middle point of any side of the base is 5 feet 8 inches 

15. Find the area of the whole surface of a pyramid 
on a square base, each side of the base is 3 feet 4 inches, 
and each of the other edges is 8 feet 5 mches. 

16. Find the area of the whole surface of a pyramid 
on a square base, each side of the base is 28 feet, and each 
of the other edges is 16 feet 1 inch 

17. Fmd the area of the whole surface of a pyramid 
on a square base, having its other faces equal , each side of 
the base is 17 feet 6 mehes, and the height of the pyramid 
is 17 feet 4 inches. 

18 Find the area of the whole surface of a pyramid 
on a square base, having its other faces equal; each side 
of the base is 29 feet 2 inches, and the height of the pyra- 
mid is 24 feet. 

19 Find the area of the whole surface of a frustum of 
a pyramid, the ends are squares, the sides of which are 
2 feet and 3 feet respectively, and the distance between 
the parallel sides of each trapezoidal face is 6 inches 

20 Find the area of the whole surface of a frustum of 
a pyramid , the ends are squares, the sides of which are 

2 feet 3 inches and 4 feet 9 inches respectively, and the 
distance between the parallel sides of each trapezoidal face 
IS 18 mehes 

21. Find tlie area of the whole surface of a frustum of 
a pyramid; the ends are squares, the sides of which are 

3 feet 4 inches and 3 feet 10 inches respectively, and each 
of the remaining edges is 5 inches 
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22. Find the area of the whole snrface of a frustum of 
a pyramid; the ends are squares, the sides of which are 
3 feet 2 inches and 4 feet respectively, and eadi of the 
remaining edges is 13 mches. 

23. Fmd the area of the whole surface of a pnsmoid; 
the ends are rectangles; one measures 7 feet by 6 feet, 
and the corresponding dimensions of the other are 4 feet 
6 inches and 4 feet 10 mches, each of the re mainin g 
edges is 25 mches 

24 The four faces of a triangular pyramid are equi- 
lateral triangles, the edge of each bemg 10 feet* find the 
area of the whole surface 

25 Fmd the area of the whole snrface of a pyramid 
on a rectangular base which measures 4 feet 6 mches 
by 6 feet 8 mehes, each of the remainmg edges being 
6 feet. 

26. The area of the whole surface of a cube is 7 
square feet 6 square mches find the volume 

27. The dimensions of a rectangular parallelepiped are 
3, 7, and 9 feet, find the edge of the cube of equivalent 
surface 

28. The edge of a wedge is 12 inches, the length of the 
base is 10 mches, and its breadth 2 mches, each of the 
other sides of the trapezoidal faces is 25 mdies: find the 
area of the whole surface 

29 The edge of a wedge is 14 inches, the length of the 
base IS 6 mches, and its breadth 2 mches; each of the 
other sides of the trapezoidal faces is 9 inches find the 
area of the whole surface 

SO Fmd the area of the whole surface of a ngbt 
pnsm,the ends of whidi are regular hexagons, each edge 
of the sohd bemg 2 feet. 

31. The base of a pyramid is a regular octagon, each 
side being 4 feet, each of the other edges of the pyramid 
18 12 feet 1 mch. find the area of the surface excluding 
thebasa 

32 The dimensions of a rectangular p.'irallelepipcd arc 
18 inches, 16 inches and 6 mches. find the area of the 
whole snrface of a cube of equiialcnt volume 
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33 The length, breadth, and height of a rectangular 
parallelepiped are respectively 8, 18 and 21 inches find 
Its surface Also find the surface of a rectanguhir paraU 
Iclcpiped of the same height and volume on a square 
base. 

If two rectangular parallelepipeds have the same height 
and volume, and ene of them have a square base, the 
whole surface ef this will bo leas than the whole surface of 
the other , verify this statement by comparing the sur- 
faces of the following rectangular parallelepipeds with the 
surface of others having respectivelj the' same volume, and 
Iieight, and square bases 

34 Base 3 feet by 4 feet, height 5 feet. 

35 Base 3 feet by 7 feet, height 9 feet 

36 Base 8 feet by 16 feet, height 19 feci 

The following examples mvohe the extraction of the 
cube root , 

A vessel wUkout a lid m the form of a rectangular 
parallelepiped on a square base is to bo made to hold 
1000 cubic inches find m square inches the area of the 
whole external surface in the followmg cases 

37. The height equal to the length. 

38 The height equal to twice the length. 

39 The height equal to half the length 

40 The height equal to three times tho length. 

41. The height equal to one-third of tho length. 

A vessel vnth a hd m the form of a rectan^ar paral- 
clcpiped on a square base is to be made to hold 1000 cubic 
nehes find in square inches the area of tho whole internal 
urface in the following cases 

42. The height equal to the length. 

43 The height equal to tivico tho length 

44 The height equal to half tho length. 

45. The height equal to three times the Icngtlt 

46 The height equal to one-third of the lengtli. 
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XXXIV. EIGHT CIRCULAE OTLINDER. 

318. The surface of a right circular (g-linder consists 
of two circnlar ends, and another portion which we shall 
call the curved surface 

319. Let ABCD be a rect- 
angla Cut it out of paper or . 

caraboard. Then let it be bent "r 

until the edge AR just comes 
into contact with the edge DC. 

It is ea^ to see that by proper 
adjustment, we can thus ob^n 
a tiun (wlindncal shell; .A5 be- 
comes the height of the shell, 

and the circumference of the ® ® 

base Hence it will follow that 
the curred surface of a right circular qrlinder is equal to 
a rectangle one dimension of whidi is the height of the 
cylinder, and the other dimension the circumference of the 
base of the cylmder * thus we obtain the Rule which we 
shall now give 

320. To find the area qf the curved surface qf a right 
circular cylinder. 

Rule. Multiply the circumference qf the base by the 
height of the cylinder. 

321. Examples 

(1) The radius of the base of a right circular cybnder 
is 3 feet, and the height is 2^ feet: find the area of the 
curved surface. 

The drcumference of the base in feet=2x3x31416 
= 188496; |x 18 8496 =47 124. 

Thus the area of the curved surface is about 47 124 
square feet 
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(2) The diameter of the base of a right circular cylin- 
der IS 16 inches, and the height is 25 inches . find* the 
area of the irhole surface 

The circumference of the base in mchcs=16x3 1416 
=50 2656 ; 25 x 60 2656 =1256 64, 

Thus the area of the curved surface is about 1256 64 
square inches 

The area of the two circular ends in square inches 
= 2 X 64 X 3 1416 =402 1248, 

1256 64+402 1248=1658 7648 

Therefore the area of the whole surface is about 
1658 7648 square inches 

322 The following inferences may be easily drawn 
from the Rule of Art 320 : 

If tlie height of the nght circular cylmdcr bo equal to 
the radius of the base, the area of the curved surface is 
equal to that of the two ends of the cylinder, if the height 
be twice the radius, the area of the curved surface is 
twice that of the ends, if the height be three times the 
radius, the area of the curved surface is three times that 
of the ends . and so on. 

If the height be half the radius the area of the curved 
surface is half that of the ends, if the height bo a third of 
the radius the area of the curved surface is a third of 
that of the ends and so on. 

We may sum up these inferences thus /Ac height gf a 
nght circular cylinder hears the same proportion to the 
} adius qf the hose as the area qf the cut ved surface heat s 
to the area qf the two ends 

323 By the process of Art 319 we can easily form 
other right cjlmdrical shells tlio bases of which are not 
circles, but various ovd curves and thus wo see that the 
area of the curved surface of any right cylinder may bo 
found by multiplying the penmeter of the base by the 
height of the cylmdcr. 
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324 We will now solve some exercises. 

(1) The area of the whole surface of a right drcular 
(^hnaer is 20 sqnare feei^ and the height of the cylinder 
IS eqnal to half the radios of the base find the radios of 
the base 

By Art. 322 the area of the curved surface is equal to 
that of one of the ends, and thus three times the area of 
an end is 20 square feet therefore the area of one end=6§ 
square feet=960 square inches We must then find the 
radius of the base by Art 171. Divide 960 by 3 1416; the 
quotient is 305*58, the square root of this is 1748... 
Thus the radius of the base is 17 5 mches nearly 

(2) The area of the curved surface of a right circular 
cylinder is 30 square feet, and the volume is 120 cubic 
feet find the radius of tiie base, and the height of the 
cyhnder. 

The product of the height into the area of the base is 
120 , the product of the height into the circumference of 
the base is SO hence, by mvision, the area of the base 
divided by the circumference of the base= 120— 30=4. 
But, by Art. 176, the area of the base divided by the cir- 
cumference of the base is equal to half the radios thus 
half the radius is 4 feet, and therefore the radius is 
8 feet. 

Hence the circumference of the base in feet = 16 x 3 1416 
=50 2656, and therefore the height of the cylmder in 
feet=30-50 2656= 6967... 

(3) A vessel is to be made in the form of a right 
circidar cylmder, without a hd, to hold a cubic foot, the 
height is to be equal to the radios of the base find the 
area of the whole internal surface. 

The volume is to be 1728 cubic mches. Proceeding as 
in Art. 253, we see that the height m inches will be the 
1728 

cube root of ~ thus we shall obtam for the height 
3 1416 

8 1934 inches. The area of the whole internal surface is 
three times the area of one end, so that m square inches 
it IS three times the product of 3 1416 mto the square of 
8 1934 ; it will be found that this is 632 70 . 
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9 Height 5 feet 6 inches, circumference of base 
20 feet. 

10 Height 6 feet 3 inches, drcumference of base 
24 feet. 

11. The area of the curred surface of a right circular 
cjlinder is 6 square feet, and the circumference of the base 
is 3 feet 9 mches find the height. 

12 The area of the curved surface of a right drcniar 
OThnder is 6§ square feet, and the ra^us of the base is 
2jfeet. find the height. 

13 The area of the whole surface of a right circular 
cybnder is 14 square feet, and the hemht of the cyhnder 
is equal to the radius of the base . find the radius of the 
base. 

14. The area of the whole surface of a right circular 
cyhnder is 24 square feet, and the height of the cylinder is 
twice the radius of the base . find the radius of the base. 

16 The area of the whole surface of a right circular 
cylinder is 30 square feet, and the height of the cylinder is 
half the radius of the base . find the radius of the base 

16 Tlie area of the curved surface of a right circular 
(yhnder is 2| square feet, and the volume of the cybnder 
is 3i cubic feet, find the radius of the base 

17. The area of the curved surface of a nght circular 
(^hnder iS 4 square feet, and the volume of the cyhnder is 
6" cubic feet : &id the area of one end. 

18 The area of the curved surface of a right circular 
cylmder is 3 square feet, and the volume is 2^ cubic feet : 
^d the height 

19 The area of the base of a right circular cyhnder is 
314 16 square mches , the volume is 3141 6 cubic inches . 
find the area of the curved surface 

20. The area of the base of a right circular cylmder is 
1000 square inches ; the volume is 5 cubic feet : find the 
area of the curved surface. 
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The following examples mrolre the extraction of the 
cnbe root 

A vessel witJiout a hd in the form of a right circniar 
iTflinder is to hold 31416 cubic inches; find in square 
inches the area of the whole internal surface m the fol- 
lowing cases : 

21, The hdght equal to tho radius of the base 

22. The height double the radius of tho base. 

23 The height half tho radius of tho base 

24. The height three tunes tho radius of tho base 

25 The height one-third of the radius of tho base 

A vessel with a bd in the form of a right circular 
cvlmder is to hold 31416 cubic mchcs find m square inches 
the area of the whole mtcmal surface m tho following 
cases 

26 The height equal to tho radius of tho base 

27 The height double tho radius of the base 

28. Tho height half tho radius of tho base 

29 The height three tunes the radius of the base 

30 Tlie height onc-tlurd of tho radius of tho base 

31 Tho edge of a cube is 10 inches, a right circular 
cyhnder of tho same volume as the cube has its height 
equal to tho radius of its base find tho area of the whole 
Eurfiico of the cube, and also of tho cyhndcr 

32 A vessel in tho form of a right circular cyhnder 
without a hd is to contain 1000 gallons find tho area of 
the whole mtemal surface supposing tho vessel to be of the 
most advantageous shape. 
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XXXV. SEGMENTS OP A RIGHT CIRCULAR 
CYLINDER RING. 

326. Simple rales can be given for finding the areas 
of the curved surfaces of certain segments of a right 
circidar cylmder ; as we will now shew. 

327 Suppose a right circular cy- 
linder cut into two parts by a plane 
parallel to the aios, the surface of 
each part consists of two segments of 
a circle, a rectangla and another por- 
tion which we shall call the curved 
surface 

The area of each of the segments 
of a circle can be found by Arts. 185 
and 186 The area of the rectangle can 
be found by Art 134 The area of 
the curved surface can be found by the following Rule: 
mvdtiply the length qf the are of the hase hy the height qf 
the cylinder. 

Or we may find the area of the rectangle and the 
curved surface together by the Rule of Art 323, multiplv 
(he perimeter of the base by the height qf the cylinder 



328 Suppose a solid has been 
obtained by cuttmg a right circular 
cylinder by a plane, incuned to the 
axis, which does not meet the base 
of the cylinder The surface of this 
Eohd consists of the base which is a 
circle, the other end which is also 
a plane curve, and another portion 
which we shall call the curved 
suiface. 

The area of the base can be 
found by Art 168. No Rule 
has been given in this work for 
findin g the area of the other end 
exactly; but the area might be 
found approximately by Art 193 
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we may remark that this plane curve is called an 
ellipse, and is of great importance m mathematical in- 
vestigations 

The area of the carved surface can be found hj the 
following Rule multiply the circumference qf the base by 
the height <f the solid 

329 The height of the solid m the preccdmg Rule is 
to be imderstood in the same sense as in Art 256 The 
truth of the Rule may be shewn in the manner of Art. 257. 

330 Suppose a sohd has been obtained by cutting a 
right circular cyhnder by two planes mclmed to the axis, 
which do not meet each other The area of the curved sur- 
face will be found by multiplying the circumference of the 
base qf the cylinder by the height of the solid The height 
qf the solid is to be understood as in Art. 259 The Rule 
follows from the fact that the sohd maybe supposed to 
be the difference of two sohds of the kind considered in 
Art 256 or Art 328 

331 To find the area qf the surface qf a solid ring 

Rule, Multiply the circumference of a circular sec- 
tion qf the ring by the length qf the ring 

The length of the rmg is to be understood as in Art 261. 
The Rule may be illustrated in the manner of Art 260. 

332 Examples 

(1) The radius of the circular section of a rmg is one 
men, and the length of the rmg is ten inches 

The circumference of the circular section of the ring is 
2 X 3 1416 inches , therefore the area of the surface of the 
nng in square mi^es is 10 x 2 x 3 1416, that is 62 832. Thus 
the area of the surface is 63 square inches nearly 

(2) The inner diameter of a rmg is 7 inches, and the 
outer diameter is 8 mches 

As in Art 262 we find that the radius of the circulBr 
section IS ^ of an inch, and the length of the ring is 23 562 
inches , therefore the area of the surface of the nng m 
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EXAMPLES. XXXV. 

1. Find the area of the enrred sorface of the Binaller 
of the two pieces in the diagram of Art. 327, supposing 
the height of the sohd to be 4 feet, the radius of the circle 
15 mches, and the chord of the circle equal to the radius. 

2. Find the area of the curred surface of the smaller 
of the two pieces in the diagram of Art 327, supposing 
the height of the sohd to be 4 feet 2 inches, the ramus of 
the cirde to be 8 inches, and the chord to subtend a right 
angle at the centre of the circle 

3 The radius of the base of a (^linder is 16 inches , a 
piece IS cut off by two planes inchned to the axis of the 
cylinder, which do not meet each other; the length of the 
portion of the axis between the two planes is 35 mches , 
find the area of the curved surfiice. 

Find in square mches the areas of the surfaces of mgs 
having the foUowmg dimensions • 

4 Length 20 indies; circumference of cross section 
4 inches. 

5. Length 25 Inches; radius of cross section | of an 
inch 

6. Outer diameter 4'7 inches; inner diameter 41 
inches. 

7. Inner diameter 11 inches ; diameter of cross see* 
tion 2 indies. 

8. Outer diameter 26 inches, diameter of moss sec- 
tion 4 inches. 

9 Outer diameter 25 inches; circumference of cross 
section 10 mches. 

10. Inner diameter 20 inches , cu-cumference of cross 
section 12 mches. 

11. The area of the surface of a ring is 100 square 
inches ; the radius of the cross section is 1 inch : find the 
length of the rmg. 

12 The area of the surface of a ring is 120 square 
inches ; the length is 20 inches: find the inner diameter. 
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333 The surface of a right circular cone consists of a 
circular base and another portion which we shall call the 
curved surface. 

334. Let ABCD be a sector of a circle Out it out of 
paper or cardboard- Then let it bo bent until the edge 

just comes into contact with the 
edge AD It IS easy to see that by 
proper adjustment we can thus ob- 
tain a thin shell, the outside of which 
will correspond to the curved surface 
of a right circular cone A becomes 
the vertex of the cone, AB becomes 
the slant height of the cone, and 
BCD becomes the circumference of 
the base of the cone Hence it will 
follow that the curved surface of a 
right circular cone is equal to a sector of a circle, the 
radius of the sector being the slant height of the cone, 
and the arc of the sector being the circumference of the 
base of the cone thus we obtain the Rule which we shall 
now give 

335 To find the area q/’ the curved surface of a right 
circular cone 

Rulk. Multiply the circumference qf the hose hy the 
slant height (f the cone, and half the product will he the 
area of the curved surface 

336 Examples 

, (1) The radius of the base of a right circular cone is 
8 inches, and the slant height is 14 mehes find the area 
of the curved surface 

The cu-cumference of the base in inches =2 x 8 x 3 1416 
=602656; ^X 14 x 60 2666=351 8592. 
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area of the curved surface is 352 inches 

''^(2) The radius of the base of a nght jdrcular cone is 
4 feet, and the height of the cone is 3 feet find the 
area of the whole surface. ^ 

We must first find the slant height of the cone, h; 
Art 55, the slant height in feet is the square root of 16+9, 
that IS, the square root of 25, that is 5 


gx5x2x 4x3 1416=20x3 1416=62832. 


Thus the area of the curved surface is 62 832 square < 
feet 

The area of the base in square feet=4x4x31416 
=50 2656 Therefore the area of the whole surface m 
square feet= 62 832 + 50 2656 = 113 0976. 


337. The following infeiences may be easily drawn 
from the Buie m Art. 335 * 

If the slant height of the right circular cone be twice 
the ra^us of the base the area of the cun'ed surface is 
twice that of tlie base of the cone, if the slant height be 
three times the radius of the base, the area of the curved 
surface is three times that of the base of the cone ; and 
BO on 

We may sum up these inferences thus . the slant height 
of a rigM circular cone hears the same •proportion to the 
radius of the hose as the area <f the curved surface hears 
to the area of the base. 


338 We will now solve some exercises. 

(1) The area of the whole surface of a right circular 
cone IS 24 square feet, and the slant height is twice the 
radius of the base find the radius of the base. 

By Art. 337 the area of the curved surface is equal to 
twice the area of the base, and thus three times the area 
of the base is 24 square feet therefore the area of the 
base IS 8 square feet We must then find the radius of 
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the base by Art 171. Divide 8 by 3*1416 ; the quotient is 
12 5464 , the square root of this is 1 5953 very nearly 
Thus the radius of the base is 1 5953 feet very nearly 

(2) The volume of a right circular cone is 20 cubic 
feet, the height is twice the radius of the base find the 
area of the whole surface. 

By Art 263 we see that the product of tho cnho of 
2 

the radius of the base into r of 3 1416 is equal to 20, so 

o 

that the cube of the radius of tho base 

60 30 

2x31416 31416 

therefore the radius of the base in feet is tho cube root of 
9 549 this we shall find to bo 2 1215 Therefore tho 
area of the base in square feet is the product of 3 1416 
into the square of 2 121 . it wiU be found that this is 
14140 . 

> 

Now if the radius of the base wore 1 foot, and tho 
height of the cone were 2 feet, the shnt height would bo 
t/5 feet, by Art 55, that is, the slant height would bo 
ijs hmes the radius of the base And thus in the present 
case since the height is twice the radius of tho base, tho 
slant height is times tlic mdius of the base that is 
the slant height is 2*236 tunes the radius of the base. 

Hence, by Art 337, the area of tho curved surface in 
square feet is the product of 2*236 into 14 140 that 
18 31617 . 

Therefore the whole area of the surface in square feet ' 
=14140+31 617=45 767 

(3) The volume of a right circular cone is 20 cubic 
feet, the slant height is three times the radius of tho base 
find the area of the whole surface 

If the radius of the base were 1 foot 
heightwere 3 feet, the height would bo ^8 feet by Art. 60 , 
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base And thus in the present case since the slant height 
is 3 times the radios of the base, the height is hmaa 
the radius of the base 

Then, as in the preceding Exercise, we see that the 

3 yc 20 

cube of the radius of the base=- 75 — it will be 

found that this is 6 752 . ; therefore the radius of the 
base is the cube root of 6 752 . it will be found that this 
is 1 890 .. 

By Art 337, the area of the whole surface is 4 times 
the area of the base, so that in square feet it is 4 times 
the product of 3 1416 into the square of 1 890 . : it will be 
found that this is 44 888 .. 

The whole surface is less in this case than in the case 
of the preceding Exercise In fact, it will be found by 
comparing the results of Examples 31 . 40 at the end of 
the present Chapter^ and of similar Examples, that if the 
whole surface of a right circular cone be given, the volume 
is ^atest when the slant height is three times the radius; 
and if the volume of a right circular cone be given the whole 
surface is least when the slant height is three times the 
radius 


EXAMPLES. XXXYI. 

Eind in square indies the area of the curved surface of 
right circular cones havmg the following dimensions . 

1. Slant hdght 2 feet 3 inches, circumference of base 

4 feet 5 inches. 

2. Slant height 3 feet 2 inches circumference of base 

5 feet 7 inches 

3. Slant height 2 feet, radius of base 1 foot 9 inches. 

4. Slant hdght 2 feet 8 inches, radius of base 2 feet 
10 inches 

5. Slant height 3 feet, radius of base 1 foot 6 inches 

6. Height 2 feet, radius of base 7 inches. 

7. Height 3 feet 4 inches, radius of base 9 inches 
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8. Height 2 feet 6 inches, radius of haso 1 foot 
4 inches. 

9. Height 5 feef^ radius of hase 11 inches 

10 Height 4 feet 8 inches, radius of base 2 feet 
9 inches 

11. Height 5 feet, penmeter of base G 2832 feet 

12 Height 12 feet, perimeter of base 10 feet, 

Fmd in square feet tho area of the whole surface of 
right circular cones haring the following dimensions 

13. Slant height 4 feci^ radius of base 2 feet 

14. Slant height 5 3 feet, radius of base 3 2 feet. 

15 Slant height 6 feet, circumference of base 8 feet 

1 6 Slant height 6 4 feet, circumference of base 9 7 feet. 

17. Height 1 foot, radius of base 5 inches 

18 Height 1 foot 9 mches, radius of base 1 foot 
8 inches. 

19 Height 18 inches, circumference of base 27 inches. 

20. Height 4 feet, circumference of base 7 feet 

21 Tho area of tho curved surface of a right circular 
cone IB 750 square inches, and tho circumference of the 
base IB 50 mches find the slant height. 

22 The area of tho curved surface of a right circular 
cone IS 800 square inches, and the circumference of the 
base IS 64 mches . find the height of tho cone 

23 The area of tho curved surface of a right circular 
cone IS 12 square feet, and tho radius of the base is 1 5 
feet' find the slant heights 

24 The area of the curved surface of a nght circular 
cone IS 25 square feet, and the radius of the base is 2'25 
feet find the height of the cona 

25. The area of tho curved surface of a nght circular 
cone IS 650 square inches, and tho slant height is 25 
mches. find tho circumference of tho base. 
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26. The area of the cnired surface of a right drcular 
cone is 18 square feet, and the slant height is 3| feet; 
find the ra^us of the base. 

27. The area of the \rhole snrfaco of a right drcnlar 
cone is 15 square feet, and the slant height is three bnies 
the i-adius of the base: find the radius of the base 

28 The area of the whole surface of a right circular 
cone is 19 square feet, and the slant height is four times 
the radius of the base find the radius of mo base. 

29. Find what length of canvass three-quarters of a 
yard wide is required to make a conical tent 12 feet m 
diameter and 8 feet high. 

30. Find what length of canvass two-thirds of a yard 
wide is required to make a conical tent 16 yards in dia- 
meter and 10 feet high 

The area of the whole surface of a right drcnlar cone 
is 100 square feet; find m cubic feet the volume in the 
foUowmg cases. 

31. The slant height twice the radius of the base. 

32 The slant height three times the radius of the base. 

33. The slant height four times the radius of the base. 

34. The slant height five times the radius of the base 

33 The slant height six times the radius of the base 

The followmg examples mvolve the extraction of the 
cube root 

The volume of a nght circular cone is 314160 cubic 
indies; find m square mches the whole surface in the fol- 
lowing cases: 

36 Height equal to the radius of the base. 

37. Height equal to tirice the radius of the base. 

38 Height equal to three times the radius of the base. 

39. Hdght equal to half the radius of the base. 

40. Height equal to a third of the radius of the base. 
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XXXVIL FRUSTUM OF A RIGHT CIRCULAR 
COKE. 

339 The surface of a frustum of a right circular cone 
consists of tiro circular ends and another portion irluch 
ire shall call the curved surface 

340 Let ABGD he a scctoi 
of a circle. With A as centre 
and any radius less than AB 
describe the arc EFG. Let the 
piece BGJDGFE be cut out of 
paper or cardboard. Then let 
it be bent round until the edge 
EB just comes into contact with 
the edge GD It is easy to see 
that by proper adjustment wo 
can thus obtain a thin shell the 
outside of which will correspond to the curved surfico of 
a frustum of a right circular cone , EFG becomes tho cir- 
cumference of one end of the frustum, and BCD becomes 
the circumference of the other end, EB becomes tho 
slant height of the frustum Hence it will follow that tho 
curved surface of a frustum of a right circular cone is equal 
to the diffeience of two sectors of circles which have a 
common angle ; the arcs of tlie sectors being the circum- 
ferences of the ends of the frustum, and the difference of 
their radii bemg the slant height of tho frustum thus 
from the last Rule of Art. 183 we obtain the Rule which 
will now be given 

341 To find the area cf the curved surface of a frus- 
tum qf a right circular cone. 

Rude. Multiply the sum of the circumferences of the 
two ends qf the frustum by tho slant height of the frus- 
tum, and half the product will he tho area of the cut ved 
surface 


A 
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342. Examples. 

(ll The radius of one end of a frustum of a right cir- 
cular cone IS 10 inches, and the radius of the other end is 
15 inches , the slant height is 16 inches find the area of 
the curved surface 

The sum of the circumferences in inches is the product 
of 3 1416 into the sum of 20 and 30, that is, into 50 ; thus 
the sum of the drcumferences is 50 x 3 1416 mches. 

I X 16 X 50 X 3 1416 =8 x 50 x 3 1416 =400 x 3 1416=1256 64. 

Thus the area of the curved surface is 1256 64 square 
inches 

(2) The radius of one end of a frustum of a right cir- 
cular cone is 5 feet, and the radius of the other end is 
8 feet; the slant height is 8 feet . find the area of the 
whole surface 

The area of the curved surface in square feet 
=13x8x31416=104x31416. 

The area of one end in square feet=25x3 1416, and 
the area of the other end m square feet= 64x3 1416 
Hence the area of the whole suilace is the product of 
31416 mto the sum of 104, 25, and 64, that is, mto 193. 
thus the area of the whole surface in square feet 

=193x3-1416=606 3288 

343. It may be inferred from the Rule of 341 
that the slant height qf a frustum of a right circular 
cone hears the same proportion to the difference of the 
radii of the ends as the area of the curved surface hears 
to the difference of the areas of the ends 

344. "We will now solve some exercises, 

(1) The radu of the ends of a frustum of a right circu- 
lar cone are 7 mches and 10 mches, and the height of the 
frustum is 4 inches . find the area of the curved surface. 
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Lot the diagram re- 
present a section of the 
frnstnm made by a plane 
contaimng the axis of tho 
cone We see that the 
slant height is the hypo- 
tenuse of a nght-angled 
triangle, of ivhich one side is the height of tho frustnm, 
and &e other side is the difference of the radu of tho 
ends. 

In the present case the height of tho hmstnm is 4 inches, 
and the difference of the radu is 3 inches , therefore, by 
Art 55, the slant height is 5 mdies 

Therefore tho area of tho curved surface in square 
inches=5xl7 x 3 1416 = 267 036 

(2) The diameters of the ends of a frustum of a right 
circular cone are 16 feet and 24 feet respectively, tho 
height of tho frustum is equal to the product of these dia- 
meters divided by their sum find the area of tho cuned 
surface, and the area of the two ends 

The height ofthofrustuminfeot=i^^^ = ^-^^=9 6 

We must determine the slant height Tho square of 

9 6=9216, the difference of tho radu of tho ends is 
4 feet; the square of 4=16, 9216+16 = 10816, tho 
square root of 10S16=10'4 ^ns the slant height is 

10 4 feet 

The area of the curved surface in square feet 
= 10 4 X 20 X 3 1416 =208 x 3 1416 = 653 4528 

The area of tho two ends is tlie product of 3 1416 into 
the sum of the squares of 8 and 12, that is, the product of 
3*1416 into the sum of 64 and 144, that is, the product of 
3 1416 mto 208 

Hence the area of tho two ends is equal to tho area of 
the curved surface It wiU be found on trial that this is 
always the case if tho height of tho frustum of a right cir- 
cular cone IS equal to the product of the diameters of tho 
ends divided by them sum. 
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(3) The radii of the ends of a frostum of a nght cir- 
cular cone are 8 inches and 10 inches respectively; tlie 
slant height is 6 inches * if the frustam be divided into 
tivo of equal cnrved surfaces, find the slant height of each. 

We must determine the slant height of the whole cone. 

By a method hke that of the fourth Exercise of Art 77, 
we find that the slant height of the whole cone is 30 mches, 
and therefore the slant height of the smaller cone is 24 
inches 

Then we proceed after the manner of Art. 210 to deter- 
mine the slant distance fiom the vertex of the plane which 
diindcs the curved surface of the frustum mto two equal 
parts The ‘square of 24 is 676 ; the square of 30 is 900 ; 
half the sum of these squares is 738 we square root of 
738 will be found to be rather moie than 27 166. Subtract 
24 fiom tius, and the remamder is 3 166. Thus the slant 
height of one part is rather more than 3 166 inches , and 
therefoie the slant height of the other part is rather less 
than 2 834 mches 

EXAMPLES. XXXVII 

Find the area of the curved surface of frustums of nght 
circular cones, havmg the following dimensions . 

1. Circumferences of ends 15 inches and 17 inches, 
slant height II inches 

2 Circumferences of ends 19 inches and 23 mche^ 
slant height 13 inches 

3. Badu of ends 7 inches and 9 inches, slant height 
6 inches. 

4. Badu of ends 2 6 feet and 3 4 feel^ slant height 
5 feeL 

5. Badu of ends 11 and 16 inches, height 12 inches 

6 Badu of ends 4 feet and 3 feet, height 2 feet 
11 inches 

7 Badii of ends 4 feet and 5 feet, height 3 feet 

8. Badu of ends 5^ feet and 6^ feet, height 2^ feet 



EXAMPLES. XXXVJL 211 

Find the area of the whole surface of frustums of right 
cones havmg the following dimensions ; 

9 Circumferences of ends 14 and 16 mchcs, slant 
height 10 mches 

10 Circumferences of ends 17 and 21 inches, shut 
height 9 mches 

11. Radu of ends 2 feet and 3 fech slant height 
2^ feet 

12 Badu of ends 3 4 feet and 4 2 feet, slant height 
2 feet 

13 Badu of ends 12 and 18 mches, height 8 inches 

14. Badu of ends 12 and 20 inches, height 10 mehes. 

Find m square feet the area of the curved surface and 
the area of the two ends, supposing the height of the frus- 
tum equal to the product of the diameters of the cuds 
divided by their sum, for frustums with the following di- 
mensions 

10 Diameters of ends 6 feet and 4 feet. 

16. Diameters of ends 13 feet and 7 feet. 

17. Diameters of ends 20 feet and 12 feet 

18. Diameters of ends 25 feet and 40 feet. 

19. The radu of the ends of a frustum are 0 feet and 
8 feet, and the slant height is 4 feet if the frustum bo 
divided into two of equal curved surface, find the slant 
height of each part 

20 A tent is made in the form of a frustum of a right 
circular cone surmounted bj a cone find the number of 
square yards of canvass required for the tent, supposing 
the diameters of the ends of the frustum to be 28 feet and 
16 feet respectively, the height of the frustum S feet, and 
tlio height of the conical pait 6 feet. 
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and by the portion of the surface of the sphere ■which they 
intercept. TThis piece ■will resemble a ^angular pvramid ; 
so that we may readily admit that the volume of tte piece 
18 equal to one-third of the product of the radius of the 
sphere into the mtercepted portion of the surface of the 
sphera. The irhole sphere may he supposed to bo ent up 
into a veiy lai^e number of veiy small pieces bke tint 
just considered , and thus we are casilj led to the result 
given in Art 349 The student ■will obserro the resem- 
blance of these remarks to those m Art. 177. 

351. The sphere has the following remarkable pro- 
perty of all solids of a given volume the sphere is that 
which has the least surface, and of all solids of a given 
surface the sphere is that which has the greatest volume. 
The student may verify this statement by such examples 
as 16 20 at the end of the present Chapter 

352. Tfe will now solve some exercises. 

(1) The area of the surface of a sphere is 200 square 
inches . find the diameter, and the volume of the sphere 

The product of the square of the diameter mto 3 1416 
is equal to 200, therefore the square of the diameter 

= -^^^=63 6618 the square root of this number will 

3 1416 

be found to be 7 9789 Thus the diameter is 7 98 inches 
veiy nearly 

Then, by Art 349, the volume of the sphere in cubic feet 
= i X 200 X 5 X 7 9789 =265-96 

O * 

(2) The volume of a sphere is 1000 cubic inches . find 
the area ef its sur&ce 

By Art, 291 the cube of the diameter of the sphere 

“ diameter of the sphere 

in inches is the cube root of this number it will be found 
that this 18 12 407 Then by Art 345 wo shall obtain for 
the area of the surface 483 6 souare inches very nearly. 
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EXAMPLES. XXXVIIL 

Find the areas of the surfaces of spheres having the 
fblloTnng dimensions . 

1 Badins 5 inches 2. Badms 15 inches. 

3 Radius 2 2 feet. 4. Circumference 20 inches. 

5. Circumference 4 feet 6 Circumference 6 4 feet 

Find the diameters of the spheres having the follovring 
superficial areas 

7. 400 square inches. 8 64 square feet 9. 75 square feet 

Fmd the volumes of the spheres having the foUovnng 
superficial areas * 

10 20 square feet 11 SO square feet 12 100 square feet 

13 Fmd the volume of a sphere when its surface is 
equal to that of a circle 4 feet in diameter 

14 Fmd the volume of a sphere when its surface is 
equal to that of a circle 9 feet m diameter. 

15 A cylmder 5 feet long and 3 feet in diameter is 
closed by a hemispheie at each end find the area of the 
whole surface 

16 The radius of the base of a nght circular cylmder 
is 10 inches, and the height is 10 inches; the surface of a 
sphere is equal to the whole surface of this cylmder find 
the volume of each. 

17 The surface of a sphere is equal to that of a cube 
the length of which is one loot find the volume of each. 

18 The surface of a sphere is equal to that of a nght 
drcular Q’lmder the radius of the base of which is one 
foot, and the height two feet . find the volume of each. 

The following examples mvolve the extraction of the 
cube root 

19 The volume of a sphere is equal to that of a cube 
the length of which is one foot find the surface of each. 

20. The volume of a sphere is equal to that of a nght 
circular cylmder the radius of the base of which is one 
foot^ and the height 2 feet find the surface of each. 
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XmX ZONE OF A SPHERE. SEGSIENT OF A 
SPHERE. 

353 Tlie surface of a zone of a sphere consists of tivo 
circular ends and another portion winch wo ^11 call the 
carted surface 

The surface of a segment of a sphere consists of <i cir- 
cular base and another portion winch we shall call tho 
,eiirved surface 

354 To find the area of the eureed surface tf a zone 
qf a sphere or qfa segment qf a sphere 

Rdle. Multiply the circumference of the sphere hj 
the height of the zone or segment 

355. Examples 

(1) The height of a segment of a sphere is 6 inches, 
and the diameter of the sphere is 18 inches . find the area 
of the curved surface. 

6x13 x 3 1416=339 2928 

Thus the area of the curved surface is 339 3 square 
inches nearly 

(2) The ends of a zone of a sphere are distant 2 feet 
and 4 feet respectively from tho centre of a sphere, and 
are on the same side of tho centre , tho diameter of tho 
sphere is 14 feet find tho area of the whole surface of tho 
zone 

The area of the curved surface in square feet 
=2 X 14 X 3 1416=28 x 3 1416 

By Art 89 tho square of tho radius of one end 
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and the square of the radius of the other end 
=11x3=33 

thus the area of the two ends in square feet=78 x 3 1416. 
Therefore the area of the whole surface in square feet 

= 106x31416=333 0096 

356 It appears from Arts 320 and 354 that the carved 
surface of a zone cf a sphere or qf a segment of a sphere 
ts equal to the area ^ the curved surface ^ a right 
circular cylinder which has its height equal to that if 
the zone or segment, and the diameter cf its ends equal 
to the diameter cf the ^here 

This remarkable result holds also for the surface of a 
sphere, if by the height of the sphere we understand the 
diameter of the sphere . see Art. 348. 

357. "We will now solve some exercises. 

(1) The height of a segment of a sphere is 7 inches, 
and the circummrence of the sphere is 64 mches find the 
area of the whole surface of the segment 

The area of the curved surface in square inches 
=7x64=448 
64 

The diameter of the sphere is mches , therefore, 

by Art. 79, the square of the radius of the base of the 

64 

segment IS obtained by subtracting 7 from — , and 

7 X 64 

multiplpng the remainder by 7 , so that it is 49. 

The area of the base of the segment in square inches is 
the product of this result mto 3 1416 , therefore it is 
7x64-49x31416, that is 448 - 49 x 31416 Thus the 
area of the whole surface in square mches is 

896-49 x 3 1416, 

that IS 896-153 9384, 

that is 742 0616. 
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The method which we have adopted in solving this 
exorcise may appear rather artificial and difficnlt to a be- 
ginner , but it deserves attention It mil be seen that in 
effect we establish the following Eule the whole surface 
qf a segment qf a sphere ts equal to twice the excess qf 
the curved surface above a circle which has the height ^ 
the segment far its radius 

(2) A zone of a sphere is the diScrence of two seg- 
ments of the heights 13 inches and 9 inches respectivelv, 
and the circnmference of the sphere is 82 inches find 
the area of the whole surface of the zone 

The area of the carved surface m square inches 
=4x82=328 

By Art. 79 the square of the radius of one end of the 

82 

zone IS obtained by subtracting 9 from r-rrrs • and mnl- 

D 1416 

9 X 82 

tiplying the remainder by 9 , so that it is 5 ;~r -81 

d I4l0 

The area of this end of the zone in square inches is the 
product of this result into 3 1416 , therefore it is 
9x82-81x31416 

Similarly the area of the other end ot the zone in 
square inches will be found to be 13 x 82—169 x 31416 
Hence the area of the whole surface of the zone is equal 
to the sum of 4 x 82, 9 x 82, and 13x82, diminished by 
the sum of 81 x 3 1416 and 169 x 3 1416, that is, to 
2x13x82-250x31416 

Thus the area of the whole surface is 1346 6 square inches. 

It will bo seen that in effect we establish the following 
Buie for finding the area of the whole surface of a zone of 
a sphere, regarded as the difference of two segments of 
the sphere from twice the curved surface of the large 
segment subtract the areas of two circles having for their 
radii respectively the heights of the segments 

(3) The radius of a sphere is 12 feet, from a point 
which IS at the distance of 15 feet from the centre of the 
sphere straight lines are drawn to toneb the sphere, thus 
determining a segment of the sphere find the area of the 
curved surface of this segment. 
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Let A be the centre of the sphe/e, JB the point from 
n'hich straight hnes are ^awn, 

0 BG one of the straight Imes, 
meeting the sphere at G Draw 
CD perpendicular to AB Let E 
denote the pomt where cuts 
i the rohere Then the surface of 
which we have to find the area is 
the curved surface of the segment 
of which DE is the heighh We 
^all now find the length of DE 

Taking all the lengths in feet we have 
AB =1S, AC=AE=12; 

hence, by Art 60, we obtain BG—2 : and, by Art. 151, we 

shall find that CD=^=T2 By Ark 60 we shall see that 
o 

AD is the square root of 144— 51 84, that is the square 
root of 92 16 , it will be found that this is 9 6. Wo may 
obtam this result more easily by similar triangles; by 
Art S7 we have 

BA : AG ;; AC ; .<10, 
that IS 15 : 12 :: 12 : AD ; 

12x12 43 

therefore AD = — — — = — = 9’6. 

Xd D 

Then DE=l2-9 6=2i. 


Therefore the area of the curved surface of the segment 
in square feet=2 4 x 2 x 12 x 3 1416 = 180 95616. 

An eye placed at B would see exactly that portion of 
the surface of the sphere of which we have just found the 
area. 

If we wish to know merely what fractional part of the 
whole surface of the sphere is visible to an eye placed at 
B, we have only to form the fraction which has the length 
of DE for the numerator, and the length of the diameter 
of the sphere for denominator in the present case the 

fraction IS that is rr; • 

24 lU 
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EXAMPLES XXXIX. 

Find the arena of cnrred surfaces of segments of a 
sphere haring the follomng dimensions . 

1. Height of segment 10 inches^ cncumfercnco of 
sphere 85 inches. 

2 Height of segment 2j feet, circnmferenco of sphere 
20 feet 

3 Height of segment 9 inches, radius of sphere 
16 mehes. 

4 Height of segment 24 feet, radius of sphere 325 
feet. 

Find the areas of the rrhole surfaces of segments of 
a sphere haring the follorring dimensions : 

5 Height of segment 2 feet, radius of sphere 7 feet. 

6 Height of segment 8 inches, radius of sphere 
25 inches 

7. Height of segment 3 feet, circumference of sphere 
27 feet. 

8 Height of segment 11 mehes, circumference of 
sphere 90 mehes. 

Find the areas of the whole surfaces of zones which 
are the differences of segments harmg the following 
dimensions . 

9 Radius of sphere 11 feet, heights 3 feet and 10 
feet. 

10 Radius of sphere 15 inches, heights 6 inches and 

0 innhea. 
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11 Circomference of bphere 40 feet, heights 2 feet 
and 5 feet 

12, Circumference of sphere 75 inches, heights 3 inches 
and 7 inches, 

Fmd the areas of the irhole surfaces of zones of a 
spnere having the foUomng dimensions , 

13 Radius of sphere 9 feet, distances of ends of zone 
from the centre 2 feet and 3 feet, on opposite sides of the 
centra 

14, Radius of sphere 16 inches ; distances of ends of 
zone &om the centre 5 inches and 9 mches, on the same 
side of the centra 

15 Circumference of sphere 32 feet; distances of ends 
of the zone &om the centre 3 feet and 4 feet, on opposite 
sides of the centre 

16 Circumference of sphere 90 mches ; distances of 
ends of the zone from the centre 6 mches and 10 mches, 
on the same side of the centra 

17. A sphere is 80 feet in diameter find what fraction 
of the whole snr&ce will be visible to an eye placed at a 
distance of 41 feet from the centra 

18 A sphere is 90 feet in diameter: find what fraction 
of the whole surface will be visible to an eye placed at a 
distance of 8 feet from the surfaca 

19. Fmd at what distance from the surface of a sphere 
an eye must be placed to see one-sixteenth of the surnce 

20. Fmd at what distance from the snrface of a sphere 
an eye must be placed to sea one-eighth of the snrface. 
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SIXTH SEGTION PRACTICAL 
APPLIGATIOm 


XL INTRODUCTION 

358 We ha\e already given various applications of 
the Rules of Mensuration to matters of practical interest ; 
for instance the Examples of the calculations of the ex- 
pense of carpeting the floors of rooms and papering the 
walls which occur under Chapter XL Such apphcations 
require only a knowledge of the elements of Aritnnietic m 
addition to the principles of Mensuration already ex- 
plained. 

A few more examples will be given at the end of tho 
present Chapter 

359 There are however other applications which re- 
quire the student to know the mcanmg of certain tcchni- 
etd terms, or to employ certain approximate Rules admitted 
by custom. We shall consider these cases in the three 
Chapters which immediately follow the present Chapter 


EXAMPLES. XL 

1 A room is 24 feet 3 inches long, 11 feet 9 inches 
broad, and 11 feet 6 inches high find the cost of pamting 
the waUb at Is 6d per square foot. 

2 Find the cost of painting tho four walls of a room 
which IS 32 feet 4 inches long, 15 feet 8 mches broad, and 
11 feet 6 inches high at 3 shillings per square foot. 
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3. Find the cost of painting the four walls of a room 
whose length is 24 feet 3 inches,* breadth 15 feet 8 inches, 
and height 11 feet 6 inches at 4 shillings per square foot 

4. A room IS 24 feet 10 mches long, 16 feet broad, 
and 12 feet 4 inches high : find the cost of painting the 
four walls at 9 pence per square foot 

6 The length of a room is 7 yards 1 foot 3 inches, the 
breadth is 5 yards 2 feet 9 inches, and the height 4 yards 
6 inches * find the cost of papering the walls, supposing 
the paper to be a yard broad and to cost 9d per yard. 

6. A cubical box is covered with sheet lead which 
weighs 4 lbs per square foot, and 294 lbs of lead are used: 
find the size of the box. 

7. Find the cost of hning the sides and the bottom of 
a rectangular cistern 12 feet 9 inches long, 8 feet 3 inches 
broad, 6 feet 6 inches deep with sheet lead which costs 

8s. per cwt., and weighs 8 lbs. to the square foot. 

8 A dstem open at the top is to be lined with sheet 
lead which weighs 6 lbs to the square foot; the cistern is 
4 feet 6 mches long, 2 feet 8 mches wide, and holds 42 
cubic feet : find the weight of lead required. 

9 A box with a hd is made of planking If inches 
thick , the external dimensions be 3 feet 6 mches, 2 feet 
6 inches, and 1 foot 9 inches, find exactly bow many square 
feet of plankmg are used m the construction. 

10 A flat roof is 17 feet 4 inches long and 13 feet 
4 mches wide . find the cost of covenng it with sheet lead 
one-sixteenth of an mch thick, supposing that a cubic inch 
of lead weighs 6f ounces avoirdupois, and that 1 lb. of it 
costs 2i^d. 

11. Find the cost of pamting the waD of a cylindrical 
room 16 feet high, and 18 feet m diameter, at 7fd. per 
square yard. 

12. Fmd the cost of painting a conical spire 64 feet in 
circumference at the base, and 108 feet in slant height, at 
7f d. per square yard. 
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13 Find how mnch it will cost to gild tho inner sur- 
face of a hemispherical bowl 2 feet 4 mches in diameter at 
per square inch. 

14. A circular room has perpendicular wails 16 feet 
high, the diameter of tho room being 28 feet, tho roof is a 
hemispherical dome find the cost of plastenng the whole 
surface at 9 pence per square foot 

15 Find the cost of a string moulding round tho 
spnngmg of the dome in the precemng Example at 15d per 
foot 

16 A rectangular court-yard is 100 feet long and 90 
feet broad; a footway goes through tho length 6 feet broad; 
the footway is laid with stone at As &d per square yard, 
and the remainder is covered with turf at 9(f per square 
yard, find the whole cost 

17* Required the cost of glazing tho windows of a 
house at a shilhng per square foot, there being three 
stones and three windows in eaeh story , the height of the 
wmdowB of the lower story is 8 feet, of the middle story 

7 feet, and of the upper story 5 feet, and tho common 
breadu of all the windows is 4 feet 

18 Find how many square feet of floonng there are in 
a house of three stones, measunng within tho walls 58 feet 
by 34 feet, deducting tho vacancy for the stairs 16 feet 
3 inches by 8 feet 

19. A room is 22 feet long, 20 feet wide, and 14 feet 
6 inches high find the expense of covering the walls with 
paper 30 inches wide at ll^d ayard, allowmg for two doors 
each 8 feet by 6 feet 3 inches, a fire-placo G feet 6 mches 
by 6 feet, and a window 12 feet by 6 feet 7 inches 

20 A square court-yard is 36 feet long ; in the mid- 
dle of it IS a circular basin 13 feet in diameter; and a 
flower-bed 4 feet wide is left round three sides ; find tho 
expense of paving tho remamder of the court-yard at 

8 sliillings per square yard. 
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XLL AETIPIOEES’ WORK. 

360. Artificers compute tliefr work in Tarious ways, 
but in general a foot or a yard is the standard of length, 
and therefore a square foot or a square yard is the stand- 
ard of area, and a cubic foot or a cubic yard is the standard 
of volume 

361 Tlie work of flooring^ roofing, plastering or tihng 
is often estimated by the number of squares, each square 
consistmg of 100 square feet. 

362. The measure of the roof of a house can be deduced 
from the measure of the base when the pitch of the roof is 
Iniown. There are three pitches which have received 
names 

(1) The common or true pitch In this the length of 
the rafters is three-fourths of the breadth of the bmldmg; 
and hence the practical rule is to take the flat and half me 
flat of the house as the mesmure of the roof 

(2) The Gothic pitch. In this the length of the rafters 
is eq^ to the breadth of the building, and consequently 
the roof is equal to twice the fiat 

(3) The pediment pitch In this the perpendicular 

2 

height is 3 of the breadth of therbmlding. In this case the 
length of the rafters will be nearly of the breadth of 
the building, so that the roof will be nearly ^ of the flat 

363 Artificers of every kind have various special 
modes of estimatmg the charge for workmanship, which 
have the sanction of custom ; but as these modes mvolve 
no pnnmple of mensuration it is not expedient to deiaO 
them here. 'We will give as a specimen the mode in which 
the diarge is made for doors 

It is usual to add the thickness of the door both to 
the leugfii and to the breadth, and to take the product of 
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the length and the breadth thna increased for the area. If 
the door he panelled on only one side this area is increased 
by its half If the door be panelled on both sides the area 
IS doubled. 

Thus, for example, suppose that a door is 7 feet S 
inches high, 4 feet 3 inches mde, and 1 inch thick Then 
the height is taken as 7 feet 6 mches, and the breadth as 
4 feet 4 inches, and so the area in square feet is taken as 

7ix4j, that is as , that is as ^ , that is as 

32J If the door bo panelled on only one side the charge 
IS for 4S| square feet If the door bo panelled on both 
sides the charge is for 65 square feet 

364 Engineers alirays estimate bnckirork by the cubic 
yard, but such brickwork ns occurs m connexion with ordi- 
nary honse-building is estimated in a pccuhar way which 
we will now explain. 

365 A bnck wall which is a brick and a half thick is 
said to be of the standard thickness Bnckwork of the stand- 
ard thickness is estimated by the number of square yards 
in the area formed by its height and its length, or by the 
number of square rods, eaeh square rod consisting of 3 Of 
square yards, that is of 272f square feet Thus a standard 
rod of brickwork is a mas^ of bnckwork which has a sur- 
face of a square rod and is a bnck ano a half thick 

366 To find, the nuniber of standard rods of bncl- 
work tn a vsall 

Rule Find the area qf the sut/aee in square feet, 
and divide it by 272f , the quotient will he the number (f 
rods if the wall be of the standard thichic^s; if not, 
multiply the quotient by the number qf half brides in the 
thickness, and divide the pi oduct by 3 

In practice 272 is generally used instead of 272f 

367 Examples 

(1) Find the number of standard rods of bnckwork m 
a Wim 103 feet long, feet high, and 2f bncks thick. 

105 x8f 5 35x5x8^ 35x5x17 - 
-27r’‘3= 272 = ' 544 * 

TIius the number of standard rods is nearly 5f. 
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(2) Find the number of yards of brichvrork of the 
standard thickness contained in a triangular gable-top 
which IS 15 feet high, and the base of which is 20 feet, 
supposing the thickness 2 bncks. 

20x15 60 60 4 200 „„„ 

Thus the number of standard yards is 22$ 

368. A common bnck is 8^ inches long, 4 inches broad, 
and 2| inches thi<^, but, on account of the morter, when 
hud m bnckwoik every dimension is to be taken half an 
inch greater thus the dimensions are to be taken as 9 
niches, 4V inches, and 3 inches The standard rod reqmres 
4500 bricks of the usual size, allowing for waste 

EXAMPLES. XLL 

1 Find the number of standard rods of brickwork in 
a wall 62 feet 6 incfacs long, 14 feet 8 inches high, and 
2| bncks thick. 

2 Find the number of standard rods of bnckwork in 
a gable-end wall 2 bncks thick, 22 feet long, 27 feet high 
to the eaves, and 36 feet from the ground to the ndge of 
the roof 

3 Find the cost of a wall with a tiiangular gable-top 
of 10 feet high, the height of the wall being 36 feet, the 
breadth 24 feet, and the thickness 2^ bnck^ at 34s per 
standard rod. 

4. The end wall of a house is 30 feet long; it is 40 
feet high to the eaves, and there is a triangnlar gable of 
10 feet high , up to the height of 20 feet the wall is 2j 
bncks thick, between the height of 20 feet and 40 feet it 
IS 2 bricks thick, and the gabic-top is bricks thick . find 
the number of standard yards 

6 A ssuming that bncks cost ;£2 per thousana, that 
4500 are required for a rod, that cartage and mortar cost 
together 22 shilbngs per rod, and labour £2 per rod . find 
the cost of buildmg a wall 136 tcet long, 18 feet high, and 
2hilcks thick. 


EXAMPLES XLI. 


227 


6 Find the cost of roofing a house of the common 
pitch at 16 shiUings per square, the length bcmg 40 feet, 
and the breadth 35 feet. 

7 Fmd the cost of roofing a bmlding of the Gotluc 
pitch at 25 shilhngs per square; the length being 120 feet 
and the breadth 40 feet 

8 A bmldmg 30 feet long by 20 feet broad is to bo 
covered with lead, so that the roof shall be elcTcn-tcuths 
of the fiat . find the cost supposmg the lead to weigh 8 lbs, 
to the square foot and to cost 21 shillings per cwt 

9 A partition measures 45 feet 5 inches, by 8 feet 
2 inches find the cost at ;£6 15s per square 

10 The floor of a room measures 44 feet by 24 feet* 
find the cost of flooring at £6 5s per square, allowing fur 
two hearths each 7 feet by 4 feet. 

11 A room is 34 feet long, 18 feet 6 inches wide, and 
12 feet high find the cost of wainscotmg the room at £10 
per square 

12 The length of the roof of a house is 50 feet, and 
the length of a string stretched over the ndge from caics 
to eaves is 60 feet find the cost of the roof at £1 7s 6(f 
per square 

13 A garden wall is ISO feet long and 7 feet high , 
the wall is 1 bnck thick, but there are 18 piers cacli 14 
feet wide, and at these the whole thickness is 14 bncks~ 
find the number of standard yards 

14. A room is 36 feet long, 18 feet broad, and 12 feet 
high find the whole cost of plastermg the walls at one 
slfllmg per square yard, and the coihng at eighteen-poncc 

16 Find the whole cost of flooring two rooms at £5 
per square, one room mcasunng 28 feet by 16 feet, and 
the other 24 feet by 15 feet 6 inches. 

16 A room is 25 feet long, 20 feet broad, and 12 feet 
high , the walls are to have three coats of pamt, each 
costing 10 shilhngs per square : find the whole cost. 
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XLIL TIMBER MEASURE. 

369. If a piece of timber be in the shape of any of the 
bodies considered in the Eonrth Section, the Tolume can 
be determined by the appropriate Rule tWe given If 
no exact Rule is appbcable ire may in some cases use mth 
advantage the method of eqnidistant sections which is 
given in Art. 307 In two cases which often occur m 
practice rules are adopted, which although not exact, are 
recommended by their simphcify. these i-ules we shall 
now give. 

370. To Jind the Tolime qf sqiiared or four-sided 
timber, 

Rtob Multiply the mean breadth by the mean thiel- 
ness, and the product by the length; and take the result 
for the volume. 

In order to obtain the mean breadth, the actual breadth 
should be measured at various equidistant points, and the 
sum of the results divided by the number of the measure- 
ments and in the same way the mean thickness should 
be obtamed. 

371. Examples 

(1) The length of a piece of timber is 24 feet, the mean 
breadth is 1 foot 9 mches, and the mean thickness is 1 foot 
6 inches. 

24xlf xli=24x| x|=63. 

4 2s 

Thus we obtain 63 cubic feet for the volume 

(2) The length of a piece of timber is 16^ feet, the 
thic^ess at one end is 1 foot, and at the other end 1 foot 
8 mches . the breadth is 2 feet. 
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Here vre take for the mcae thickness in feet haU the 
sum of 1 and 1§, that is 1^ 

16ix2xli=^x jx|=44. 

Thus the rolnme is 44 cnhic feet 

372. If the piece of timber tapers regularly from one 
end to the other it is nsual to take for the mean breadth 
the breadth at the middle^ or, which is the same thinm 
half the sum of the breadths at the ends ; and similar^ 
the mean thickness is estimated. But in tlus case the 
piece of timber is really a pnsmoid, and so the volume 
might be determined exactly by the Buie of Art 2S3 The 
approximate Rule has the advantage of being simpler than 
the exact Rule 

If, as in Example (2) of Art. 371, it tapers regularly as 
to its thickness, and is constant as to its breadth, the Rule 
gives the exact result. The piece of timber is m this case 
a pnsm, the ends of the pnsm being trapezoids, and the 
height of the pnsm being the breadth of the piece of 
timber. Of course a similar remark apphes to the case in 
which the thickness is constant and the breadth tapers 
regularly 

373 To find the volume of round or umquarcd 
timber 

Bulb Multiply the square qf the mean quarter girt 
by the length, and tal^ the product for the volume, 

374. Examples 

(1) The length of a piece of unsquared timber is 32 
fee^ and the gut is 6 feet 

3 3 9 

The quarter girt is - feet, the square of ^ is 

- X 32=. 72. Thus wo obtam 72 cubic feet for the volume 
4 

(2) The length of a piece of unsquared timber is 24 
feet , the g^rt at one end is 5 feet, and at the other cud 
6 feet 
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Here we take for the mean g^rt , and so for Iho 
mean quarter girt -j- ; the square of ^ is ; 

o o u4 

64 ^ 8 8 ^ 

Thus we obtain 45|^ cubic feet for the volume 


376. If the piece of timber be exactlv a cylinder in 
shape, we can determine its volume exactly by the Eule of 
Art. 246 We shall find that in the case of a right circular 
cyhnder the Rule of Art 373 mves a result winch is rather 
more than three-fourths of the true result; perhaps the 
Rule was constructed with the design of making some 
allowance for the loss of timber which occurs when the 
piece IS reduced by squaring in the ordinary way, see the 
last Exercise of Art 313 

If the piece of timber be not a circular cylinder the 
result given by the Rule will generally approach nearer to 
the true result 

376 Dr Hutton proposed to use the following Rule 
instead of the Rule of Art 373 Mxdtiply the square of 
one-fifth qfihe mean girt hy twtce the length Dr Hutton's 
32 

Rule makes the volume — times as great as the ordinaiy 

Rule, and gives a result which is very nearly exact when 
the piece of timber is exactly a circular cyhnder 


377 If the piece of nnsquared timber tapers regularly 
from one end to the other it is usual to take as the mean 
girt the girt at the middle, or, which is the same thing, half 
the sum of the girts at the ends If the ends are exact 
circles and the piece of timber tapers regularly, it is really 
a finstum of a cone, and so the volume might be deter- 
mmed exactly by the Rule of Art 268 The approximate 
Rule has the advantage of being simpler than the exact 
Rule 
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EXAMPLES XLII 

Find the number of cubic feet m pieces of timber of 
the follovrmg dimensions 

I Length 22^ feet , breadth at one end 2 feet 9 inches, 
at the other 2 feet 3 inches, thickness at the first cud 
1 foot 10 inches, at the other 1 foot 6 inches 

2. Length 27 feet, mean breadth 3^ feet, mean 
thickness feet 

3 Length 32 feet, mean breadth 2| feet mean thick- 
ness If feet 

4. Length 56 feet , mean prt 5 feet. 

5 Length 32 feet, girt at one end 25 mehes, at the 
other 35 inches 

6 Length 24 feet , mean girt 40 inches. 

7. A piece of timber is 36 feet long and tapers regu- 
larly , its breadth and thickness at one end .ire 30 inches 
and 20 mehes respectively, and at the other end 24 inches 
and 18 mehes respectively find the number of cubic fhet 
in the piece by the Rule of Art 370 

8 Find the number of cubic feet in the piece of 
timber of the prccedmg Example by the exact rule of 
Art 283 

9 A piece of timber is 40 feet long and fcipcrs regu- 
larly , ono end is a circle 7 feet in circumference, and the 
other end is a circle 4 feet in circumference find the 
number of cubic feet in the piece by the Rule of Art 373. 

10 Find the number of cubic feet in the piece of 
timber of the jireceding Example by the Rule of Art 376 

II Find the number of cubic feet in the piece of 
timber of Example 9 by the exact rule of Art 268 

12 If the piece of timber of Example 9 is squared, 
the ends being made squares as large as possible, find 
the number of cubic feet in the piece produced. [See 
Examples 51 and 52 of Chapter xri ] 
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378. Bf gauging la meant estimating the volumes of 
casks, that is. t£e volumes of bquids which the casks 
would hold. 

Casks differ in shape, and various rules have been 
given for estimatmg their volumes accoiding to the shape 
which they take exactly or approximately. For example, 
suppose a cask to be formed of two equal frustums of a 
cone united at their bases ; we can determine the volume 
exactly by Art 268 : and if a cask be very nearly of this 
shape, we may estimate the volume approximately by pro- 
ceedmg as if the cask were exactly of t^ shape. 

379. But it is found that a Kule may be given which 
will serve tolerably well for all the shapes of casks which 
occur in practice. To apply this Rule wo must know three 
internal measurements ot the cask, namely the length, the 
diameter at one end, which is called the head diameter, 
and the diameter at the middle, which is called the "biing 
diameter. 

3S0. The dimensions of a cask will always be taken 
to be esyaressed m inches, 

331. To find the volume qfa cash. 

Rttle Add into one sum 39 times the square qf the 
hung diameter, 25 times the square qf the head diameter, 
and 26 times the product qf those diameters; and multi- 
ply the sum hy the length qf the cask: multiply the pro- 
duct hy 000031473, and the result may be takm for the 
volume qf the cask in gallons 
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382, Examples. 

^1) The length of a cask is 40 inches, the bung diamo* 
ter 18 32, and the head diameter is 21 

39 x 32 x 32=39936, 

25 x 24 x 24=14400 

26x32x24=19963, 

39936 4- 14400 -i- 19968 = 74304. 

74304 X 40 X •000031473 = 93 54279 . 

Thus the volume of tho cask is about 93^ gallons. 

(2) The length of a cask is 20 inches, the bung diame- 
ter IS 16, and the head diameter is 12 

39x16x16=9984, 

25x12x12=3600, 

26x16x12 =4992, 

9984 + 3600 + 4992 = 18576, 

18576 X 20 X 000031477 = 1 1 6923 . 

Thus the volume of the cask is about 11 7 gallons 

383 It is sometimes necessaiy to know the quantity 
of liquid m a vessel which is only partly filled. The wora 
ullage means strictly the portion of a partly filled cask 
■which IS not occupied by tiie hqmd but tho word is now 
applied to the occupied portion as well as to the unoccu- 
pied porhon, the former being called tho wcl iillngc and 
tho latter tho dry ullage. 

384. Two eases may occur , namely, that of a tlandwg 
cask, and that of a lying cask. Wo will consider tho 
former case The depth of tho hquid is called tho icrf 
tneJtcs; the difference between the wet inches and the 
length of the cask is called the dry inches. 
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385. To estimate the met tillage tf a standing cask 
which is less than half full 

Bins!. Multiply the square qf the dry inches Ity the 
difference between the bung diameter and the head dia- 
meter; and divide the product by the square of the 
length: subtract this from the bung diameter, and the 
result may be taken as the mean diameter cf the occupied 
portion qf the cash. 

Then proceed as in finding the rolnme of a cylinder . 
Multiply the square of the mean diameter by the wet 
inches, and the product by 002S326 , the result may be 
tahenfor the number qf gallons in the wet ullage 

386 To estimate the wet ullage qf a standing cash 
which is more than haffull 

Apply the method of Art 385, nsing wet inches instead 
of dry inches, and dry inches instead of wet incdies ; vre 
thos obtain the dry nUage subtract the diy ullage &om 
the Tolmne of the cash, and the remainder is ue wet 
ullage 

387. Examples. 

(1) The length of a cask is 40 inches, the bung dia- 
meter is 32, and the head diameter is 24 ; the number of 
wet inches is 10 * find the wet ullage. 

The number of dry inches is 30 , the difierence between 
the bung diameter and the head diameter is 8 

30x30x8_9 9_65 

40 x 40 "2’ ^ 2. 2* 

55 

Thus we take -5- for the mean diameter. 

^ X ^ X 10 X 0028326 =21 4215 .. 

2 2 

Thus the wet ullage is about 21 4 gallons. 
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(2) The length of a cask is 20 inches, the bnng diame- 
ter IS 16, and the head diameter is 12 , the nnmbcr of ivet 
inches is 15 find the iret tillage. 

Here ire first find the dry nllaga 

15x15x4 9 9 M 

20x20 ~4’ 4* 4 * 

55 55 

-j- X -j- X 5 X *0028326 = 2 6777 Tery nearly 

Subtract this from 116928, the volume of the ivholo 
cask, by Art 382 , the rcmamder is 9 0151 Thus the met 
ullage IS about 9 gallons. 

388 No satisfactory rale can be given for estimating 

the ullage of any lying cast A rule proposed by Hutton 
amounts to assunung the cask to be a cylinder , the rule is 
substantially this find the area of the tcgment <f a circle 
•which It obtained by the tection cf the fiuid leifh a plane 
perpendicular to the length of the caiK ; multiply this 
area by the length of the cash, and dieide the product 
by the result may be tahen for the number qf 

gaUcns in the •wet ullage 

389 The busmess of gauging is practically performed 
by excisemen \nth the aid of instruments called the 
gaugmg or diagonal rod, and the gauging or shdmg rule 
These instruments homever are recommended not so much 
on account of the accuracy of the results to which they 
lead, as of the expedition with which these results are 
obtained. The construction and mode of using these in- 
struments can bo far more readily understood by actual 
expenence than by any description. 
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EXAMPLES. XLIIL 

Find in gallons the volumes of casl>s having the follow* 
ing dimensions : 

1 Length 50 2, bung diameter 31 6, head diameter 22 7. 

2 Length 47 5, hung diameter 28 6, head diameter 21 4. 

3. Length 42 5, bung diameter 32 5, head diameter 2G 5. 

4. Length 30'5, hung diameter 26 5, head diameter 23 

5. Length 46 S, hung diameter 30 5, head diameter 26. 

6 Length 34*5, bung diameter 32 3, head diameter 27 6. 

7. Length 46 9, bung diameter 31 2, head diameter 26*1. 

[The dimensions in the above seven examples are 
stated in Lubbock’s tract on Cask-gaging, 1834, to be 
the average dimensions rccpectiiely of a Port-pip^ a 
hladeira-pipo, a Sherry-butt, a Sherry-hogshead, a Eour- 
dcaux bmudy-punchcon, a llum-puuchcon, a Brandy-piece ] 

Find m gallons the wet ullage in the follovriug cases of 
standing casks . 

8. Length 60, bung diameter 36, head diameter 30, 
wet mclics 12. 

9. Length 60, bung diameter 32, head diameter 27, 
wot inches 10. 

10 Length 30, bung diameter 27, head diameter 23, 
wet inches 9. 

11. If the length of the cask in Example 1 is increased 
by *1 of an inch, shew that the volume will be increased by 
about *22 of a gallon 

12. If the head diameter in Example 2 is increased by 
*1 of an inch, shen that the volume will be mcrcased by 
about 27 of a gallon 

13. If the bung diameter in Example 3 is increased by 
*1 of an uich, shew that the volume wiU be increased by 
about *43 of a gi^on. 

14 If all the ^mansions in Example 1 are increased 
by 1 of an inch, show that the volume will bo increased by 
about a g.'illon. 
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SEVENTH SECTION LAND 
SURVEYING 

XLIT. USE OP THE OHAUr. 

390 A VKRr important application of some of tlio 
rules of mensuration is famished in Land Surveying, and 
to this vre now proceed. 

391, Land is mc'isured with n chain, called Gunter's 
chain, which is 4 poles, that is, 22 yards long , the chain 
consists of 100 equal links, so that each hnk is of a 
yard long, that is 7 92 inches. 

392 A picket is a rod stuck mto the ground to mark 
a certain position. 

393 A JieM-hooL is a book in which the results ob* 
tamed by measurement are recorded 

394, We will now explain how a straight line ts mea- 
sured Kith the chain 

We wdl suppose that the straight Imo which is to bo 
measured is the distaiico between two points each marked 
by a picket 

Ten small arrows are provided which may be stuck 
in the ground Two persons engage in the work, ono of 
whom IS called tho leader, both place themselves at ono 
of the pickets Tho leader takes in his hand tho ten 
arrows and one end of the chain, and walks to'vards tho 
second picket , the follower keeps the other end of tho chain 
at tho first picket. When tho le.ider has stretched tho 
chain to its full length he puts an arrow in tlio ground to 
mark the spot to which tho chain reached, he then walks 
towards tho second picket carrying with him his end of 
tho chain as before Tho follower now comes up to tho 
arrow, and holds his end of the chain at it until tho leader 
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has again stretched the chain and stnek the second arrow 
in the ground. Then the follower takes up the first arrow 
and walks towards the second. The process is contlnaed 
until the proposed length is measured. 

■Whenever the follower has tlio ten arrows in his hands 
ho records in the field-book tliat a Icngtli of ten chains 
has been passed over; then ho giics the ten arrows again 
to the leader, and the work is continued. Thus on amv- 
ing at the second picket the field-book slicws the number 
of tens of chains passed over, the arrows in the followers 
hands correspond to the number of additional chains, and 
the number of hnks between the last arrow and the second 
picket can bo counted. Thus tiic requmed length is 
found. 

395. In measuring inth fho chain, great care must bo 
taken to preserve tho proper direction; and there is in 
general a double test of tho accuracy with which this is 
effected. When tho leader fixes an arrow ho should take 
caro that tho straight lino between this arrow and tho first 
picket will piiss through tho follower's arrow; and at the 
same time tho follower should take c.iro that tho straight 
lino between his arrow and tho second picket >vill pass 
through tho leader’s arrow. 

3*)G. If a field bo in tho sliapo of any rectilineal figure, 
and wo moasuro tho lengths of tho appropriate straight 
lines, wo can find tlic area of tho field by tho corresponding 
rule in tho Tiiird Section. 


397. Examples. 

(1) A rectangular field is 8 chains 96 links long, and 
3 chains 2G links broad. 

8 chains 95 linkB=8 95 diains; 3 chains 2G hnks=326 
chains. 1^0 use tho rule of Art 134. 
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4 
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The area of the field u 29 177 square chains, that is 
2 9177 acres, we may reduce the decimal of an aero to 
roods and poles thus ue obtim 2 acres 3 roods 27 poles 
7eiy nearly See Art 126 

(2) The sides of a triangular field arc 6 2 chains, 
6 6 chains, and 6 chains rcspectnely. 

We use the rule of Art 152 

62+66+6=16'8, fofl68=84, 

84-52=32, 84-66=28, 84-6=24 

84x 32 x 28 x 24=180 6336 The square root of 
180 6336 IS 1344. 

Thus the area is 13 44 square chains, that is, 1 344 
acres, that is, 1 acre 1 rood 15 04 poles 

(3) The radius of a circular grass plot is 2 cliaiiis 
50 links. 

Wo use the rule of Art. 168 

25x2 5x31416 = 19 6 55 

Thus the area is 19 635 square chains, that is, 1 9635 
acres, that is, 1 acre 3 roods 34 16 poles 
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398 Some of the roles for finding the areas of recti- 
lineal figores require ns to know the length of the perpen- 
dicular from some given point to some given_ straight 
line When the situation of such a perpendicular is knowm 
the length of it can be measared in the manner explained 
in Art 394 j we shall now show how the situation is deter- 
mined. 


399 To determine the situation qf the perpendicular 
to a given straight line from a given point without it. 


Let AB he the ^ven 
straight line, and <7 the given 
point without it. 

Pold a string into two 
equal jparts Let one per- 
son hold the middle at (7; 
let two other persons hold 
the ends, and stretch the two ] 
he on the straight line AB, s: 
middle pomt of DE Then C 
qmred- 


0 



rts, so that the ends may 
at D and E Take F the 
IS the perpendicular re- 


400 The straight line AB in the preceding Article is 
supposed to ^be clearly marked on the ground in some 
manner. This may ho cfiected by stretching a string or 
cham tightly between A and B, or by placing pickets at 
short distances in the direction passing through A and B. 
If, however, the straight line ABhas not been thus marked 
out on the ground, a person standing beyond A must take 
care that the end of the string is properly placed at D, 
and then standing beyond B he must take care that the 
end of the stnng is properly placed at E 
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401. To determine the eituation of the clrmght line 
at right angles to a given straight line from a gircn 
point in it. 

Let AB be the given 
straight line, and F the 
given point m it. 

Take D and E points in 
AB, so that FD and FE 
nuy be equal Fold a string, 
longer than DE, into two 
equal parts. Let the ends of the string ho fixed at D 
and E, and let a person take the middle and stretch both 
the parts Suppose G the point to which tho middle of 
the stnng is thus brought Then FO is at right angles to 
AB, and is therefore the straight line required 

402. "We see then that the situation of any required 
perpendicular can he determined with tho aid of a string, 
hut an instrument called the Cross is often employed by 
land surveyors for this purpose 

403. The Cross This is usually a round piece of wood, 
about SIX mches in diameter, having two fine grooves m it, 
which are at right angles to each other. A staff with a 
pomted end is stuck upright in the ground, and the cro^s 
IS fixed on the top of the staff so as to form a small round 
table 



404 To determine icith the aid qf the crosi the situ- 
ation of the perpendicular to a gicen straight line from 
a given point without it 


Let AB he the given straight 
Ime, and C the given point with- C 

out it I 


Place pickets at A, B, and 
G Select a pomt m AB winch 
appears by mspection to be at 
or near the intersection of the 
required perpeudicular with AB, 
let D denote this point Fix the 


1 > 




staff at D, and place the cross with one of its groove* 
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parallel to AB', so that in looking along the groove in 
one direction, the picket at A is seen, and in looking along 
the same groove m the other direction the picket at B 
is seen. Look along the other groove; if the picket at 
G IS seen in the hne of this groove, then the pomt D is the 
intersection of the perpendicular from C with AB • hut if 
the picket at C is not seen in the hue of the groove, the 
staff must he taken up and moved along AB, to the nght 
or to the left of the assumed position, according ns the 
picket at G appeared to the nght or to the left of the 
groove By a httle tnal the proper position will be found 
for the staff, such that ^e pickets at A and B can be 
seen in looking along one groove, and the picket at C in 
lookmg along the other groove; and this position of the 
staff detenmnes the situation of the perpendicular on AB 
from G 

405 To determine with the aid of the cross the sitiir 
atwn of the straight line at right angles to a giten straight 
line from a given point in it 

Let AB be the given straight hne, and D the given 
point in it 

Bixthe staff at D, and place tho cross with one of the 
grooves parallel to AB. Then the other groove deter- 
mines the direction of the straight Imo at right angles 
io AB. 

406 Thus in tho precedmg Chapter and tho present 
we have explained how the operations are to bo pciiormed 
which will tiimish the lengths required for calculating the 
areas of fields. TTe will now give some examples of the 
calculations 

407. Examples. 

(1) The base of a triangle is 13 2 chams, and the 
height IS 8 3 chams 

ixl32 x83=54’78. 

The area of the field is 64 78 square chains, that is, 
6 478 acres, that is, 6 acres 1 rood 36 48 poles. 
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(2) ABDG is a four-sided 
field , CP and DQ are peipen- 
diculars on AB 

The following measurements 
are taken in lin& 



AP=U 2 , AQ=448, AB= 62 e, 


CP=223, DQ=Zd5 


Hence we have PQ=336, QH=178 

The following will bo the areas of the parts of tlio field 
in square hnks . 

the triangle APC=^x 112 x 223 = 124S3, 


the trapezoid PQDG=^i( 336 x 618 =67024, 
the triangle DGE-l x 178 x 205= 26255. 


The sum of these three numbers is 125767, so that 
the area of the field is 1 26767 acres, that is, about 1 acre 
1 rood 1 polo 


16— 2 
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408 Many fields may be conveniently surveyed by 
measuring a straight bne from one comer to another and 
also the perpendiculars on it from the other comers The 
first straight hne is called a base-line, or a chain-line; 
and the perpendiculars are called offsets It is often ad- 
vantageous to take for the base-line the longest straight 
hue irhich can be drawn in the field , and thus sometimes 
one of the sides of the field may be the base-hne, as m the 
second example of Ark 407. 

T7e will now explam the method in which the results 
of the measurements are usually recorded in the field- 
book. 

409 The Jteld-booL Each page of the field-book is 
divided into three columns , the surveyor begins at the 
bottom of the page and wntes upwards 

In the middle column are entered lengths obtained m 
measuring along the base-hne, m the nght-hand column 
are entered the lengths of offsets to the right of the base- 
hne, and in the left-hand column the lengths of offsets to 
the left of the base-hne The o&ets are entered against 
the corresponding distances of the pomts on the base-hne 
at which they are measured. 

The field-book is used to record not only measured 
lengths, but vanous particulars, which may bo useful in 
drawmg a plan of the estate surveyed. Thus a note is 
made m the maigm of the point at which the chain-hne 
crosses any fence, or foot-path, or ditch, or stream. The 
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positions of adjacent buildings, or of remarkablo trees may 
also be indicated, and if the chain-line passes near a 
boundary which is rather irregular, the form of the 
boundary may be traced. 

410 Examples 

( 1 ) - 

to E 
1125 

to Z> 260 760 

625 250 to <7 

to B 230 300 

From A 

The surveyor begins at A 
and measures towards E, 

Ah IS 300 links, and at 5 is 
an offset hB to the left of 230 hnks , Ac is 625 links, and 
at c IS an ofiset cG to the right of 250 links Ad is 750 
Imks, and at is an ofiset dD to the left of 260 Unkb , 
AE-a 1125 links 

We can now calculate the art-is of the parts ; and we 
shall haie the foUoirmg results in square Im^ 

the tnongle AbB = | x 300 x 230 = 34500 , 
the trapezoid 6</2?jff=^x450x490=110250 , 
the tnangle dED=^ x 375 x 260=48750 , 

the tnangle AEG=^ x 1125 x 230 = 140625 

Thus the whole area is 334125 square links, that is, 
3 34125 acres, that is, 3 acres 1 rood 14 6 poles. 




THE FIELD-BOOK. 


101^470 

toZ>320 
to (7 70 


to O 
1020 
990 

610 50 to 

685 

440 

315 350 to ^ 
From^ 



The measurements are 
taken in Imks , and we shall 
have the foUoirmg results for the areas of the parts m 
square links : 

the triangle AbB =\ x 315 x 350=55125, 

2i 

the trapezoid &s£'j3=|x 295 x 400=59000, 

the triangle eGE =\ x 410 x 50 = 10250, 

A 

the triangle GfF=^x 30 x 470=7050, 
the trape 2 dum/dZ)i*’=| x 405 x 790= 159975, 
the trapezium dcCD=\^li.5 x 390 =28276, 

A 

the triangle cAC=^ x 440 x 70 = 15400. 

Thus the whole area is 335075 square hnks, that is, 
3 35075 acres, that is, 3 acres 1 rood 16 12 poles 

411. The ends of a chain-lme are called stations ; thej 
are frequently denoted m the field-book thus . ®, ®, ®, . 

The situations of the chain-lines with respect to the 
points of the compass are often recorded. The record 
^ram ® range E, mdicates that the cham-hne commenc- 
ing at the first station proceeds towards the East. So the 
record © If 60® W., mdicates that the chain-line com- 
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mencing at the second station proceeds m the direction 
■whicli makes an angle of 60 degrees with the Korth direc- 
tion reckoned towards the West. 

Sometimes the situation of tlie snccessivo cliain-lines is 
snfSciently shewn by the words right and Itfl Tlius the 
record from ® on L, indicates that on arriving at tho 
second station, the surveyor turns to the left hand of tho 
direction m which he has been walking 

If 0 occurs m either offset column, it indicates that tho 
chain-hne meets at the conespondmg point tho boundary 
of the land which is being surveyed. 

412 In order to provide themselves with a test of tho 
accuracy of their work, surveyors alwavs measure moro 
lengths than would be theoretically sufhcicnt TIius, for 
e^mple, suppose that a field bounded by four straight 
sides IS to be surveyed, it would bo theoretically sufilcicnt 
to measure the four sides and one diagonal . for tho area 
of each of tho two triangles mto which this diagonal di- 
vides the figure can then bo calculated. But the surveyor 
will also measure tho second diagonal Ho will draw a 
plan of the fiwe from tho measured lengths of tho four 
sides and of the first diagonal, and draw tho second dia- 
gonal on the plan he will then osamino if tho length of 
the second diagonal as found from tho plan by the known 
scale on which tho plan was drawn corresponds with tho 
measured length If these two lengths do correspond, tho 
surveyor gams confidence m tlio accuracy of tho work 
W u the two lengths do not correspond there is an error 
m the operations with the cliain or in the drawing of tho 
plan, and this error must bo discovered and corrected 

If the field to bo surveyed be in tho form of a triangle, 
tho sides will bo measured, from which tho area can bo 
foimd, and a plan can be drawn. To tc=t the aeciiracy of 
the wor^ eiuier tho perpendicular from an angle to tho 
opposite side, or tho straight hno drawn from a defimto 
point of one sida to a definite point of another will bo 
measured; and this measured length will bo compared 
with the length obtained from tho plan. 

A length which is measured for the purpose of testing 
the accuracy of tho work is called a proqf-\mc, or a cJifd- 
Imo, or a fesMmo. 
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413 In surveying a field or a number of fields, we 
shall have a senes of operations and records hke those 
exemplified m Art 410 , namely, one for each chain-hne 
As an example, we wiU take the case of a field which ap- 

E roximates to the form of a tnanglc, so that three chain- 
nes will occur in the surrey 



1 © A 

1 1650 

0 


1300 

30 X 

D 1232 

d 726 



500 

OJT 


260 

20 if 


0 

0 

turn 

0 6? 
to the 

left 

0 

© G 
1430 


i!’10 

820 



600 

0 


270 

40 .S 


0 

0 

turn 

© D 
to the 

left 


0 D 
1540 

0 


960 

30 G 


300 

10 B 


0 

0 

from 

© A 

go Eo 



The oSsets are much ex- 
aggerated in the figure for 
the sake of distmctuess 


East. 


The sides of the triande ADO- are respectively 1540 
links, 1430 Imks, and 1650 linla , hence it wul be found by 
Art. 152 that the area of this tnangle is 1016400 square 
links "We proceed to calcdate the areas of the small 
pieces lymg between the sides of this tnangle and the 
boundaiy of the field. 

Along AD there are ofisets to B and to (7, thus we 
have to estimate a tnangle, a trapezoid, and another tn- 
angle ; the areas are the followmg m square Imka : 
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the first trianglo=^ x 300 x 10= 1500, 
the trapezoid=i x 660 x 40 = 13200, 
the second tnangle=* x5S0x30=S700, 

A 

the total IS 2 UOO. 

Along DO there is an offset to E, and an tmcl to F , 
thus there are two corresponding triangles, the latter of 
which IS to he tiCbiracUd 

the first triangle =5 x 600 x 40 = 12000, 

the second tnangle =^ x 830 x 10 =4150 , 

the balance is 7850, to bo addtd. 

Along G-A there are offsets to H and to L, and the 
bonndatj meets the chain-hne at AT, thus there are two 
corresponding tnangles 

the first tnangle=^x500x20=5000, 

the second tnangle=|x 1150 x 30=17250, 
the total IS 22250 

101 6400 + 23400 + 7850 + 22250 = 101.9900 

Thus the area of the whole field is lu 699 acres. 

The perpendicular is measured ns a proof- hnc, and 
found to be 1232 links, while Gd is 726 links. 

414. Instead of the field-book, another method of re- 
cording the results of measurement is sometimes adopted. 
A plan 13 drawn rcsembhug the field to be snrvcTCd, and 
the lengths are noted in the plan as they are found agaiu'=t 
the corresponding parts of the figure 
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416 "We Lave hitherto supposed that the boundary of 
a field wluch is to be surveyed may be regarded practi- 
cally as composed of a moderate number of strmght hues 
But if the boundary is so irr^ular that tlus supposition is 
not admissible, we must employ the principle of adjust- 
ment which has been explained m Art. 202 . a plan of tlie 
field must be drawn and the boundary changed into a rec- 
tilmeal boundary enclosing an equal area Wo will ex- 
plnm a convement method of applymg the pnnciple 

416. Let ABDKEG be the plan of the field. 
Draw on the plan equidistant parallel straight Imes; 
thus dividing the figure mto stnps of equal width. Con- 
sider one of these stnps, as BDEG. Draw the straight 
hne td at nght angles to the parallels, so that the area of 



the strip may be the same whether BD or hd be regarded 
as its end ; if BD can bo regarded as a straight hne, 'bd 
will pass through its middle point, if BD be not a straight 
Ime the position of bd must be determmed as well as pos- 
sible by the eye Similarly, draw ce at the other end of 
the strip, so as to leave the area unchanged, llien tho 
area BDEG is eqmvalent to the rectangle bdec. 



EXAMPLES XLVL 


251 


Proceeding in this way we obtain a senes of rectangles 
which are together equivalent to the ongmal figure The 
area corresponding to all these rcctan^cs can bo easily 
ascertained, and therefore the area of the onginal figure. 
Suppose, for example, that the parallel straight lines are 
drawn an inch apart, and that the sum of the lengths of 
all the rectangles is 29 inches the area of the onginil 
figure IS 29 square inches Kow suppose that tlio plan has 
been drawn on the scale of three chains to an inch, then 
a square inch of the plan corresponds to nino square chains 
of the field, therefore the area of the field is 9 x 29 square 
chains, that is, 261 square chains. 

In practice the process of forming the sum of the 
lengths of the rectangles is performed by an instrument 
called the eomputation scale. 
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Draw plans and find the areas of fields from the follow- 
ing notes, in which the lengths are expressed in Imks 


1 2 



toE 


to E 


550 


COO 

to 2) 100 

400 

to (7 50 

220 


350 

110 to 0 toil 160 

100 

to .B 155 

180 

from A 


from A 



3 



toE 

300 



243 

ISO to D 

to 0136 

162 



66 

from A 

122 to B 


4 



toE 



450 

SOto/J 


290 

90 to 0 

to .0200 

150 

from A 
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13. Make a rough sketch of the field AEG, aud calcu- 
late its area from the accompanying field-book, the chain- 
hnes are all withm the field. 

io” 250 
SO 200 
0 0 


0 

40 

30 

10 


0 

30 

0 


14 Make a rough sketch of the field ABCD, and cal- 
culate its area from the accompanying field-book. The 
side AD was not measured, but it was a straight buo 
Without ofisets 
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15 Lay do^ the field ABCDEFG, and find its area 
fi:em the following dimensions* 



to © X> 
1560 
864 

20^ 

&690 

618 


D 690 

from 0 F 
to® & 
1305 

363 


J3 362 

from 0 0 
to® C 
1650 
1230 



405 

390 C 

Begin 

at © .4 

range East 


16 Make a rough sketch of a field from the following 
field-book find the area of the whole field, assuming that 
the triangle BCD contains 416732 square hnks, and that 
the piece at C between the boundary and the ofisets to 
CD and CB respectively contains 300 square hnks. 


\ 



(lO 
Bcgm at 


© B 


944 

0 ^ 

830 

60/ 

610 


480 


120 

® N 

0 

20 

© C 


1024 0 

10 

640 

30 

0 

0 

© D 


1292 D 

10 

1040 

20 

680 

80 

312 5 


0 

40/ 

© A 
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XLTIL PROBLEMS 

417 In our account of Land Surveyinff wo have con- 
fined ourselves to lilustiating the use of tho chain and tho 
cross. In surveys of great extent or of extreme accuracy, 
instruments are employed for measuring angles, and tho 
calculations aro cSected by tho aid of the science of tri- 
gonometry With these resources also problems relating 
to the distance of an inaccessible object are usually sohed. 
Nevertheless some of these problems may be treated sufii- 
ciently for practical purposes in a simpler manner we will 
g^io examples. 

418 Tofindthehreadth <if ariver. 

Let A be an object close to the 
nver, B an object on tho other side, 
directly opposite to A, and also close 
to tho nver 

Praw a straight Ime AG at right 
angles to AB, of any convement 
length, and fix a picket at C Pro- 
duce the straight line AG to vl point 
P, such that GB is equal to AG 
From P draw a straight hue at right angles to AD, and 
in it find the pomt E so that BGE may be in a straight 
Ime 

Then the triangles GAB and GDE are equal in all 
respects, and DE is equal to AB. Wo can mcasuro PP, 
ana thus we find the length of AB, that is, tho breadth of 
the nver. 

419 The preceding Article requires us to be able to 
draw a straight Ime at nght angles to another straight 
hue , we have shewn in Chapter xnv how tins maj bo 
done We will however now solve tho problem by another 
method which docs not rcqmrc a right angle 

420 To find the distance hcticcen tico points, one of 
ichich IS inaccessible 
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Let A and B be the two points, 

B being inaccessible on acconnt 
of a river, or some other obstacle 

From A measure any straight 
bne AG. Fix a picket at any 
point D in the direction BG 
Produce OA to F, so that AF 
may be equal to AG, and pro- 
duce DA to so that AE may 
be equal to AD Fix pickets at 
i^and^ Then find the pomtG^ at 
which the directions of BA and FE intersect, that is, find 
the ]^mt from which A and B appear in one straight Ime, 
and Is and F appear in another straight Ime 

Then the triangles DAB and EAG are equal in all 
respects, and GA is equal to AB. We can measure GA, 
and thus we find the length of AB. 

421 In Articles 418 and 420 we assume that we have 
the command of sufficient ground to enable us to trace a 
straight hne of the same length as that which we wish to 
measure These methods would be practically inapplicable 
if the inaccessible objects were at a considerable distance. 
We shall therefore give a solution which could be used m 
such a case 

422 To find the distance between two points, one of 
which IS inaccessible and remote 

Let A and B be the two points, 

B being inaccessible and remote 

Measure any length AG in the 
durection of BA ; and from G m any 
convenient direction measure GD equal 
to GA Take two strings, each equal 
to GA\ fix an end of one at A, and an 
end of the other at D Tlien stretch 
the strings out, so that they form 
straight hnes, and so that their other 
ends shall meet at a pomt; let E be this point. Then 
AGDE is a rhombus Place a picket at F, the point at 
which the directions AE and BD intersect. 

T^e triangles FAB and FED are nmilar. Therefore 
EF is to ED as AF is to AB. Thus if we measure EF 
and FA, we can find AB from this proportion. 
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XLVm. DUODECIMALS 

433 Examples relating to square measure and to 
solid measure are sometimes irorkcd by a method wliicli is 
called Cross Multiphcalion or JDuodccimnls This method 
is found convenient in practice, and the thcoiy of it is 
instructive , so that the explanation uhich we shall now 
giie deserves attention \ve shall Hist consider the case 
of square measure 

424 The student of course knows perfectly well what 
IS meant by a square foot and what is meant by a square 
inch, ho must now become familiar with another area, 
namely, a rectangle which is twelve inches long and one 
inch broad wo will call this a superficial prime. 

Thus wo have the following addition to the Table of 
square measure* 

12 square inches make 1 superGcial prime, 

12 superGcial pnmes make 1 square foot 

425 Any number of square inches greater than 12 can 
bo separated into superGcial primes and square inches. 
Thus, for example, 

17 square inchcs=l superGcial prime 5 square inches, 

32 square inches =2 superGcial primes 8 square inches, 

54 square inches =4 superGcial primes 6 square inches. 

Any number of superGcial primes greater than 12 can 
be separated into square feet and supcrGci il primes Thus, 
for example, 

19 superGcial pnmcs=l square foot 7 superGcial 
primes, 

45 superGcial primes =3 square feet 9 superGcial 
primes, 

54 superGcial primes =4 square feet G superGcial 
pnmes 

T M 


17 
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426 A rectangle which measures 1 foot by 1 inch is a 
superficial prime, hence a rectangle which measures 2 feet 
by 1 inch contains 2 sujperficial pnmes, a rectangle which 
measures 3 feet by 1 inch contams 3 superficial primes, 
and so on. 

A gmtij a rectangle which measures 7 feet by 1 inch 
contams 7 superficial primes ; hence a rectangle which 
measures 7 feet by 2 inches contains 14 superficial primes, 
a rectangle which measures 7 feet by 3 inches contains 
21 superficial pnmes, and so on Hence we amve at a 
general result which is expressed briefiy thus the product 
ef fect %nto inches gives primes 


427. Required the area of a rectangle which is 8 feet 
9 inches long, and 5 feet 6 inches bioad 


Let ABDG represent the 
rectangle, AE being the 
length, and AG the breadth 
Suppose AE to be 8 feet, 
and AE to be 5 feet , so that 
EE is 9 inches, and FC is 
6 inches. Through E draw 
EH parallel to AG’, and 
through F draw FK parallel 
to AE’. let G be the poii 
straight hnes 



JL 

1 



O 





c 

“i 

n 


of intersection of these 


Thus the whole rectangle AEDC is divided into four 
parts, namely ■ 

the rectangle EEKG, which measures 5 feet by 9 
inches, and contains therefore 45 superficial pnmes, that is 

3 square feet 9 supei-ficial pnmes, 

the rectangle AEGF, which measures 8 feet by 5 feet, 
and contams therefore 40 square feet , 

the rectangle GKDH, which measures 9 inches by 
6 inches, and contains theieforo 54 square mehes, that is 

4 superficial pnmes 6 square mehes , 

the rectangle which measures 8 feet by fi inches, 

and contams therefore 48 superficial pnmes, that is 4 
square feet 
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The sum or the first tro rectangles is 43 square feet 
9 superficial prunes ; the sum of the second two rectangles is 
4 square feet 4 superficial pnnics C square inches the stun 
of the four rectangles is therefore 45 square feet 1 super- 
ficial prime 6 square inches 


42S The work of the preceding ci^am- 8 9 
pie IS recorded thus 5 G 

The length is written in one line, and 43 9 
the breadth in another , feet under feet, 4 4 6 
and inches under inches 45 j g 


Wo first multiply by the 5 which stands for feet 
6 times 9 are 45 , 43 superficial primes are 3 squire feet 
9 superficial primes , set clown 9 and cnriy 3 , 5 times 8 ire 
40 , 40 and 3 arc 43 , set doirn 43 to the left of the place 
m winch the superficial prunes were rccoidctL 

Then we multiply by the 6 which stands for inches 
6 limea 9 .ire 64 , 64 square inches are 4 superficial primes 
6 square inches, set down 6 to the right of the coluniti 
in which superficial pnmes aro recorded, and cany 4 ; 
6 times 8 are 48 , 48 and 4 aro 63 , 62 superficial pniiics 
aro 4 square feet 4 supcrficud pnnics , set down these in 
their proper columns 

Then add together the two lines which hare been 
obtained 6 square inches are brought donn , 4 and 9 arc 
13, 13 superficial pnmes are 1 squire foot I superficial 
pnme , set down 1 and carry 1 , 1 and 4 and 43 arc 4S 

Thus the result is 48 square feet 1 supcrfianl pnme 
6 square inches 

429 We may express the rcsuU in other forms. 

Thus 1 superficial prime 6 square inches arc 18 squire 
inches, therefore the result is 48 square feet IS square 
inches 

Again, 1 superficial pnnio 18 O' square foot, Csqn iro 

ft 

inches are — of a square foot, therefore the result in 
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16 11 

square feet is 4S+j^ + j that ^ 

48^, that is 4S|. 

These forms of the result agree Trith those vrhich ^re 
^ould obtain mthout the aid of cross multiplication. 

Tlius • 8 feet 9 inches =105 inches, 5 feet 6 inches =66 
inches 105x66=6930; 

6930 square inches=4S square feet 18 square inches. 

35 

Or thus 8 feet 9 inches =8j feet= — feet, 

5 feet 6 mchcs=5i feet=^ feet, 

** 2t 


35 11 

4^2 


?§^=48i 
8 ^ 


430 "We will now briefly consider the extension of the 
method to examples relating to $olid measure ; we must 
mtroduce two new terms, zohd primes and solid seconds, 
the meanings of which are thus assigned : 

12 cube inches make 1 sobd second, 

12 sohd seconds make 1 sohd prime, 

12 sohd prunes make 1 solid foot 

431. By proceeding as in Art. 426 we shall easily 
arrive at resets which, in conjunction with two results 
aheady known, may be expressed briefly thus • 

the product of feet into superficial feet is solid feet, 

the product of feet into superficial primes is sohd 
pnmes, 

the product of feet into square inches is sohd seconds ; 

the product of mches into superficial feet is solid 
piimes, 

the product of inches into superficial primes is sohd 
seconds, 

the product of inches into square inches is solid mches. 
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432. Required the Tolumo of a rcctanguhr pml- 
Iclopiped which is 8 feet 8 inches long, S feet 6 inclics 
bioad, and 4 feet 3 mdics high. 

Wo have found in Art 428 that tho area of the base is 
48 square feet 1 superficial prune 6 square inches wo wiU 
now give the remainder of the process ; 

48 1 6 
4 3 0 
192 G 0 
12 0 4 6 
204 6 4 G 

Wo first multiply by tho 4 which stands for feet 
4 tunes G are 24 , 24 solid seconds arc 2 solid prunes , set 
down 0 and carry 2 , 4 times I are 4 , 4 and 2 aro 6, set 
down 6,4 times 43 aro 192, set down 192 

Then wo multiply by tho 3 which stands for inches. 
3 times 6 are 18 ; 18 solid inches aro 1 solid second G solid 
indies, set doim G to tho right of tho column in which 
solid seconds are recorded, and carry 1 , 3 tunes 1 are 3 , 

3 and I are 4 , set down 4 , 3 times 43 arc 144 , 144 solid 
pnmes arc 12 solid feet, sot down 0 in the column of solid 
primes and 12 in tho column of solid feet 

Then add together the two lines which have been 
obtained. Thus tho result is 204 solid feet C solid primes 

4 sohd seconds 6 sohd inches 


433 As in Art 429 wo may express tho result in 
other forms, and shew that it agrees with wh it wo should 
obtain without tho aid of cross inultiphcatioii If wo ex* 
press the result in terms of solid feet it becomes 


2044- 


12 


4 6 

^ 144 1728’ 


that 18 , 204+1 -H i -4 


JL 


that is 204iSg 
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434 Tlie inches on a carpenter’s rule aie divided 
into twelfths; and consequently examples relating to areas 
and volumes may occur in practice in which the dimen- 
sions involve twelfths of an mch. These examples are 
similar in principle to those we have already considered. 
AVe have to introduce other new terms ; so that the whole 
senes of terms for areas will bo assigned by the followmg 
table 

a superficial prime is one-twelfth of a square foot, 

a snpeificial second is the same as a square inch, 
namely, oue-twelftli of a superficial pnmo, 

a superficial tliiid is one-twelfth of a superficial second, 

a snpeificial fouitli is one-twelfth of a superficial third. 

435. Acquired the area of a rectangle which mea- 
sures 8 feet 9 inches lU twelfths by 5 feet 6 inches 
7 twelfths 

8 9 10 

5 G 7 

44 1 2 

4 4 11 0 

5 1 8 10 

48 11 2 8 10 

The result is 48 square feet 11 superficial pnmes 
2 superficial seconds 8 superficial thirds 10 snperficial 
foul tlis. 
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EXAMPLES. XLVIII, 

Find by daodccimals the areas of rectangles having the 
foilon’ing dimensions 

1 4 feet, 2 feet 3 inches. 

2 5 feet, 3 feet 4 inches. 

3 3 feet 8 inches, 2 feet 6 indicc 

4 4 feet 5 Indies, 3 feet 9 inches 

5 5 feet 7 inches, 4 feet 10 inches 

6 5 feet 11 inches, 4 feet 7 inches 

7. 4 feet 3 inches 4 twelfths, 3 feet 3 inches 

8 4 feet S inches 5 twelfths, 3 Icet 4 inches 

0 5 feet 4 inches 8 twelfths, 2 feet 7 inches 3 
twelfths. 

10 6 feet 8 inches 7 twelfths, S feet 4 inches a 
twelfths 

Find by duodcciraals the volnmcs of rectangular paral- 
lelepipeds having the following dimensions 

11 3 feet, 3 feet, 1 foot 6 inches 
12. 5 feet, 3 feet, 2 feet 3 inches 

13 4 feet, 3 feet 4 inches, 3 feet 3 inches 

14 5 feet, 4 feet 8 inches, 3 feet 2 inches. 

15 G feet 3 inches, 5 feet 3 inches, 3 feet 9 inchc’ 

IG 7 feet 5 mehes, 6 feet 7 inches, 3 feel 10 inches. 
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436 The French system of measures called the metri- 
cal system is frequently used in English scientific 'works , 
so that we «hn11 here explain the system. 

437 The standard of length is the metre which is 
equal to 39 37079 English inches The metre was intended 
to be one-ten-milhonth part of the distance from the pole 
to the equator measured on the Earth’s surfaee; recent m- 

restigations shew that the metre is about ^ of au inch 

shorter than it should hare been to correspond to this m- 
tention 

The standard of area is the are, which is 100 square 
metres 

The standard of volume is the stere, whieh is a cubic 
metre 

All the multiples and the sub-divisions of any measure 
are decimal and are formed in the same manner , the mul- 
tiples by syllables derived from the Greek, and the sub- 
divisions by syllables derived from the Latm. Thus 

Myriameter= 10000 metres, 

Kilometre = 1000 metres. 

Hectometre = 100 metres. 

Decametre = 10 metres. 

Decimetre = ^ metre. 

Centimetre = metre. 

Millimetre = metre. 

Similarly a heetare=100 ares, a centiare=Y^ are, a 
dekastere=10 steres, a deeistere=— stere 
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For Lquid measures the standard is a hire, which is a 
cubic decimetre. 

For weight the standard is a gramme, which is the 
weight of a cubic centimetre of water it is equal to 15 -132 
English grams. 


EXAMPLES. XLIX. 

1 The diameter of a circle is 15 metres . Cud the 
circumference 

2 Find the area of a rectangle which is 407 75 metres 
long, and 304 metres indo 

3 The parallel sides of a tmpcroid are 157 G metres 
and 94 metres, and the perpendicular dihtanco bctnccu 
them IS 72 metres find tho area. 

4 Find m cubic metres tho volume of a wall whtcli is 
48 metres long, 3 4 metres high, and 45 of a metre thick 

5 Find to tho nearest cubic decimetre the volume of a 
right cone, the height bemg 24 metres, and tho radius of 
tho base 4 of a metro. 

6 A vessel when empty weighs 1 G7 kilogrammes, and 
when full of w.ater weighs C 9 kilogrammes . find tho 
caxiaeity of the vessel in cubic decimetres. 

7. A cistern is 85 metres lon^, C metres wide, and 
0 2 metres deep find how many hectohtres of water it 
will hold. 

8 Tho weight of water which a certain cvlindcr will 
hold IS 36 kilogrammes, tho radius of tho cylinder is 15 
centimetres find tho height of tho cylinder to tho nearest 
centimetre. 

9. A telegraph wno is 35 kilometres long, and 2} 
millimetres in dnameter. find the volume m cubic deci- 
metres 
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10 The diameter of an iron ball is "2 of a metre find 
its weight in kilogrammes, supposing that any Tolnme of 
u on IS 7 5 times as heavy as an equal volume of water. 

11. Find to the nearest square metre the area of the 
whole surface of a right cone, the radius of the base being 
3 metres, and the slant height 8 metres 

12 Find to the nearest square metre the area of the 
surface of a sphere of which the diameter is 9 metres 

13 Shew that an acre contains about 40*47 arcs. 

14 Shew that a cubic yard contains about 765 4 cubic 
decimetres 

15 Show that a gallon contains about 4 54 litres 

The following examples mvolve the extraction of the 
cube loot 

16 A hollow sphere holds a btre fitad the radius of 
the sphere 

17 A vessel in the form of a nglit circular cyhnder 
with its height equal to the diameter of its baso holds a 
litre find the height. 

18 The volume of a right circular cone with its height 
equal to the radius of its base is a cubic decimetre . find 
the height 
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1 The top of a may-poic, being broken olT bv a bla^t 
of Wind, struck the ground at a distance of 15 feet from 
the foot of the pole bnd the height of tho whole mar-pole, 
supposing tho length of the broken piece to bo 39 feet. 

2 Fmd how manj Equate feet there arc in 12U0 eqn ire 
inches 

3 The area of two squares is 100 acrc«, and the side 
of one 18 tliree times as long as tho side of tiio other find 
the area of each. 

4 A square contains 2533 feet C4 mehes find its side. 

5 The perimeter of a rcetanglo is 1-M .nrds, and the 
length is three tunes tho breadth find the arex 

S Find tho erpenso of carpeting a room 21 feet long 
and 20 feet broad, with carpet 27 inches wide at 4r Ct/ 
per yard. 

7 A room is 10 feet 2| inches long, 15 feet 3\ inches 
broad, and 12 foot high fin'd the csneiiso of covering tho 
walls with paper, 9 inches wide, at 2|rf per yarA 

8 A building has 63 windows 40 of them contain 
12 panes each 20 inches by 16, tho others contain 9 puier 
each 16 inches square find tho cost of glazing tho whob 
at 2s Sd per squatc foot 

9 Tho sides of a triangle aro 890, 990, and 1000 links 
find the area. 

10. Tho area of a trapezoid is 473 sqmro feet, the 
perpendicular distance between the twopirillcl sides is 
19 feet find tho tv\o parallel sides, their difference being 
4 feet. 

11. Two roads cross at right angles , two men start at 
tho same tiino from tho point where the roads meet, one 



268 MISCELLANEOUS EXAMPLES. 

and the other man walking along the other road at the rate 
of 3 miles an hour : find how far apart the men are ten 
minutes after starting. 

12 Find how many square yards there are in ^ of a 
square mile. 

13 The perimeter of one square is 748 inches, and 
that of another is 336 inches* find the perimeter of a 
square which is equal in area to the two 

14. A square contains 3690 feet 81 mches: find its 
Bide. 

15 Find how long it will take to walk round a field 
containing 13 acres 1089 yards m the form of a square at 
the rate of 2^ miles an hour. 

16 Find the expense of carpeting a room 16 feet 
8 inches long, and 12 feet broad, with carpet a yard wide 
at 6 shilhngs a jard. 

17. A room is 24 feet long, 20 feet broad, and 14 feet 
3 inches high find the expense of covemg the walls with 
paper 30 inches wide at 1 ijd per yard, alloiring 8 feet by 
6 feet 3 inches for each of 4 doors, 10 feet by 6 feet 8 inches 
for each of 3 windows, and 6 feet 6 mches by 4 feet for a 
fire-place. 

18 The length of a room is double the breadth, the 
cost of colouniig the ceiling at 4M per square yard is 
£2 12s Id, and the coat of painting the four walls at 
2s 4d per square yard is £So find the height of the 
room. 

19 The sides of a triangle are 848, 900, and 988 hnks 
find the aiea 

20 A rectangle is 41 yards 1 foot 3 inches by 10 yards 
10 inches find how many ciiclcs of one inch radius are 
eqmralent in area to this rectangle, assuming that the 
area of a circle of one inch radius is 5 square inches 

21. Construct a diagonal scale , espLiin its use, shew 
where the points of the compasses should be placed to 
measure off a length 1 37. 

22 Determine the excess of 15 feet square over 
15 square feet. 
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23 Tliere are two rectanguhr fields equal m area, 
the sides of one field are S45 yards and 13U yards m 
length, and the longer side of the other held is 1134 yards 
find tlio length of the shorter side, and express the area 
of each field in acres, roods, poles, and square yards 

24 Find the side of a square which contains 73G7 
square feet 52 inches 

25 The area of a rectangular field whose length is 
three times its breadth is 6 acres 9G0 yards find its peri- 
meter. Fmd also the distance from comer to comer 

2G Find the expense of carpeting a room IS feet 
9 inches long, and 17 feet 6 inches bioad, with car|>ut 
27 mehes wide at 5s. 3d per yard. 

27. A room is 15 feet long, 10 feet broad, and 9 feet 
9 inches high find the expense of o anting the walls and 
the ceiling at Is 9d per square yard. 

28. A room three times as long as it is broad is car- 
peted at 4s Gd per square yard, aud the walls aro 
coloured at Sd per squaio yard, the rcspcctnc costs 
being ;£8 5s 4|d and 4 guineas find the dimciisioiis of 
the room 

29 The penmotor of an isosceles tnangic is 30G feet, 
and each of the equal sides is five-eighths of ihc third side . 
find the area. 

30 ABODE IS a fire sided figure, and the angles at 
B, G, and D are right angles^, if AB=ZG feet, BG= 18 feci, 
CD=S2 feet, and DE=13 fcel^ find the area of the figure, 
and the length of AE 

31 The span of a bndge, the form of which is an arc 
of a cirdo, bemg 9G feet, and the height being 12 feet, find 
the radius. 

32 A square yard is diWdcd into 576 equal squares 
find the length of a side of each. 

33 Find the number of acres in the area of the ba.«o 
of the great pyTamid of Egypt Sec page 154 

34. Find the side of a square whoso area is equal to a 
rectangle SI feet long and Go| inches wide 
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35 A rectangular field is 300 yards long and 200 broad 
find the distance from comer to corner. If a belt of trees 
30 yards vnde be planted round the field, find the area of 
tbe interior space. 

36 In a rectangular court winch measures 96 feet by 
84 feet, there are four rcctangul-ir grass-plots measuring 
each 22^ feet by 18 find the cost of panng the remaimng 
part of the com t at 8id per square yard. 

37. A room is 30 feet long, 15 feet broad, and 15 feet 
high find the expense of coloring tho nails with paper 

feet wide at 4^0. per yard. 

Also find the cost for a room twice as long, twice as 
broad, and twice as high, tho paper being half as wide and 
costing half as much per yard as before. 

38 A room whose height is 11 feet, and length twice 
its bicadth, takes 165 yards of paper 2 feet mdo for ns 
four walls . hud how much carpet it will require. 

39. The sides of a triangle are 25, 39, and 56 feet 
respectively find the areas of the two tnangles into which 
It IS diiidcd by the perpendicular from the angle opposite 
the largest side on that side 

40 Make a rough sketch and find the area of a field 
ABCD from the following measures taken m huks . 

BM the perpendicular from B on AC=74.0, 

DN the perpendicular from D on <7=816, 
.d<7=1220, AM=532, AN=4S6 

41 Tho chord of an arc is 24 feet, and the height of 
tho arc is 5 feet find the length of the aic. 

42 A room is 15 feet 9 inches long, find its breadth, 
that it may contain 21 square yards. 

43 Tho area of a rectangle is 372 feet 32| mches 
square measure, aud one side is 20 feet 5^ inches, hnd 
the other side 

44. Find the length of the side of a square which is 
equal in area to a rectangle 972 yards long and 363 yards 
bioad. 
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45 If a rectangular piece of building land S^5 foci 
6 inches long, and 75 feet 6 inches broad, cost IS 2jf , 
find tho pnco of a picco of similar land 278 feet 9 inches 
long and 157 feet broad 

46 Find the cost of paving a street half a nnlo long 
and 47 feet broad, at the cost of 7fc! per square yard 

47 A room is 20 feet 6 inches long, 15 feet G inches 
broad, and 16 feet high find tho espenso of corenng tho 
avails with paper, 30 inches wide, at 7^d per yard, allow- 
ing for two doors each 8 feet by 3 feet 0 inches, one win- 
dow 5 feet by 7 feet, two other anndows each 5 feet by 
4 feet, and a hre-placo 4 feet S inches by J feet. 

48 Tho carpeting of a room twice as long as it was 
broad at 6 shillings per square yard cost £B 2s Gd , and 
tho painting of tho avails at 9rf per square yard cost 
£2 12f Cd find the dimensions of the room. 

49 ABCD IS a four-sided figure, EC is parallel to 
AD, AB^BC=sCD=‘325 feet, and AD=*73G feet find 
tho area 

50 Tho diameter of a circle is 12 feet find the area 
of a square inscribed in it 

61 TTie sides of one end of a frustum of a fnangufar 
pyramid aro 12, 15, and 20 inches respectively , the longest 
side of tho other end is 25 mehes find tho other sides of 
this end. 

52 The expense of paving a rcctanguLar court which 
measures 48 feet by 24 feet is £42 find tho cvpenso of 
pavmg another rectangular court which measures CO feet 
by 32 feet 

63 The area of a rectangle is 3075 feet 70g inchc<« 
square measure, and one side is SI feet 9i inches . find the 
ouior side 

64 Assuming that threo hectares contain 3oSSl square 
vards, and that one hectare contains 10000 square metres 
find tho length of a metre in terms of a yard, 

55 Find how many planks, each ISj feet long and 
10^ inches wide, will be icquired for the cbnslmclmn of .i 
platfom 54 yards long and 21 yards broad. Find the co't 
of tho wood at 5 id per square foot 
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56 Find the difierence in expense of carpeting a room 
17 feet 9 inches long and 12 feet 6 inches broad, \nth 
Brussels carpet | of a yard wide at 4s 6d per yard, and 
nith Kidderminster carpet f yard wide at 3ff 6d per yard. 

57 A room is 15 feet 9 inches long, 9 feet 3 inches 
broad, and 10 feet high find how many postage stamps 
will be required to corer the walls, allowing for two wm- 
doirs, each 5 feet by 4 feet, and three doors, each 6 feet 
8 inches by 3 feet. A postage stamp is mch long, and 
f mch wide 

5S A person has a triangular-shaped garden, the base 
of which contams 200 yards, and divides it into tivo cqnal 
Piorts by a hedge parallel to the base* find the length of 
the hedge. 

59 Yenfy the following statement by examples . the 
area of the space between two concentric circles is equal 
to the area of a circle which has for its diameter a chord of 
the outer circle which touches the inner circle 

60. Find the expense of paving a circular court 30 feet 
in diameter, at 2s 3d per square foot, leaving m the centre 
a space m the form of a regular hexagon, each side of which 
measures 2 feet 

61 Find how many bnehs there are in a wall which is 
120 bncks long, 15 bucks high, and 2 bncks thick. 

62 Find the thickness of a solid whose length is 
2 yards, bieadtb Ij yards, and solid content 1 cubic jard 
6 cubic feet and 1296 cubic inches 

63. A room 18 feet 9 inches long and 13 feet 4 inches 
broad is flooded with water to a depth of 2 inches find 
the weight of the water, supposmg a cubic foot of water to 
weigh 62^ lbs 

64. If gold can be beaten so thin that a gram ivill form 
a leaf of 56 square inches, find how many of these leaves 
will make an mch thick, the weight of a cubic foot of gold 
being 10 cwt 95 lbs. 

65. A cube contams 2 376 cubic yards find how many 
linear feet theie are in an edge 
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C6. A dosed vessel formed of metal one inch tincki 
and whoso external dimensions are 7 feet 3 inches, G feet 
5 inches, and 4 feet 3 inches, weighs 2 cwt 2 qrs 7 lbs 
find the eight of a solid mass of tlio metal of the smtio 
dimensions 

67 A monolith of red granite in the Isle of Mull is 
said to be about 115 feet long, and to haic an aieragc 
transverse section of 113 square feet If sb-ipcd for an 
obelisk it would probably lose one-third of its bulk and 
then weigh about G39 tons Determine the number of 
cubic yards in such an obelisk, and the weight m pounds 
of a cubic foot of granite 

68 Tlic top of a ciicnlnr table is 7 feet in diameter, 
and 1 inch thick find how man} cubic feet of wood it 
contains, and what will be tho cost of polislung its upper 
surface at sixpence per square foot 

69 Find how many Mllons of water can bo held in ft 
leathern hose 2 inches m bore and 40 feet long 

70 Tho ends of a frustum of a pyramid aro right- 
angled triangles , tho sides containing tho right angle of 
one end are 2 feet and 3 feet , the sinallcst sido of the 
other end is 8 feet, tho height of tlio frustum is 7 feet 
hud the volume 

71 Findhowmany bncksofwlnchtholength, breadth, 
and thickness aro 9, 4^, and 3 inches will bo required to 
build a wall of whiclT the length, height, and thickness 
aro 72, 8, and It- feet 

72 Find tho length of a solid whose thickness is I foot, 
breadth 18 inches, and solid content 3 cubic feet 21G cubic 
inches 

73 A box is 4 feet long, 2 feet 6 inches wade, and 
1 foot 6 inches deep , in it aro packed 232 books each 
b inches long, 5 inches wide, and inches thick find how 
man} more books each 6 inclics long 3 inches wide and 
1}- inches thick can bo packed in tho oox 

74 Find tho height of a parallelepiped winch contains 
639 feet 1248 inches, and whose base is 20 feet C inches 

75 Find the edge of a cube which contairs 
1097U 643U4S cubic mclics 


m «r 
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76 The surface of a cube contains 393 66 square feet 
And the length of an edge and the cubical content 

77 Find tlie Tolume of a cone, the height of Tvhich is 
one yard and the radius of the base one foot 

7S A garden roller of iron is half an inch thick, the 
Icngtli IS 30 inches, and the diameter of the inner surface 
is 20 inches: And the weight, supposing a cubic inch of iron 
to weigh 4 562 ounces 

79 A square tower 21 feet on each side is to hare 
cither a Aat roof coicrcd nith sheet lead which costs 
6 pence per square foot, or a pyramidal roof whoso vertical 
height is 10 feet, corcicd with slates which cost 18s 9^ 
per hundred, and each of which has an cvposed surface of 
12 inches by 9 mches. Find the cost in each case. 

80 The surface of a ceitmn sohd is three times as 
great as the surface of a similar sohd* And the proporhon 
nhich the volume of the Aist sohd bears to the volume of 
the second. 

81 Tlie three conteminous edges of a rectangular pa- 
rallelepiped are 36, 75, and SO mches respectively And the 
edge of a cube which mil be of the same capacity 

82 A nver 30 feet deep and 200 yards wide is Bowing 
at the rate of 4 miles an hour And how many tons of 
watei run into the sea ])er minute 

S3 Find the number of mches in the side of a cube 
whose sohd content is 5 359375 cubic feet 

84 The content of a cistern is the sum of two cubes 
whose edges are 10 inches and 2 inches, and the area of 
its base is the difference of two squares whose sides are IJ 
and 1^ feet’ And the depth of the cistern. 

85 Tlie cost of a cube of metal at £5 lOi id per cubic 
inch IS ;£1206 4s id And the cost of gildmg it over at 
per square inch. 

86 If gold can be beaten out so thin that a grain will 
form a leaf of 56 square inches. And how many of these 
leaves will be required to make up the thickness of a sheet 
of paper; a cubic foot of gold weighmg 1215 lbs. Avoirdu- 
pois, and 400 sheets of paper making a book one mch thick. 
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87 A hcnusplicncal basin 15 feet in diameter inll bold 
120 times as mucli as a eylmdncal tub, the depth of wludi 
IS 1 foot G mebes find the diameter of the tub 

88 A nght -angled triangle of Mhicb the sides are 3 
and 4 inches in length is made to turn louiid on tlie longer 
side find the voluino and the area of the irholc surface of 
the cone thus formed 

89 Tlie height of a frustum of a pyramid is 4 inches; 
tlic loirer end is a rectangle which is ii* inches by 12, the 
upper end is a rectangle of irliich the longer side is' 8 inches , 
find the volume of the frustum. 

90 The area of the surface of a sphere is 25 square 
inches find the ^ olumc of the sphere 

91 Fmd how many superficial feet of inch pbiilv cm 
be sawn out of a log 20 feet 4 inches long, 1 foot 10 inches 
wide, and 1 foot 6 inches deep 

92 Find the weight of water in a bath C feet long, 
3 feet wide, and 1 foot 9 inches deep 

93 Find the length of the side of a cube whicli con- 
tains 344324701729 cubic inches. 

94. Find how many cubical packages each having 4 1 
inches in an edge will fill a bo\ whose length, brc-adth, ana 
depth arc 2 feet 2 inches, 3 feet 3 inches, and 4 feet 4 inches. 

95 The flooring of a room 14 feet 3 inches long, and 
13 feet 4 inches bro id is composed of half-inch planks, c.ach 
8 inches wide and 10 feet long find how nianj will be 
required, and the weight of the whole if one cubic inch of 
wood weighs half an ounce 

9G Supposing a cubical room to contain 4GG">G cubic 
feet, find the expense of carpeting it with carpet 27 inches 
wide at 4s Gd per yard. 

97 A pvramidal roof IG feet high, stainling on a 
square base which is 24 feet on each side, is eovered ivitli 
sheet lead ^ of an uieh thick find the weight of the lead, 
supposing a cubic mch to weigh 7 ounces 

If the lead is stnpped off and cast into bullets, each of 
which IS in the form of a cylinder, inch long and •fj inch 
111 di imctcr, terminated at one end by a couc of the smie 

18 — 2 
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diameter and § incli Ugli, find liow many bullets tliere 
will be 

98 A spbencal cannon ball, 9 inches in diameter, is 
melted and cast into a conical mould the base of which is 
IS inches m diameter; find the height of the cone 

99 A cylinder, 24 feet long and 4 feet in diameter, 
is closed by a hemisphere at each end; find the area of the 
whole surface 

100 A tin funnel consists of two parts ; one part is 
conical, the slant height is 6 inches, the circumference at 
one end 20 inches, and at the other end 1 J inches, the 
other pait is cylindrical, the circumference being inches 
and the length 8 mches : find the number of square inches 
of tin. 

101. T'lnd how many cubes whose edges arc 2| inches, 
can he cut out of a cube of which the edge is 22 inches 

102 The breadth of a room is two-thirds of its length 
and three halves of its height, the content of the room is 
S832 cubic feet* find the dimensions of the room 

101 Find the length of the side of a cube which con- 
tains 733626753SS9 cubic inches 

104 One solid contains 30^ cubic feet, another solid 
contains 4^ cubic yards . find what multiple the latter is 
of the former 

105 Find the number of gallons of water which pass 
in 10 minutes under a bridge 17 feet 8 inches wide ; the 
stream being 10 feet 11 inches deep, and its velocity 
4 miles an honr 

^106 A cubic inch of metal expands so that each face 
is increased by 0201 of Us foimer area : find the increase 
of rolnme 

107. A sphere and a cube have the same surface, shew 
that the volume of the sphere is 1 3820 tunes that of the 
cube 

108 A sphere has the same surface as a right circular 
ig’hnder with its height equal to twice the radius of its 
base shew that the volume of the sphere is 1 2247 times 
that of the cylinder 
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109 A sphere and a cnbe have the sime volume shcn- 
that the siirrace of the cube is lilto? times tliat of the 
sphere 

110 A sphere has the same volume as a right circular 
cylinder with its height equal to tivicc the radius of its 
base shew that the surface of the cyhndcr is 1 1-147 times 
that of the sphere 

111 Find to the nearest lb the weight of the water 
which a cistern will hold, whose length, breadth, and depth 
are 5 feet 6 inches, 3 feet 9 inches, and 1 foot 3 inches 
respectively 

1152. A bed of gravel 4 feet C inches in depth extends 
over the whole of a field of 3 acres 3 roods . find tlie valuo 
of the gravel at sixpence per cubic yard. 

113 The volume of a cnbe is 5 cubic feet C21 cubic 
inches find the length of a diagonal of the cube. 

114 Supposing a bnck to bo 9 inches long, 4^ inches 
wide, and 3 inches thick, and to weigh 6 lbs , find the 
Height of a stack of bncks 10 feet high, 6 feet wide, and 
3 feet thick; 

115 A pirramid on a square base has four equilateral 
tnangles for its four other faces, each edgo being 20 feet . 
find the volume. 

116 The radius of the base of a cyhndcr is 3 feet, and 
the height is 20 feet find tbo volume’ 

117. A ditch of a certain length is 4 feet deep, 16 feet 
broad at the top, and 12 feet broad at the bottom if the 
ditch bo half filled with water, find the depth of the 
water 

118 The radius of one end of a frustum of a cone is 
18 inches the radius of the other end is 12 inches, the 
height is 13 inches find the volume. 

119 If the weight of an iron ball, 4 inches in diameter, 
IS 9 lbs., find the weight of a shell whose external and in- 
ternal diameters are 7 inches and 3 inches respectively 

120 Tlio area of the whole surface of a right circular 
cone 18 32 square feet, and the slant height is three times 
the radius of the base find tlio volume of the cone. 
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121 The area of the base of a parallelepiped is a square 
yard, and the height is 2 feet 6 inches . find the Tolumc 

122. A layer of coal 5 feet thick underlies the whole 
of an estate of 120 acres find the value of the coal at 12 
shilhngs per ton, supposing a cubic yard of the coal to 
weigh a ton. 

123. Find the number of cubic inches in a piece of 
plate glass 5 feet long, 3 feet 4 inches mde, and fths of an 
inch thick. 

124. The area of the coal field of South IVales is 1000 
square miles, and the average thickness of the coal is 60 
feet If a cubic yard of coal weigh a ton, and the annual 
consumption of coal in Great Britain be 70000000 tons, 
find the number of years for which this coal field alone 
would supply Great Britain uith coal at the present rate 
of consumption. 

12S A pyramid is cut into two pieces by a plane 
parallel to the base, midway between the vortex and the 
base . shew that one piece is equal to seven times the 
other. 

12G A cylinder is 5 feet in diameter, and its volume 
is 785 4 cubic feet find the height of the cylinder in feet. 

127 Tlie ends of a pnsmoid are rectangles, the corre- 
sponding dimensions of winch are 8 feet by 7 and 10 feet 
by 6, and the height is 4 feet find the volume of the 
pnsmoid. 

128 The height of the frustum of a cone is 7 feet, and 
the radii of the two ends are 4 feet and 6 feet respectively, 
the frustum is cut into two pieces by a plane parallel to 
the ends and distant 3 884 feet from the smaller end . shew 
that the two peces are of equal volume 

120 A solid ball 4 inches m radius of a certain 
matcnal weighs 8 lbs find the weight of a sphencal shell 
of that matcnal, the mternal diameter of which is 8 mches, 
and the external diameter 10 inches 

130. The circumference of a great circle of a ball is 
15 708 feet . find the whole suifacc of the ball 
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131. A stone wall is bnilt 10 feet 6 inches liigh and 

2 feet 3 inches thick ^ the escaration from whicli the stone 
was taken measures m length, breadth, and depth, 30 feet, 
28 feef^ and 18 feet rcspectirclj, find the length of the 
wall. 

132 A cistern mc-asures in length, depth, and breadth 
6 feet, 4 feet, and 3 feet respectively; the cistern after 
being filled with water can be emptied bj a pipe in an 
hour and a half find how many gallons are ^chaigcd 
through the pipe in a minute 

133. Find how many cubic feet of de.al are contained 
in 200 planks each 15 feet long, 10 inches wade, and 1^ 
inches thick. 

134. A pond whose area is 4 acres is frozen over with 
ice to tho uniform thickness of 0 inches * if a cubic foot of 
ice weigh 89G ounces Avoirdupois, find tho weight of ice 
on the pond in tons. 

135 Suppose that tho coal consumed in a month in 
England were formed into a sqm-iro pjTamid on a base 
equal to that of tho great pyramid of Egypt find tho 
height of the pyramid which would bo thus formed. Sec 
pages 154 and 278. 

136 A trench is dug 8 feet deep, 14 feet wide nt 
the top and 10 feet wide at tho bottom, and the earth 
removed is thrown up by the side of the trench so as to 
form a bank sloping on each side .it the same angle to tho 
horizon, the height of the bank being three-fourths of its 
base : find the height of tho bank. 

137 Find the volume of a cyhndcr 40 feet high, the 
radius being 8 feet. 

138 A bucket is in the form of a frustum of a cone ; 
tho diameter at the bottom is 1 foot, and at tlic top 1 foot 

3 inches , tho depth is 1 foot G inches find to the nearest 
pound how much more tho bucket weighs when full of 
water than when empty. 

139 If 30 cubic mehes of gunpowder weigh 1 lb , 
find tho diameter of a hollow sphere which wall hold 
nibs 
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151. A rectangular field is 440 yards long, and nt 
yards wide find its area in acres Also find the areas of 
the portions into which it is divided by a straight hue 
drawn from the middle point of one side to one of tlic 
opposite comers. 

162 The walls of a room 21 feet long, 15 feet 9 inches 
wide, and 11 feet 8 inches ingh, arc punted at the espenco 
of 12s Gd find tiic additional expenco of painting the 
ceihng at the same rate 

153 A parallelogram has two sides which arc S feet 
9 mehes long, and two which are 7 feet 4 inches long, and 
a diagonal which is 11 feet 7 inches long dctcrauiio 
whether the parallelogram is a rectangle 

154. From a point in the circnmfcroncc of a circle two 
chords are drawn at right angles, and their lengths arc 13 
and 17 inches rcspcctircly find the area of the circle 

155 The area of tho Yorkshire coal Cold is ')37f square 
miles, and the average thickness of tho coal is 70 feet If 
a cable yard of coal weigh a ton and tho annual consump- 
tion of coal m England no 70000000 tons, find the number 
of years for which this coal field alone would supply Great 
Entam with coal at tho present rate of consumption 

156 If tho coal consumed in one year in England 
were piled up into a rectangular stack has ing for base an 
area of ten acres, find tho height of the stack to the ncarc.-.t 
yard 

157. A cubic foot of gold is extended by hammering 
so as to cover an area of G acres find the thickness of the 
gold in decimals of an inch, correct to the first two signi- 
ficant figures 

158 Find to three decimal places tho number of 
gallons in a cubic foot 

159 A cubic inch of brass is to be drawn into a wire 
^ of an inch m diameter find the length of the wire to 
the nearest inch. 

160 The sides of a right-angled triangle are 3 inches 
and 4 inches respectively find tho volume of the double 
cone formed by the revolution of this triangle round its 
hypotenuse. 
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161. The base of an aquarium is a square, the height 
is half a side of the base, and there is no lid ; the glass 
cost ^ 1 11s at 15s a square yard : find the number of 
gallons the aquarium irill hold. 

162 Supposing a cubic font of brass to weigh 8500 
ounces, find the weight of a yard of brass wwe the thick- 
ness of which IS ^ of an inch. 

163 A right-angled triangle of which the sides are 
5 and 12 inches in length is made to turn round the hypo- 
tenuse * find the volume and the surface of the double cone 
thus formed. 

164 The weights of two globes are as 9 to 25 ; the 
weights of a cubic inch of the substances are as 15 to 9 . 
compare the diameters of the globes 

165 A gold wire of 01 of an inch in thickness is bent 
into a ring of one inch internal diameter if the area en- 
closed by the ring be gilded with a weight of gold equal to 
the weight of the nng, find the thickness of the gilding 

166 A solid is composed of a cone and a hemisphere 
on opposite sides of the same circular base, the diameter 
of which IS 2 feet, and the vertical angle of the cone is 
a nght angle . the sohd is immersed in a (^lindcr full of 
water, whose circular section also has a diameter of 2 feet, 
so that the vertex of the cone rests on the centre of the 
^lindncal base, while the highest part of the hemisphere 
just coincides with the surface of the water find the quan- 
tity of water reniaming m the cylinder. 

167 A beimsphencal ball of 6 feet in diameter is 
partially buried with its mouth downwards, and in a hori- 
zontal position, so that only one-tbird of the height appears 
above the ground find what quantity of earth must he 
dug out m order to leave the ball entirely uncovered, and 
just surrounded by a cyhndncal wall of earth. 

168 The frustum of a right cone is 6 feet high, the 
radius of the smaller end is 2 feet, and the radius of the 
larger end is 3 feet find the position of the plane parallel 
to the ends which will divide the frustum into two equal 
parts find also the volume of each part 
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169 Find to tho neircst squiro inch tho qnanlityof 
leather required to eover a spherical foot ball which mea- 
sures 23 inches in eircumfcnmce 

170 Find the rolnmo of a cask in gallons, tho length 
being 47 5 inches, tho bung diameter & 6, and tho bead 
diameter 26 5 

171 An area in the form of an equilateral triangle is 
pared at tho rate of 9rf per square foot, and it is fenced 
at the rate of 5 shillings per foot shew that tho cost of 
fencing is to tho cost of paring as 80 ,^3 is to three times 
tho number of feet in a sido 

172 Find tho side of an equilateral triangle, supposing 
it cost as much to paio tho area at Od per square foot os 
to fence the three sides at 5 shillings per foot 

173 A rectangle is 202 of an inch longer than a certain 
square, and *2 of an inch narrower, but contains tho 
same area shew by a Cguro that tlio number of inches in 
the side of tho square is the product of 202 mto 2, dmded 
by tlieir difference. 

174. In measuring tho edges of a cubical bor to ascer- 
tain its content, an error of *202 of .an inch is made in crcc-s 
for the lengtln and of U of an inch in defect for tho 
breadth, tho height being properly measured, the cal- 
culated Yolnrae agrees inth tho tnio Tolnmc find tho 
volume m cubic inches. 

175 Tho radius of a circle is ^/2 inches, two parallel 
straight bnes are drawn in it, each an inch from tho 
centre find tho area of tho part of the circle between 
tho straight lines. 

176 A square hole 2 inches wide is cut through a 
solid cylmder of which the radius is inches, so that 
the axis of the hole cuts at nght angles the axis of tho 
cylinder find how much of tlie material is cut out. 

177 A vessel is to bo made m the form of a rect- 
angular parallelcpqied on a square base, and anoUicr 
acssel of the same capacitj in tho form of a right circul>r 
c}liiidcr , the vessels are to have no lids, and each vessil 
IS to be made of the most advantageous shaiic for the «ake 
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of sanng niatenal shew that the matenal in the (^lindncal 
vessel IS abont 92 of the niatenal m the other vesseL 

. 178 Shew that the same result as in the preceding 

Example holds if the vessels are to have hds. 

179 A pp^imid on a square base has every edge 
100 feet long* find the edge of a cube of equal volume. 

ISO. Vonfy by calculating vanous cases the following 
statement a nght circular cone is dinded into a cone ana 
a frustum of a cone, and the frustum is tnninicd just enough 
to reduce it to a nght circular cylinder, if the height of the 
frustum IS one-third of the height of the ongind cone the 
volume of the cyhnder is greater than in any other case, 
and IS four-ninths of the volume of the onginal cone. 


2S5 


ANSWEES 


pnio answers when not exact arc given to the nearest 
figure, so that aenictiiuc!> thej area httlc too great and 
sometimes a httlc too siualL] 


T. 1 557 feet 2 SM-j feet t 3S2ft lOin 

4 945 yards 1 foot 5 554 92 6 6S5S % 

7. 3SS69 8 1840-78 0. 337 feet 10 6227 feet. 

11 9Sft.9in 12 259 yds 2 ft. 13 45251 

14. 3270-31 15. 32177 IC IS24 14 

17 194834-5037 R 18 12037, 12012 ft 19 7 ft. 
20 32 4-24ft. 21 14-4 70ft 22 1 4142133024 in 

23 15556 ft. 24. 64 32 ft 27 95 yds. 

26 964ft. 27 560ft 2S 6455ft 

29 5 74ft 30 21 91 in 

31. 11832,11314, 10 392, 8 944, 6 033. 32 9 75 ft 

VI 1 6 Cinches 2. 25 98 in 3 40 ft. 

4. 074 ft 5 5 ft. 2^ in. 6 A quarter of nil 

mch to a milo 7 03 niScs 6 30 in 9 0^ ni. 
10 43 in, 11 25 ru 12. 10 ft, 12 ft. 

VII 1 lOift 2 224211 .7 5lin. 

4. 174ft 5 3fL 9!n 6 967ft 7 29fL 

8 2503ft 9 823111 10 4472 in 11 4 ft, 

12 475 ft 13 507ft 14 123 03 ft 

Till 1 44 ft 2 27lTds.lft. 3 672 yd* Sin. 

4, 4 furlongs 5 64 8212 ft. 6 190 ft, 

7. 52354764 ft 8 94a4S3ds. 9 21yds 

10 70 yds. 11 238 ids. 12 SfiOyd- 

13 3183 of a foot 14- 7 9777 feet 15 107 4503 ft. 

16 70 028 yds 17 30 6 18 SCO 

10 19 0983 feet 20 4 07 feet 
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IX 1. 12 5664 in 2 42 656 in, 3. 3S»81. 

4. 67®3. 6 3S|m 6 56 19 in 

7. eilTin. 8. 17S54in. 9 4776021 

10. 5 1416 in. 11. 19 43 in. 12 14 1897 ii 

XL 1. 196. 2. 576 3 756i. 4, 916A 

6 113 yds. 7 ft. 6 152 yds Ifl. 7- 348 yds. 4 fl 
& 413 yds, 4 ft 9. 14 yds. 2 ft, 64 in. 

10 34yd3. 6fL 16in 11 73 yds 6 ft 9 uj. 

12. 213 yds. 4ft 52 in. 13 2 acres 4 poles 

14. 5ae. Iro. Ipo 15 15 ac 2 ro. '04 po 

16. 70ac. 2ro. 69376po. 17. 32512 5 sq ft 

18 3938 sq yds 2 ft. 76 5 in. 19 7ac 2ro '5po 

20 16ac. 3ro 16 7168 po. 21. 42}ds 22 85 yds. 

23 273 yds. 24, 440 yds. 25 SSOyds. 

26 110 yds. 27. 8 004 ft. 28 127 yds 

29. 10 954, 30 16 941. 31. 65597 

32. 68823. 33 2556169. 34. 346*107. 

35. 8'742in. 36. l|-in. 37. 280 

38. 432. 39 279 40. 374| 

41. 34 yds. 42 63 yds 6ft. 43 127 yds 4ft 
44 180 yds 4 ft 45. 7 yds 8 ft 108 in. 

46. 16 yds. 96 m. 47. 24 yds I ft 80 in. 

48 69 yds 87 in 49. 3 ac. 34 po 

60 6ac.2ro 346368po. 61 9 ac 2ro 11 6224 po 

62. 13ac. Iro, 22 72po 63 32ft 54 44yds. 

55 352 yds 56 1100 yds. 57. 110 yds. 

68 36^ yds. 59. 78 yds. 1ft 60. 2 yds 

61, '125. 62 63 660. 64 3 chains 

65 53049 sq ft 66. 11 feet. 67. 10488 ft 
68 49 69 4320 70 324 71. 816. 

72. 48 73 80^. 74. 40 75 84 

76. 696960 77 3200 78 3 8 4 79 20. 

80. 30780 81. 345G 8i. 162. 83 As 2 is to 5. 

84 280 ft 85. 1510| 86 1444 sq ft 

87. 21, 63 ft 88 of an onnee. 91 £6 6s, 

92 £1102 10s 93 ;e3 15s Bid 94 £2 lOs. 

95 ^18 14s. 5J4. 96 £245 lSs"ll|<f. 

97 £23 7s 2d 98 £62 Is 4d. 99. 43 ft 
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102 32 


2S7 

103 ^ 
im 

100 X30 i».3a 


100 "■■ 

10^ Ri vds 27 »o- “ill jE 23 77* 9^ „ o, ol,rf 

IS i-n 

£0 7* 70.“ 


110 

112 

116. 

118 

120 

123. 


lOTyds 1ft. 
£11 4* oa 


' 124 X9 ■<* 


_ y.-. BO vds 5 ft. 

XII 1 70®'lr-^®oin “ 7 7aciro^“{[\^ 

3 \l9 sq J<7^ 3 ft ^ 5ft 8 in lOSSsqfi- 

4 It- n. 

8808 eq ft- 


5 

9 

12 


XIH* \ 'JsqftSlsqm- 
3 40sqy^ ^g^ggpo 

4. 8ac 2 W 20^ 

1 12 69300 


272 3 sq ft 
COOO. 


11 2772 
13 6006 
19 223860 

23, 24-249 
,6 463757 
31 l2ft 

« ./lA 


6 - 
9 12 
13 2310 
n 18060 
21. 2903 


6 64204. 

10 1848. 
14. 3370 
18 60990 
22. 20976. 


16 9240 
20 5515650 
24. 70j)9S2 

10 463 <a» 45’ftct, 


34, pB^l^ft^ 33 " £5 17» ^900 k n, 

I47|sq ft gg lOOOO, 2000 , ^ 4, Ptf 

37. 2116 40 2100 sq ft 43 27145 

II ^ <1, ,4.8 «• 

42. 293. « ft. 


XIV 1 4637408 

g 72 6531 sqch 

6 29 8Scli. 

9 204 sq yd® , 

1". 

15 lii ^ 


2- 1372 ft 

G3765 sq eft 
7 40 sq ft 
10 6 &q 
^®13 125 
10 


8 44 sq ft- , 

11 ll7sq<V 

^14 O'-Oljd-v. 
60.05,70-0 id' 
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17 3l2sq ft 18 An acre 19 1152 sq yds., £19 4s 
20 421 ft 21. 1800 sq ft 22 1260 sq cli. 

23 839 553 sq ft. 24. 16 825 sq ft 25 688sqft 
26. 506430 sq ft 27 7200, 7200 sq ft 

28 10296 sq ft , 125, 82 368 ft. 

29. 1054^ 625, 566 6304 ft 

UN 1 134 sq ft 2 110 865 sq ft 3 150 6 sq ft 
4. 6813 52 sq ft 5 142 557 sq ft 6 1039 23 sq ft 

7 6495*2 sq ft 8 259 81 sq ch 9 sq ft 

10 6 X 51764 sq ft j see Art 99. 

XVI. 1. 1386. 2. 7857} 3 1369028}. 

4. 19635. 5 3091535 46 6 547392384. 

7. 5 64. 8 5886 9. 283 53 10 12 616 

11. 30179 12 29789 13 188 4.96 sq ft 

14. 3769 92 sq ft 15 236 24832 sq ft 16 15 094 in. 

17. 15 116 feet 18 8*956 ft 19 38993 sq ft 

20 554622 sq ft 21. £23 16 ft 22 11344 ft 
23 6657ft 24. 805m. 25 677, 816in. 

26. 539 3057 sq.ft 27. 136. 28 ;£141 744s 

29 40701. 30. ;£47 24Ss 31 ;ei9. Os. 

32 5857 sq ft 33 1418 ft. 34. 451 'ft 

35 54 9376 sq ft 36 184 9392 sq ft. 37 2024 8 sq.ft 
38. 1042 ft 39 1 8426sqft 40 129688 3896 sq ft 
41 71 62 sq ft 42. 140 374 sq ft 51 81 sq ft. 

52 248sqft 

XVII 1. 125 664 2. 150 7968. 3 562 9747. 

4 4363 sq ft 5 9774 sq ft 6 1854ft 

7. 69 26 ft 8 80® 57 9 11 75 ft. 10 74375 ft 

11. 112" 5 12 13 41ft 13 2942 sq in , see Art 122. 

14 27 53 sq in 15 1 ISO sq ft , see Ai*t 167. 

16 61 42 sq ft , see Art S9 17. 296 04 sq ft 

18 28 05 sq ft 19 39825 sq ft 

20 20 382, 686478 sq ft 21 61464 22 28 546 

23 9 059 24 1 ISO 25 1489 sq ft 

XVI IL 1 162 2 192 3 288 4 27 

5 56 907 6 8403 7. 263 9 8 59 307. 

9 70 641 10 22 0957 11. 7817. 12 6931. 
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XIX. 1. 334. 2 C534sqiii. 3 1 in. to 3G. 

4 1 in to 660 6 7 ^ in 6 6 336 inches to a tnilo 

7. 11 832, 17 748 ft 8 221, 2 IS, 255 

9 50 96, 109-20, 145 GO 

10. Tho square is 1 299 times the triangle. 

11. The hes.)gon is 1 1517 tunes the square. 

12 The cirelo is 1 2732 tunes the square. 

13 The cirelo is 1*1026 times the hexagon 

14 15197 ft 15 61-237 ft 16. 13-236 ft 

17. 6 7082 9 4868, 116190, 13 4164 0. 18 Tho 

perimeter of the triangle is 1 14 times that of tho 
square 19 2 638 ft. 20 3 1 14 ft 


XXIL 1 18 ft. 1664 inches 2 216 ft. 

3 107ft 297iu 4 4492ft 216m 5 3Sft lOSin 

6. 78ft 810 in. 7 200 ft 200 in 8 3399ft lOOSin, 

9 68 ft 10 20 ft 1440 in 11 32 ft 752 in 

12 66 ft 1296 m 13 9 in 14 432 in. 

15. 5 ft 16 5ft lOiii 17 20 sq ft 

18 4 sq ft 48 in 19 17sqft2ia 20. 34sq ft 120in 
21. 1346 22 1777 23 2314 24 SCOI 

25 70 26 89 27 141 28 365 

30 31 255875 31 24 ft 32 10360 33 .384 

34 0311334 of eu vajJi. 38 35 314 36 14 lbs 

37. 116109 ounces 39 314f 40 3 S in 

41. 291600 46 6196 47 CSlOl 48 ^Ib.Jlh 

49 9 cubic ft. 50 3 ft G in OJ 1-26 ft 

53 14 42 ft 64 103 51 la. 65 3-297 ft 

56. 20 m 


XXIIL 1 
3 109 ft 133 in 
6 3ft 1056 in 
9 43 9824 
12 569 G7GS 
16 53 111 
19 1720Sft 
23 3916 
26. 1 17333333 J 
29. 1562 5 ft 
33. 1745 3. 


15 ft 1050 in 2 62 ft 729 la 

4 194 ft 363 in 5 Ift 162 la 
7 6ft 408 in 8 lift 1452111 
10 83 44S75 11.22128645 

13 33 la 14 41ia 15 47 m. 

17 7 979 la IS 1 17 12 ft 

20 2 336 ft 21 23 22 489 

24 11013 25 ISOO enh ft 

27. 144000 28 13461 

30 89 31 212 06 32 5'i4 

31 489 35 i:5 4r OJ 
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36. £5 is. 

39 8S0061 in 
42 7 0686 cub ft 
45 634 lbs 
48 433 cab in. 

51 90 cub ft 
54. 15 55 m. 


37 £6 13s. 6<Z. 38 10 61 in. 

40. 3320244 ft 41. 1 68 cub ft 
43 176710 cub. ft 44 373 lbs 
46 ^4. 17s Zd 47. 8*2467 lbs. 

49 2 598 cub ft 50 ^ of an inch. 

52 3345 in 53 646ft 

65 -927 ft. 66 5 61 in. 


XXIV. 3 49 3 4 152. 5 1 very nearly. 

6 3916 7. 410 5 8 27 9. 63 7 u. 

10 384in. 

XXV. 1 6 ft 362 m. 2 17 ft 896 in. 

3 32 ft 704 in. 4. 45 ft 1121 in. 5. 19 596 
6 83785 7 9S7-798 8 2378571. 9 16*755. 

10. 64*141. 11. 97 905 12 1047-2. 13 17 ft 3in, 

14 21ft 9 in. 15 30ft 16 32ft Sin. 

17. 7 979 in. 18 2 6846 a 19 32612 a 

20. 42853fb 21. 407293 5 cub ft 22 6666663 cub ft 

23 206 44Scabft 24 192000 cub ft 23 3494 4cnba 
26. 1164 9 cub. ft 27 3640 cub ft 28 3147 18 cub a 

29 1231 5 cub ft 30 3918cab.a 31 3392 928 cub a * 
32 55461 8064 cub ft 33 6265 2 3 4 31416 

35 101 86 cub ft 36 116 224 cub ft 37 10472 ft 

3S .36373 07. 39 166$ cub ft 40 2708 cub m. 

41 3466145 42 1173 46 cub ft 


XXVI 1 12-25 2 11227 3 382475 

4 48216 5 2034186. 6 5017292 7 7141736. 

8 1038 4362 9 917 3472 10. £60 4s 

11 73 323 cub ft 12 7600 cub ft 13 4824 32 cub ft 
14 65 15 1608 5 cub ft 16 247 8, 283 1 cub a 

17 278873 5, 305413 8, 333160 4 

18 1127 6, 14082 cub a 

XXVIL L 1620 cub in. 2 21 cub ft 

3 3240 cub in. 4 3464 cub in. 5 588 cub in. 

6. 4000 cub in 7 995 9 cub in. 

8 462, 1155 cub in. 9 10O8, 728 cub in. 

10 420, 480 cub in. 
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XXVIII 1 744000 cub ft. 2 632000 cub ft 

3 125007 cub m 4. 1031 10 5 316G00 

6 1263, 1983 cub ft. 7 473, 371, aSl cub ft 

8 480, 720 cub ft 0 261 j, 4SGi cub in 

10 250, 670, 970 cub in 12 1144, 5S4 cub ft 


XXIX 1 696 9 cub in 2 2CS 1 cub ft. 

3 7238-2 cub ft. 4. 17974 2 cub ft. 5 3 63 

6 8 65 7 1689 8 29 18 9 Slot 

10 15499 11 34401 12 123983 13 20 73 

14- 272 minutes 15 197 9203 cub ft. 

16 6494 lbs 17 43 412 cub in IS 20 6<!SIb« 

19 432'227 ounces 20 5 986 lbs 21 12 72lli«. 
22 31 94 lbs. 23 111 18 lbs 24 522 67 ounce® 
25 29262 ounces 26 611 12 lbs. 27 549 lb® 
28 28 6875 lbs 30 1 24 lbs 31 2 in 32 3 in 
33 19 28 in 34 65 45 cub ft 35 Xc.3rly 49 tiino® 
36 16 12 in 37 24S14m 38 16 64 in 

39 9 5076 in 40 14 in 41 4in tcry noirh 
42 1003 m 


XXX 1 646 6384 cub in 2 2073 456 cub in 

3 263 8944 cub ft 4 76 95 cub ft 5 234 57 cub ft. 
6 458 15 cub ft 7 2077 64cubft 8 205 25 cub ft 
9 654*5, 3534 3 cub ft 10 791 6S32, 2201 952 cub ft 

11 375 of a cub in 12 10 5 lb® 

13 Two of 98 96 cub ft , one of 183 78 cub ft. 

14 Two of 335 1 cub in., two of 737*2 cub in 

15 37961 cub in 16 26S34 5 cub in 17 113. 


XXXI 1884 96 cub m. 2 58 06 cub ft. 3 «) 
4 84 56 cub feet 5 9333 cub in 


XXXII 1 20 23 lbs. 


2 5832011)= 
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XXXIII. 1. 37s(i ft 72 in 2 80 sq ft 96 m. 
3 204sq ft 24 in 4 260sq ft 6 in. 6 TOsqft 

6 6isq ft 7 73 sq ft 40 in. 8 88 sq ft 10m 

9 lOSsq ft 10 520sqft 11 51sq ft 96m. 
12 77 sq ft 132 in. 13 24 sq ft 47 in. 

14. 48 sq ft 128 in 15 66 sq ft 16 in 

16. 1227 sq. ft 48 in 17 085 sq ft 120 in. 

18 2488 sq ft 128 in 19. 18 sq ft 

20 48 sq It 9011). 21 30 sq ft 84m 

22 40 sq ft 52 in. 23 104 sq ft 84 in 

24 173 2 sq ft 25 83 2888 sq ft 26 2197 cub m. 
27. 6 083 ft 28 619 52 sq in 29 191 13 sq m 
30 44 7846 sq ft 31. 190 sq ft 96 m. 32. 6sq ft 
33 1380, 1296 sq in 37 600 38 66696 

39 476 22. 40 624 97. 41 485 35. 42. 600. 

43 629 96. 44 63496. 45 673 05 46 69336. 


XXXIV 1 1248 sq in 2 1653 sq in 

3 2149 92 sq.m 4 6277 89 sq in 6 2010 624 sq ft 
6 62 8 12 sq ft 7 186 9252 sq ft 8 1105 84 sq in. 
9 173 662 sq ft 10 241 673 sq ft 11 10 2 m. 
12 4 775 in 13 12 666 m. 14. 13 541m 

15 21 409 in 16 2 6 ft 17. 19 635 sq ft 

18 3 82 m. 19 628 32sq m 20 968 54 sq in. 
21 4375. 22 4593 23 4630 24 4907 

25 6055 26 5833 27 5512 28 6944. 

29 5608 30 8088 31 600, 586 sq la 

32. 18683 sq ia 


XXXV. 1 753 98 sq ia 2 628 32 sq in. 

3 3518 59 sqm 4 SO 5 11781. 6 13 03 

7. 256 61 8 86853 9. 685 4. 10 89798 

11 15 92 m 12 446 la 


XXXVL 1 715 6 2 1273 3 1683 37 

4 341806 5 2035 76 6 649 78 7 1159 25 

8 1709 03. 9 2108 01. 10 6738 73 11 2306 74. 

12. 8715 7 13. 37 609 14 85 4.52 15 29 093 

16 38527 17 19635. IS 213803 19 21378 
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20 IS 4322 21. 30 in 22 22831. 23 2 WCjft, 

24 2 729 ft 25 52 in 2G I’SSSOft 

27 1 0925 ft 28 1 0998 ft 29 26 yds ncarlv 
30 327 yds nearly 31 C2CS3 J2 CG490. 

33 65 147 34, 62G88 35 GO 071, 3G 339S9. 

37. 28701 38 28172. 39 47335 40 C0154. 


XXX VII 1 17GBq in 2 273 sq in 

3 251 328 sq in 4 94 248 sq ft 5 1102 70 sq in. 

6 97G4 09 6q in. 7. 89 41 sq ft 8 SG.lSsq fc 

9 185 97 sqm. 10 229 09 sqm. 11. 80 11 sq ft 
12. 13949sqft 13 241275sqm. 14 341S0G>.q m 

15 40 84 1C 171 22 17 427 2C 18 1747 515 

19 2 228, 1 772 feet 20 105 nearly 


XXXVni 1 314 IG sqm. 2. 2827 Msq m 
3 G0 82Isq ft 4 127 .32 sqm 5 5 093 sq ft 

e 13 038sq ft 7 11284 m 8 4 5135 ft 

9. 4 886 ft 10 8 4104 cab ft 11 33 245 cub ft 
12 94 0315 cub ft 13 4 18S8 cub ft 

14, 47 713 cub ft 15 75 39S4sq ft 

16 cjylmdcr 3141 G cub m ; spitcro 4188 8 cub m 

17 cube 1 cub ft , splicic 1 382 cub ft 

18 cylinder 6 282 cub ft , spbero 7 695 cub ft 

19 cube b sq ft , sphcio 4 83G sq ft 

20 cylindei IS 8496 sq ft ; sxihero 16 4GC6 sq ft 


XXXIX 1 850 sq m 2 45 sq ft 

3 904 78sq m 4 49 009 8q ft 5 163 3G32Eq ft 

6 2312 22sq m 7 133 725b sq ft 8 1599 b7 sqm. 

9. 1019SG06sqft 10 1328 897 sqm 

11. 308 S9.1Gsq ft 12 867 79sq m. 

13 7508424 sq ft 14. 1677 6144 sq in, 

15 308 4343 sq ft 16 1221 894 sqm. 17 ^ 

18 of tbe radius. 20 J of tlic radius 


XL 1 £62 2s 2 ;£ie5 12 j 3 £183 12t 4d 

4 £17 15s 5d 5 £4 3s 4rf b 3* f*- 'f'"? 

7 £37 IGs 4Ad. S .373 lbs. 9 34} 
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30. 

£12. 6s. S^a 

11. £S. 28. 16d verynearly. 

12 

£12. 

13. 

£l. 14s. nearly. 

14. J95.138 3d verynearly. 

15. 

£5. 10& very nearly. 16. £60 

17 

£12. 

Itf. 

5550. 19. 

J6. 88. 6d 20 £33 188 6d. 


XLI. 1 5 62. 

2 3*4 3 £10 5s. 

4 

216? 

6 

;£145 48. 6. 

£15 168 7. £120. 8 

£49 lOa 

9. 

£25 08 8d. 

10. £62 10s. 

11 

£126 

12 

£71. Ss. 13 

. lOOj. 14, £12. 128 

15 

£41. 

16. 

;£16. 48. 




XLIL 1. 93f 2 117 3 IBl 4. 874 

6 12^ 6 16f 7. 128i 8 128i 9- m 

10. 96f. 11.98 676 12 628. 


XLIII 1 11087. 

4. 54 2 6 1087 

8. 3d 15. 9. 2349 


2 88*18 3 10854 

a 9003 7. 11243 

10. 15 9a 


XLVI 1 7975 of an acre 2 *626 of an acre 

3. 56*283 of an acre. 4 7165 of an acre 

6 1 1445 acres 6 1 1165 acres 7. 766 sq hnts, 
8 1511 sq links. 9 23Q0sq linL^ 10 5640sq.bnks. 
11. 311 of an acre 12 3 61135 acres, 13 662 of an acre 
14. 8 608127 acres , it will be fonnd that the angle A£G 
is 60*, and the angle AGD h 90®. 

15 ie‘24425 acres. 16 5 02922 acres 


XLVIII 1 9sqft. 2 lesqftSpr 3 98q ft 2pr 
4. 16sq ft. 6pr. 9 in 5 26 sq ft 11 pr. 10 in. 

6 27 8q ft. Ipr 5ni. 7. 13 sq ft, 10 pr 10 m. 

8 15sqft.8pr Oin 8th 9 Msq ft Opr. 4in lOtli. 

10 22 sq. ft 7 pr. 4in. 10th. 11 fo. 11. IScnb ft. 6pr. 
12 33 ct* ft. 9pr. 13 43 cub ft. 4pr. 

14. 73onb ft lOpr. 8sec 15 123 cub ft. Opr 6 sec. 9in. 

16. 187 cub. ft 2pr. Osec. 2 in. 

5uLIX. 1. 47 124 metres 2 12 hectares 39 56 ares 
3 90 576 ares. 4 73 44 5 402. 6 6 23 7.4692. 8 61 

9 172 10 31*416. 11.104. 12 254 16 *062 of a metra 

17. *108 of a metra 18. *098 of a metra 
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MISCELLANEOUS ETTA'NrPT.T-.R 

1 76fb 2 8j 3 lOac, goaa 4 50ft 4in. 
5. 972sqyds. 6 £14 7 £3 103 8 £101 S» 9 39Gac. 
10 23 ft; 27 ft. 11 £ of a mile 12 193000 13 820 in 
14. GO ft 9 in. 15 13 8 minutes. 10 £0 133 4(f 
17 £5 7s erf 18 0 yds 19 3 55GS aci-cs. 20 175002 
22 210 Bq ft 23 1120 jds, 2G2ac.lid 20 po 3l sn yds 
24. 86ft lOin 25 800yds , 310 226yds 20 £ia.*15s 2lrf 
27. £0 3s lU<f. 28 Length 10i}dk, breadth 3l,1icig1it 4. 
29 3408 sq it. 30 640 sq'lt. , 13 ft 31 102 ft. 
32 1^ m 33 Rather more than 13g 34 213iu. 

35. 300 655 yds , 33000 sq yds 30 £25 7s 2d 

37 £1 17s ed Four times as mnch 3S OOsqrds. 
39 150 sq ft , 270 sq ft 40 9 4916ae. 41 2Gjft 

42 12ft 43 18ft 2 jin. 44 5g4}d.s 

45 £182. Os ll|<f 40 £430 10? Bd 47 £4 3? 7d. 
48 21ft long, lOjft broad, 10ft higlu 49 133837 soft 
50 72sqft. 61. 15m,18|m 52. £70 53 37 ft 7 jin 
6L 10936jd8 66 804, £233 17s 9rf 50 £2 9s Serf 

57 81920 68 141 42 Ads. 00 £78 7s. 01 3000 

02. 15 in. 03 2004} l&s 04 275025 05 4 feet. 

00 3349Ub3 67 3201!; , 105 08 3 20705, 19s 3(f 09 544 
70 147cub ft 71 12288 72 25in 73 480 74 2Gft4in 
75 22 22 in 70 8 1ft, 531 441 eub ft 77 3141Geubft 
78 275 4 lbs 79 £11 Os Cd , £7. 12s 3<f 80 3^/3 to 1 

81 6 ft. 82 170780 83 21 84 27 in 65 12s .3rf 

80 089 87 2ft Gin 88 37 0992eiib in ;75 3')S4Eq in 

89 304 eub in. 90 11 754 cub in. 91 071 92 1909 lbs. 

93 7009 in. 94 048 95 28», 4275 lbs 96 £43 4s 

97 37801bs , 59159 98 45 in 99 ,351 8592 sq ft. 100 73$ 
101 512 102 27,18,12 ft 103 0019 in 104 Four times. 
103 4230794. 100 030301 of tlie former volunia 

111 1011 112 £080 12s Gd 113 2W3in. 114 12S00lbs. 

115 1685 0 cub ft 110 6G548Scub ft 117. 2 142 ft. 
118 10744272cub in 119 44lbs 7oz 120 12 030 cub ft 
121. 224 cub ft 122 £580800 123 900 124.885 120 40 
127 2331 cub ft 129 7£ lbs. 130 7854 sq ft 131 040 ft. 
132 416 133 312j 134.2178 135.809 ft 136 12 ft. 

137 8042 5 cub. ft 138 94 139 8 574 in 140 SlOSlsq ft 
141 3872 142 T^ofanincli. 143 4840 144 Tt<rOr'‘r«>ot 
145. 173*205 cub m 140 199in 147 1728. 14S 392 7cubin. 
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149 8 748 lbs 150 3 82 in. 151. 14, lOj, Sj. 

152 14s 3d 153 No 154 359 7 sq in, 155 968. 

156 1446 157 000046 158 6-232 159 796 

160 30 16 cub in. 161. 487 162 1545 of an oz 

163 290 cub in ; 246 sq. in 164 As 3 to 5 

165 *00032 of an in. 166 3 1416 cub ft 167 8 3776 cub ft 
168 3 577 feet from smaller end ; 59 69 cub ft 169. 168 
170 1034. 172 46188 ft 174 8242 408 cub m. 

175 5 1416 sq in. 176. 10 2832 cub m, 179 61 77 ft 




